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1. Introduction

In recent years many relativists have focussed their mind in string cosmology [1, 28, and 23]. In fact at the early stages of
the universe a phase transition occurs as the temperature lowers below some critical temperature and this can give rise to the
various topologically stable defects of which strings are the most important whose world sheets are two dimensional time-like
surfaces (Kibble [15], [20]) studied a gauge invariant model of a cloud formed by a geometric strings and used this model as a
source of the gravitational field. In particular, he solved the Einstein equations for a plane-symmetric, a spherically symmetric and
particular case of cylindrically symmetric space-time [18, 19]. There were two main reasons to study the above mentioned model.
First as a test of consistency, for some particular field theories model. First as a test of consistency, for some particular field
theories based on string models and other models that use strings as basic elements we must have a reasonable behaviour of the
gravitational field produced by these strings. Second, we point out that the universe can be represented by a collection of extended
objects (galaxies). So a “string-dust” cosmology gives us a model to investigate this fact. Also, the existence of strings in the early
universe can be used to introduce density fluctuations that might shed some light on the problem of galaxy formation [35, 36].

The presence of the strings in the early universe can be explained using grand unified theories [15, 35] (GUTSs). In
spontaneously broken gauge theories the spontaneously broken symmetry can be restored at a temperature T greater than some
critical temperature Tc. In standard “big bang” cosmological models T will be exceeded in the very earliest stages of the evolution
of the universe. A phase transition will occur, as the universe cools below T¢, in which a multiplet value of scalar-fields develops a

vacuum expectation value ((p) =M. Cosmic strings are capable of producing observable effects such as the production of

double images of quasars. Moreover, cosmic strings may play a vital role in the formation of the large scale structure of the
universe. Investigations regarding different aspects of cosmic strings include the gravitational fields produced by them. The
gravitational field of a static infinitely long gauge string produced by the breaking of a U (1) gauge symmetry has been studied in
great detail. Vilenkein [31] used the linearized approximation of the Einstein field equations for this purpose. Gregory [12] analyzed
the equations of motion for a U (1) global string and showed that this space-time geometry produced by it is necessarily singular.
Gibbons, Oritz and Ruiz [10] considered such a string and showed that this type of string cannot admit any asymptotically well-
behaved solution as the deficit angle produced by the string diverges logarithmically for a large radial distance. The only known
solution for the full nonlinear Einstein equations in the case of a global string has been provided by Cohen and Kaplan [8]. Letelier
[17] has studied model of a string cloud, in which the strings that form the cloud are massive strings instead of geometrical strings.
Each massive string is formed by a geometric string with particles attached along its extension. Hence, the strings that form the
cloud are the generalization of Takahayaris realistic model of strings which we call p-strings [17, 30]. This is the simplest model
wherein we have particles and strings together. In principle we can eliminate the strings and end up with a cloud of particles. This is
a desirable property of a model of a string cloud to be used in cosmology, since the strings are not observed at the present time of
the evolution of the universe. The cosmology models studied by Letelier [17] of the Bianchi type 1 and of the “Kantowski-Sachs”
type which has been chosen because they are supposed to be a reasonable representation of the universe in early epochs and
they are simple enough that many of their features can be studied exactly. This has been already done by several authors,
(Vilenkin [31], Gott [11], Garfinkle [9]), although the general relativistic treatment of strings was pioneered by Letelier [17] and
Stachel [27]. In geometrical string (mass less) models, infinite number of degrees of freedom is possessed by each string for which
the end points move at the speed of light. This problem is resolved by considering the realistic (massive) string model of
Takabayashi [30]. The energy-momentum tensor for the massive strings has been first formulated by Letelier [20], who considered
the massive string being formed by geometric string with particles attached along its extension. Its application to general relativity
first appared in Letelier [18], While Stachel [27] considered mass less strings. So the total energy momentum tensor for a cloud of
massive strings can be written as

(1.1) T =pu,u’ —xx’
where P is the rest energy density for a cloud of strings with particles attached to them (p-strings). This we have

(1.2) p=p,+7T
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pIO being the particle energy density and [J being the strings tension, u' is the four velocity for the cloud of particles and X is
the four vector representing the strings direction which essentially is the direction of anisotropy. Thus
(1.3) uu’=-1=xx'and ux'

Banerjee et al. [4] have found some cosmological solution in Bianchi | space time following the technique used by Letelier
and Stachel with/without magnetic field. Melvin [21] in his solution for dust and de-electromagnetic field argued that the presence of
magnetic field is not as unrealistic as it appears to be, because for a large part of the history of evolution matter was highly ionized,
and matter and field were smoothly coupled. Later during cooling as a result of expansion the ions combined to form neutral matter.
Some other worker’s in this line are Baysal et al. [6] Bali and Pareek [3], Yadav et. al. [33] and Pradhan et. al. [23, 24], Yilmaz [34],

Chawla et al. [7] and Wald, R.M.[32].
In this paper we have studied a string cosmological solution in axially symmetric Bianchi — | space time with an without

magnetic field using different assumption. To get a deterministic model we have assumed the condition A=1+mvo (where 1
and m are constant). Under the different cases m =0, 1 = m = 0 and 1 = 0 (for magnetic field) & K = 0 (in the absence of
magnetic field). We have also calculated and discussed various physical parameters of the model.

2. The Field Equations :
Here consider an axially symmetric Bianchi-1 metric given by-
2 2 2 2 2 2 2
2.1) ds® = —dt® + e**.dx* + e’ (dy* + dz%)

where [1 and U are function of t only.
Now, the energy — momentum tensor for the string dust with a magnetic field along the direction of the string, i.e the x
direction is given by

ea  T+El=puu’ x4 RR - 2RFC

S . . 5. _— . -
where Tu the stress-energy tensor for a string dust system is, EH is that for magnetic field &F; is the electromagnetic field

tensor. The other terms have already been explained in the previous system. In the co-moving co-ordinates system

_#9d
UH = C4 and
4 1 2 _ T3 _N_T9
@3 T, =—p, T, =—1, T, =T, =0=T (for p=3)
Again since the magnetic field is being assumed in the X-direction, Fo3 is the only non-zero component of the

electromagnetic field tensor.
Maxwell Equation :

R.s.q =0 and [F*°(-g)"?], =0

[1d,0]
Now lead to the result,

(2.4) -F, =K
where K is constant. Therefore the components of stress energy tensor for the electromagnetic field are
—K?
4 1 2 3
(2.5) E,=E =-E, =—E; =——exp(-4v)
8
Now choosing unit such that 8(1G = 1, the surviving components of Einstein field equations given by
) 1 ) _ ) )
e Ri-DGLR= (T2 +E)

are
2

@.7) 200 +02 =p + k—.exp(—4o)
8
k2
2.8) 20+30° =T +—,exp(—4v)
8n
. : K?
2.9) A+A2+0° +A0 = —8—.exp(—4u)
T

where the dot denotes the differentiation with respect to time t.
The proper volume R® expansion scalar ([1) and shear scalar 02 are respectively given by

210 R® =exp(h +2v)
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(2.12) 9=U$:X+20:£
' R

- L1
212) O° = GHSGHS =A%+ 207 —592

where,

1 : i 1
(213) O =§[uHS +Ug, +U,UUg +UgU “m]_ge(gus +U,U;)

3. Solution for the field equations :

We have three equations (2.7) to (2.9) in four unknown, 7\, U, P and 0. Therefore the system is indeterminate. To make
the system determinate, we required one more relation. For this we choose.
@1y A=1+mv

(where 1 and m are constant)

Case —|
Here use 1 = 0 in equation (3.1), i.e. 7» = 1+ MV, then we get,
@2 A=mv
By the use of (3.2) and (2.9) we get
—K?
(3.3) (M+1)O+(m? +m+1)0:8—exp(—4o)
T

This equation can be written as an integral equation
2 2
m°+m+1 -K

3 d| v®exp| 2 v||l=——m—
co | P m+1 A(m+1)

2_ —
Iexp 2 m-m-1 v [dv+K,
m-+1

Where K is constant of integration. So we have
2
m°—m-1
m+1 8n(m“-—m-1
which can again be written as an integral form as —
2
I e“"dv
2 2
m°—-m-1 K
m+1 8n(m°—m-1)
Where to is another constant of integration. To solve (3.6) we choose m such that

m? +2m+12
3.7) =5
m+3

It is a quadratic equation in m which can be solved to give :

3+49+12

2

2

(3.5) O =K, exp| -2 .exp(4v)

(3.6) o =(t—t;)

K, expq—2

(3.8) m=
3+421
m=——
2
Using (3.8) in (3.6) following by integration, we get
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2v 87'EK _ Kz(t_to)2 "
@9 e {K (5++21) 2n(5i\/z)}

From (3.9) it is clear that arbitrary constant K, must be positive in this case. So we replace K by “2in the following. The other

parameters can be found as before :
2
) (5 ++/21 )6

9+ 2421 K(
(5++/21) 16m
81d* K?(t—t,)° i
{ K’ (5+\/Z)_27:(5+«/Z)}

From energy condition, [1> 0, which demands positive sign before ’\f 21 in equation (3.9) with this choice other parameters
are found explicitly as follows :

4+J21 K?
9++/218% - . t—t.)?
(5++/21)? 167’ (t-t)

3.10) p =

(3.11) T= ; ; =T,
8ms K2(t—t,)
5++/21)— 0
{ K? ( ) 2n(5+\/ﬁ)}
T (5+\/_ 21)
(312 p, =

875> K2(t—t,)?
{ (5 \/_ 2n(5+J_)

1 RS {m«mﬂ K (t=t,)’ } (7+f)

K® 2n(5+J_ 21)

s 0o (7+«/21][sz t—t,
' - 2 20t _+ \2
5+21 )\ 8n 8né;) (54 41) K2(t—t,)
2n(5++/21) |

(3.15) 02——[ 7+\/Z )(KZ) t_to
| | 5++/21)? )\ 81 )| 8n8? CK(t-t,)
K? G+21) 2n(5++/21) |

It is clear from (3.8) that
22
2
, 16m°%
@16 1°< Ve 5+421
where T =t —to, when t < to we have T > 0 and clearly from equation (3.14).

we have O >0 and 62 <0

This indicates that our model is expanding because 9 > 0
Case Il : When magnetic field is absent (i.e. K = 0)
Then the field equation (2.7), (2.8) and (2.9) take the following form.
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200+ 02 =p
20430 =1
A+AZ+0°+0=0
Now assuming (3.2) equation (2.9) reduces to
(M+D)H+(M*+m+1)H=0
Or,

L omi+m+1.
(3.17) U+—U:O
m+1

This equation can be written as an integral equation

2
(3.18) Id vexp- 2 mr:—m::l XV =Y
+

where [ is constant of integration. So we have

2 m? +m+1
(3.19) O =7y| eXpy—2| — |v
m+1

which can again be written as integral form as ?

2v
ev.dv
(3.20) I o =x(t—t;)
m?-m-1
m+1

where tg is the another constant of integration to solve (3.20) we get,
) 2(m+1)
321 €77 = [y(t — to)]m2+m+1
(where m is any constant) Therefore,
2m(m-+1)

@22 &7 =[y(t—ty)] ™™

The physical parameters are found to be

Yexps—2

5 (2+r2n)(m+1)
@23 R*=[y(t—t,)] ™+m
02 2m+1
324) Pp=—m—
P (t—t,)°
(325 T L
325 T=——
(t_to)2
026) 2m
3.26 =
ATETAT
m+ 2
3.27) O _M*e
(t_to)
_1\2
oon o =2 MY
3(t-t,)

Special Case :

We choose m such thatm® +m—-2=0 (quadratic equation) gives
(3.29) m=1or-2
We put the value of m using (3.29) in equation (3.21 — 3.28) and get :
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330 e =[y(t—t,) or [y(t—t,)]*"
331 €~ Z[Y(t_to) or [Y(t_to)]M3

The physical parameters are found to be

@32 R® = [v(t _to)]2 or [V(t_to)]o =1
3 -3

]4/3

]4/3

(333 p= or
P (t_to)2 (t_to)2
334 T L
34) T=—7+
(t_to)2
2 —4
(335) P, =

(t_to)2 (t_to)2
(3.36) 9:i or O

(t_to)
2 9

, 2
837 0 =—x0=0 or -x—-—
Now if consider T =t — to and t > to, then for the particular value of m like m > — 2, m = -2 and m < -2 we get different

results for expansion.
If we consider m > — 2 in equation (3.27) then we get

(3.38) 0 =+Vve = 0> 0, which indicate our model is expanding.

If m = -2 in equation (3.27) then

(3.39) 0= O which indicates that neither expansion nor contraction occurs.
If m < -2 in equation (3.27) we get

(3.40) 9 =-Ve = 9 < 0 which indicate our model is contracted.

Again if consider T =t —tp and t < to, then for the particular value of m like, m > — 2, m = -2 and m < -2 we get different
results for expansion.
If we consider m > -2 in equation (3.27) then we get

(3.41) 0 =—ve = 0 < 0, which indicate our model is contracted.

If m = -2 in equation (3.27) then we get
(3.42) 11 =0, which indicates that neither expansion nor contraction occurs.
If m <—2in equation (3.27) we get

3.43) O =+Ve = 0> 0, which indicate our model is expanding.
4. Discussion:

3 2
Here we show that at initial epoch t = to, R*—0 ,  While p,r,ppe,c all diverge and exp

(2}\,), exp(ZU) —> Othe point of singularity. This is the starting point of the string model. Again at a later stage, when

t— 0, R —> OObut all other physical parameters becomes insignificant. Further we see that for a pure geometric string (7, =

0) model, we have to take m = 0. For this case the universe starts with string and ends up at a stage, where the massive strings
them self disappear without any remnant. In the absence of magnetic field we have to take m > — 2 (for t > tp) then our model is
expanding. But if t < to then the expansion occurs for m< —2. So the range of expansion of model (in absence of magnetic field)
depends upon particular value of m and t respectively.

The present work extends the work of Letelier and various other researchers. In addition we have consider a source with
and without magnetic field respectively we have obtained four sets of solution with a special choice of metric coefficients, viz, [1 =1
+mV. for a particular value of m we observe that our model starts from a string dominated era but at a later instant string vanish
and the universe become particle dominated. In this model gravitational field is coupled to magnetic field such that in the absence
of the magnetic field (i.e. K = 0) the system reduces to pure geometric string. For different value of m we calculate upper range of
expansion of the string universe (for magnetic and without magnetic field), proper volume and shear scalar.
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