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1 Introduction

One of the main subjects of dynamics is conservation laws ( or first Integrals, or constants of motion, or invariant
funetions ) for ordinary differential equations. In this connection,it is well known how to generate conservation laws
for differential systems using Noether theorem which associates to every symmetry a conservation law. The aim of
this paper is to study the subject of symmetries and conservation laws (for certain definitions and properties see
section 2) from several different points of view which appear to be of great interest. One of the methods given in
section 3 is based on generalization of the notion of symmetries to adjoint pseudosymmetries and psendosymmetries
[1,2,3]. This method has the advantage that in contrast with the Noether theorem its application does not require
that the differential system follows from a variational principle, 1.e. the critical action principle. Another method
given in section 4 generalizes the notion of classical Noetherian symmetries to exact Cartan symmetries on tangent
bundles. Finally exact Cartan symmetries are obtained from first integrals of Hamiltonian Poisson vector fields hy
using notion of Poisson brackets on tangent bundles given in section 5. The last method has the advantage that the
existence of Lagrangian or Hamiltonian is not assumed apriori in that case.

2 Poisson Manifolds, Hamiltonian vector fields, and first integrals

In this section we first review the necessary facts on Poisson manifolds. For more details see [4]. Let M be a
differentiable manifold of dimension n, C'**(M) the ring of real-valued smooth function on M, y (M) the Lie algebra
of vector fields on M and 07{ M) the space of p - differential froms on M such that 1 <p < n .

Definition 2.1 A manifold M together with an internal binary operation on C*°(M) ,called Poisson bracket or
structure and denoted by {,} , is called a Poisson manifold if this operation satifies the following four properties

PB1: {,} is real bilinear and antisymmetric
PB 2: Leibnitz Rule I :
{f.gh} ={f,gth +g{f.h}

PB 3 : Jacohi identity :

{f g, e}y ={{f. o} o2} +H{m. {f.g2}}

By PB 2 and antisymmetry , {,} acts on each factor as a vector field, whence it must be of the form

{f1, f2} = A(dfy,dfz)

where A 1s a skew - symmetric contravariant tensor field of rank 2 Jie. a skew- symmetric bilinear form with
real values Awy, we). Conversely, given a skew-symmetric contravariant tensor of rank 2 called Poisson tensor
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(field) ,we can use the above formula to define a 2- bracket of functions satisfying PB 1 and PB 2. It should
be noted that A defines a bundle mapping

i T*(M)— T(M)

miven hy
< f(a), 8 == Aa,B)

for all arguments o, £ 0'(M) Therefore we are led to the basic notion of the Hamiltonian vector field
asgociated with the Hamiltonian function H defined by :

Xy = {(dH)

Related to our subject of interest .namely first interrals, the following information i= important.
For X € x(M) with local expression X = X i(IJ% we consider the flow of X which is given by the system of
differential equations _

dr' i I

=) = X(a'(1)....2"(1) 21)
and whose solution 18 called an integral curve of X.

Definition 2.2 A function F € £ (M) is called a first integral of X or of (2.1) if F is constant by virtue of the
solution of (2.1), 1.e.

%{F.c}[z}. -0

for every integral curve c(t) of X .
The following characterization proves very helpful.

Proposition 2.3 F € C™(M) is a first integral of X or of (2.1) if and only if the Lie derivative of F' with respect
to X vanizshes, Le.
LxF =0.

For this work, the following three properties are verv important.

Property 2.4 A function F € C™°(M) is a first integral of X if and only if
{HF} =10
Property 2.5 The Poisson bracket of two first integrals of Xp is also a first integral of X g
Property 2.6 The Hamiltonian vector fields are infinitesimal automorphisms of the Poisson tensor field :

LxH.-"'. =1

3 Adjoint Pseudosymmetry approach to first integrals

In this section we shall describe a method that uses adjoint pseudo-symmetries to find first integrals for vector
field=. For thi= approach we need the following :

Definition 3.1 (i) Let X € y(M) . Then a given Y € x(M) is called a symmetry of X if
LxY =10,
and |, a given & € x(M) is called a Y - pseudo symmetry of X if
LxZ = fY

for some f e C™(M).
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(ii) A given w e (*(M) is called an adjoint symmetry of X if
Lyw=10
and, a given o € 0 M) is called an w - adjoint symmetry of X if there exists p € 0°(m) such that
Lyo=pw

A straightforward computation leads to the following result on the association between adjoint pseudosvm-
metries and first integrals.

Proposition 3.2 Let X be a Hamiltonian vector field associated with the Hamiltonian function H on a Poisson
manifold (M, {,}) and w £ QM) be an adjoint symmetry of X . If 0 € O'(M) is an w - adjoint
psuedosvmmetry of X, then

F =nlw,a) (3.1}

i= a first integral of Xp . In particular |, if w, o are adjoint symmetries then the funcetion given by the above
formula is first integral of Xg.

Restricting ourselves to exact 1- forms : w = df, @ = df, , with f, f; € C=(M), from the definition of A we
oot that F defined by Proposition 3.2 15

F = n(df, dfy) = {f. f1}.
Recalling also that dl.x = Lxd, we have
Proposition 3.3 Let Xy be a Hamiltonian vector field and [, f; € C*(M) such that
(1) Lx, [ isa closed 1-form |, ie. d(Lx, f)=0
(i) Ly, dfy = pydf for some py € C™(M) .
Then F = {f, f1}
iz a first integral for Xg.
Apparently this result represents a generalization of Property 2.5 . This s becanse if [, f; are first integrals
of X then (i} and (i} hold with gy = 0. Thus Property 2.5 meaning that
{H.f} =0
H =1
{H,fi} -0 ll:' { :{f:fl}}
is a particular case of Proposition 3.3 meaning that
d{H,f} =0
= {H {J. =0
Remark 3.4 Suppose we express {f, fi} in terms of Ajand Xy by

Adf,dfy) = w(Xp, Xy, )

where w 18 a covariant skew-svmmetric tensor field of rank 2. Given a Hamiltonian vector field X | it is now
clear from Property 2.5 that w is an invariant 2- form of Xg | ie. Lx,w=10
We can use this observation to arrive at a result which is similar to Proposition 3.2 .

Proposition 3.5 Let Xg € y(M) be a Hamiltonian vector field and w( Ly, Lz) be the covariant from of A{wy, wa).If
Y € x(M) is a symmetry of Xg and § € x(M)is a Y- psendosymmetry of X then

F=w(Y,S) (3.2)
15 a first integral of Xg. In particular , if Y, 5 are symmetries of Xgthen F given by (3.2) is a first integral.

The results of this section find an interesting applications for a Lagrangian system. In that case we have a
natural invariant 2-form, the so called Cartan 2-form.
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4 Lagrangian systems, and Noetherian approach to first integral

In this section we shall recall how to go from exact Cartan svmmetries to first integrals using the classical Noetherian
approach in & Lagrangian framework.
For a Lagrangian system (M,L) let M be an m-dimensional manifold with TM the tangent bundle and L be a

smoath function
L:TM—=%

usually called Lagrangian. On TM an important structure is the £°°(T'M ) linear mapping
J:x(TM) — x(TM)

given by
8 .
J= — @dr’ 41
5 © (4.1)
where (x*) are the coordinates on M and (z*, #¥) are the associated coordinates on TM.
To the Lagrangian [, we can associated two forms, usually called Cartan forms

iy, = J*(dL) (4.2)

wr, = —I:EHL [43}

where .J* is the adjoint structure of J given by (4.1).
It may be recalled that the extremals of the action

fL[:r:"J“:tjdt
are solutions of the Eular -Lagrange equations
d &L 8L
0=Eill)= =(55) 5= (4.4)
If in (4.4) we compute the derivative with respect to time we get
.. L . 8L
El'i_?"l“:F +Wlk_ﬁ =0 [45}
Here wy; called the metric of L is given by
ij = UL 4.6
5 Biam (46)
Definition 4.1 The Lagrangian L is called regular or nondegenerate if the metric (g;;) is invertible , that is

det(gi;) # 0
If L is regular we may denote by (g'7) the inverse of (g;;). By multiphication of (4.5) with (g'7) we are led to

Proposition 4.2 If the Lagrangian L i= regular then the extremals of the action J|' Ldt are solutions of second order

euations . .
= (4.7)
where ol L
=gl — - —— 1" 48
=955~ oor” ) 49
Now the system (4.7} is exactly the flow for the vector field § € x(T'Q)
0 .
S = I—. 1—. "'1:.1.]
"o oE 49)
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which is called the canonical semispray of L.
In terms of canonical semi-spray S one has another characterization , namely

iswy = dH (4.10)

where i, denotes the interior product with respect to 8 |, wy, is the matrix

0 g4
wy, =( —_ﬂ'ij 0 ) [4.]1)
and H 1= the Hamiltoman function of L
aL ..
H=—g¢-1
il

This characterization yields a well known result in the theory of time -independent Lagranmian systems.

Theorem 4.3 (Conservation of Energy) Ifthe Lagrangian L does not depend on time explicitly then the Hamil-
tonian H i= a first integral of 5 | i.e. a conservation law for Euler- Lagrange equations.

Proof We have
LsH = EEH[S} = isiﬂL[S} = ?.LI[,[S,S]I =11.

It is straightforward to see that
. . . aL ..
Ly, = dighy, +igdfy, =d <8, 5 = —igwy, = d(@ll} —dH =dl,
and ,
Ls‘ll'.lL = —LsdﬂL = —dLsﬁL — —d{dL} = I}:
that is
Proposition 4.4 If the Lagrangian L i= regular then the Cartan 2-form wy, i= invariant for the canonical semispray

S
We are now in position to apply the results of Section 3. In this way we obtain

Proposition 4.5 Let L be a regular Lagrangian and ¥ € y(T'M) be a symmetry of the canonical semispray S. If
& €x(TM) is a Y-pseudosymmetry for 5 then

p=w(Y,Z) (4.12)
is a first integral of S, that is a conservation law for (4.7) . In particular, if ¥ and 7 are symmetries for the
canonical semispray 5 then ¢ given by (4.12) is a conservation law for 5.

Y= ( ; Jand 7 = ( g ) then substitution in (4.12) yields
b= —gy5YZ9 + g;5¥ 5.

Corollary 4.8 [If the Lagrangian L is regular and Z € y(TM) is S-pseudosymmetry for the canonical semispray
S then
o=wy(8,Z)=LzH (4.13)
is a first integral of 5 , that is a conservation law for the equations (4.7).
Remark 4.7 If we take Z = 5, then ¢ gives by (4.13) vanishes and the method becomes ineffective . Thus to get
a nongero conservation law one must find a pseudosymmetry of 5 which is not a symmetry of H or to apply
Proposition 4.5 by choosing Y different from 5.

Having discussed the framework for Lagrangian systems we now introduce the following type of symmetry
which may be used to generate first integrals for variational dynamical systems.
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Definition 4.8 X £ x(TM) iscalled Cartan symmetry for a Lagrange space ( M, L) if
Lywg =10 (4.14)
and

LyH -0 (4.15)

Proposition 4.9 The canonical spray S is a Cartan symmetry.
Let X € x(T'M) be a Cartan symmetry. By (4.14) we have

dLxd =10,
that is, L x#;, 18 closed.

Definition 4.10 If Ly 6}, 15 exact then X is called Cartan symmetry.
A key result in svmmetries and conservation laws is

Theorem 4.11{Generalized Noether Theorem) If X is an exact Cartan symmetry with
Lyt =df (4.16)

then

Py = J(X)L—f (4.17)
15 a first integral of 5 | that is for the Enler- Lagrange equations (4.7).
This result =ays how one may go from exact Cartan symmetries to conservation laws for Lagrangian systems.

The original Noether theorem was applicable to the case in which X is the complete lift of a vector field on
M. This is denoted by X© and is the generator of the flow {t,), given by

U(g.9) = (#:(g). 9(De)s o) (4.18)
Here (), is the flow generated by X € x (M) which lifts to a fow (1), on TM given by (4.18).

Definition 4.12 The generator of the fow (yy); denoted by X*° is called the complete lift of X € y(M) . X is an
invariant of L if

Lety =L v ot (4.19)

Theorem 4.13 (Noether Theorem) If X = X "% is an invariant of L then X is an exact Cartan symmetry

with f=0 and the quantity
'..I: fﬁL
Py =X B (4.20)
is a conservation law for the Fuler Lagrange equations of L.
The conservation laws obtamed from (4.20) will be called clssical.

5 Poisson Bracket on tangent bundle. From conservation laws to exact
Cartan symmetries

In this section we shall elucidate the notion of Poisson bracket on TM and use it to determine svmmetries form

first integrals of Hamiltonian vector fields on TM. All the notation we need has already been set in the proceding

sactions.

It may be recalled that a Polsson manifold is a smoth manifold M equipped with a Poisson bracket satisfying the

four axioms of antisvmmetry, hilinearity, Leibnitz rule [ and Jacobi identity.

Definition 5.1 (Leibnitz rule IT) The vector field 5 € y(TM) given by (4.9} defining the dynamical system
(4.7) 1s called canonical if the time evolution satisfies the axiom

d d i ~
E{Hhﬂz} = {Egj,ﬂz} + {H::Eh} (5.1)

Using Jacohi identity we are immediately led to
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Proposition 5.2 This Leibnitz rule 11 is zatisfied if the time evolution i= given by a Hamiltonian vector field.
It may be recalled that a derivation D) is a linear operation on the space of smooth functions on #™ if it
satisfies the Leibnitz rule 1. From the theory of manifolds it iz known that in local coordinates the expression
of DF assumes the form
Za BJ:‘

i=1

for some smooth functions a',a®,...,a™ .This fact may be used to prove that
Proposition 5.3 For any Poisson bracket {, } on TM , we have
10)= 3 o gy gy )+ g 69
For application to Lagrangian svstems we restrict ourselves to the case
{2, 27} =0 (5.3)
Uzing Leibnitz rule IT we find
Proposition 5.4 The position -velocity bracket on TM 1s symmetric
{zf, 17} = {27, #'}.
Denote this bracket by g*7 . Let us apply the Leibnitz rule II again to it
{Ls ', #7} +{2',Ls ¥} =Ls g
ar o o -
{z". 27} +{2", f1} = Ls ¢"
whenee on antisymmetrizing we get
(.4} = ~3{a%, 1} + 3. 1)

— g*N] — N

with L oy
J"ll'k = _Eﬁ [D.‘i}
We have
" arF aG  8a ar i OF 86
F.G}Y= ik "n'-" N ——
th.Gy .-,;2 s e T N Nggag
If the elements of the matrix g/ satisfy the condition
., At 5 Ogit i
ik ik 5
a7 B (55)
Then clearly the operation {,} becomes acceleration independent . Finally
Proposition 5.5 For the Poisson bracket {,} on n tangent bundle TM we have
= aF 868G arF g aF &G
F o= il gn 5.8
e idz=l (51" Bri B ﬁri'}l §7g" ﬁr' i (5.6)
with | 8f Y
_ 8= _Oh
Wt = 555 ~ Ggn)
=1

Returning to symmetries and conservation laws a straightforward ealeulation provides the correspondence
hetween exact Cartan svmmetires and conservation laws.
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Proposition 5.8 If I/ € U®(TM} is a first integral for the system {4.7) then X € x(T'M) to exact Cartan
gymmetry with the local expression

a8
A}: j— XI—. A}:I—.
ar " Bp

X'={2"F} (5.7)

Xi = {#,F) (58)

Using the expression for the Poizson bracket on TM we get

Proposition 5.7 If X € x(T'M) iz exact Cartan symmetry with conservation law F' € C=(T M) then

fiF
Xk = QME (5.9)
- i [
Xk = —EHE - gﬂgm“wﬂlﬁi‘m [-5'"])

We have not found in literature the local expression of exact Cartan symmetry given ahove.

6  Two- dimensional isotropic harmonic oscillator

In this section we studv a tov model which is illustrative of the many methods of finding symmetries and
conservation laws. Consider the 2D isotropic harmonic oscillator

A | {6.1a)
Frrt=0 (6.15)

The canonical semispray of the system (6.1) is
S::'rii -|-'_|"2i—11i—rEi (6.2)

drt fir? {1 fx?

It is straightforward to integrate LsF = 0 and generate the following functions Fy,. .., Fy which form a basis for
the vector space of all the quadratic first integrals of S or of the above system of differential equations

F =3 - 3!
Fp=rtr? + 34

L+ R + @) + ()

3
Fy= %[[i' P = (#) + () - (). (6.3)

F

The above dynamical system is conventionally described by the Lagrangian

L=l + G- 5[0 + ) 64

A straightforward computation shows that L- invariant vector field is uniquely given by

i g
_ 2

and the associated classical Noetherian conservation law is Fy. The remaining nonclassical conservation laws may
be ohtained using (pseudo-} symmetries or the generalised Noether theorem . It is easy to verify the following
functions Y, ¥5,Ys are symmetries of 5.

(6.6a)
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. 5 0 5
Yo =1 e T A (6.65)
o a a a
Y St UL S .
R R A T (6.6c)
Also because S 1= 1- homogeneous with respect to all the variables x 7, we find
i . L O
_ 2 1 2 -
Z IF+T@+I@+IF [E.f}

is a symmetry of 5. To find nonclassical first integrals of 8 by the method of (pseudo-) symmetries we note that
Sy, l:S, Y‘l:l = I'_} U'L{S: Zl:j = QFJ_:‘JEL {‘r,,Z] = F:] + F4,

‘lLLU’-'_IZTI = F:] - Fd.wL[Yg.Z] = QFg

These results may also be established by application of the generalised Noother theorem to the Lagrangian (6.4)
and its exact Cartan symmetries (6.6).

To go from conservation laws to exact Cartan svmmetries we may use the method of Poisson Brackets on tangent
bundles. For the dynamical system in question the only nonvanishing Poisson brackets are

(2,4} = —{#',2'} = {22, 4%} = —{#%,27} = 1 (6.8)
All other brackets between the variables are taken to vanish . It is easv to varifv that

2

X = Z{:*,Fl}»%

i=1

. . a ., ] ; 8 y ]
}’1[2] — Z{I ,Fg}@{l‘ Fg}@ +[_} {I‘ F¢}§ +:_] {T F;}ﬁ
i=1

2 ;] ) ;
Ya = Z{IﬂF‘_}}'@ + [J""': F‘?}E

i=1
It is well known that the Hamiltonian function associated with the Lagrangian (6.4) is Fy . Now observe that Fa
and Fy are the Hamiltonian funetions of the following 2- homogeneous Lagrangians Lz and L4 of the system (6.1) .

Ly =23 — p'2? (6.9a)

La= %[{ill" - (@)% = (@) + (%)) (6.9)

The latter observation is very important from the point of view of inverse problem of classical mechanics [5].
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