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1. Introduction

Generalizations of the Banach contraction principle (BCP) through the concept of weak contraction in Hilbert spaces is specified
by Alber et al. [1]. After this result Rhoades [2] had proved it is also effective in complete metric spaces.

The concept of control function i.e. altering distance function in metric fixed point theory is given by Khan et al. [12]. Further this
function have been used in a number of fixed point results. [13-17]. Through this functions the weak contraction principle has
been generalized in metric spaces in [5] and in partially ordered metric spaces in [22].

Weakly contractive maps and maps which satisfies other weak contractive conditions have been given in a lot of research works.
[3-11]. Compatibility of two mappings introduced by Jungck [24]. This concept has been weakened to compatibilities of type A,
type B, type C and to weak compatibility [25, 26].

Recently Choudhury et al. [4] generalized the weak contraction principle to coincidence point and common fixed point results
with some examples in partially ordered metric spaces.

In this paper, we have generalize and extend the results of Choudhury et al. [4] for some common fixed point theorems for two
mappings satisfying the concept of g-non-decreasing and weakly compatible mappings along with altering distance function in
partially ordered complete metric spaces.

2. Preliminaries:

We start this section by some basic definitions and results which are used in sequel.

Definition 2.1: [25] Let (X, d) be a metric space. Then a pair (f, g) of self maps of X is said to be weakly compatible mappings if
they commute at their coincidence points that is if fx = gx for some x € X implies thatfgx = gfx.

Definition 2.2:[12] A function : [0, ) — [0, o) is called an altering distance function if the following conditions are satisfied:
(i) ¥ is continuous and monotonically non-decreasing. (ii) ¥ (0) =0 ifand only if t = 0.

Definition 2.3:[27] Let (X, <) be a partially ordered set and f and g be two self maps on X. Then f is said to be g-non-decreasing
mapping if for x,y € X, gx < gy implies fx < fy.

Theorem 2.4:[4] Let (X, <) be a partially ordered set and suppose that there exists a metric d on X such that (X, d) is a complete
metric space. Let f, g: X — X be such that f(X) < g(X), f is a g-non-decreasing, g(X) is closed and

(2.4.1) Y(d(fx, fy)) < a(d(gx, gy)) — B(d(gx,gy)) forall x,y € X suchthat gx < gy .

where ¢, a, B: [0,00) — [0, ) are such that, y is continuous and monotone non-decreasing, a is continuous, 8 is lower semi-
continuous,

(2.4.2)yY(t) = 0 ifandonlyift = 0, a(0) = B(0) = 0. And

(2.4.3) Y(®) — a(t) + B) > Oforall t> 0.

(2. 4. 4) If any nondecreasing sequence {x,,} in X converges to z, then we assume

x, <z foralln > 0.

(2. 4. 5) If there exists x, € X such that gx, < fx,, then fand g have a coincidence point.
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(2.4.6) If gz < ggz and f and g are weakly compatible then f and g have a common fixed point in X.

3. Main Result:

We generalize the Theorem 2.4 [4] as follows
Theorem 3.1: Let (X, <) be a partially ordered set and let there exists a metric d in X such that (X, d) is a complete metric space.
Let f,g:X — X be such that f(X) € g(X), g(X) is closed and f is a g-non-decreasing mappings satisfies conditions (2.4.2) -
(2.4.6) and
(B.11) Y(d(fx fy) < a(M(x,y)) — B(M(x,y)), where

M(x,y) = max {d(gx, gy), d(gx, fx),d(gy, f¥), (d(gx, fy) + d(gy, fx))}
forall x, y € X forwhich gx < gy .
Proof: Let x4 be an arbitrary point in X, such that gx, < fx,. starting with the given x, we can choose x; € X such that gx; =
fxo (sincef(X) € g(X)). Now it is gx, < fx, = gx, and since f is a g-non-decreasing so we have fx, < fx;. In this way we
construct the sequence {x,, } recursively as

fx, = gxy.q, foralln > 1 (3.1)
for which
9% < fxo=9g% < fx; = 9%, S fx; S S fxn_ g = gxn < fX = gXpyy S (3.2)

If any two successive terms in {x,,} are equal then the proof is complete. Therefor let us consider that d(fx,,, fx,+1) # 0, for all
n=1.
Now we will prove that
d(fxn, fxne1) < d(fxp_q, fx,) foralln > 1.
Substituting x = x, and y = x,,,; in (3.1.1) and using (3.1), (3.2) and the monotone property of 1), we have

lp(d(fxn'fxrwl)) < a(M(xn:an)) - B(M(xnrxn+1))

Where
M (xp, Xp 1) = max {d(gxn, gXn+1), d(GXn, f%n), A(GXns1, fXns1),
1
E (d(gxn' fxn+1) + d(gxn+1ﬁfxn))}
< max {d(fxn—1,fxn), A(fxp_q,fx3), A(f %0, fXn41),
1
E (d(fxn—l' fxn+1) + d(fxn' fxn))}
< max (d(fxn-y, f2n), A(fn, [Ene1), 5 (@A Xy, fXni)))
Hence
l/)(d(fxn,fxn+1)) < a(M(xn' xn+1)) - B(M(xnrxn+1)) (33)
Where
M, Xn1) = max { d(Fnos, f2n)s A X, fnin), 5 (@ X, FHa1))}
Now

M (xn, Xy 41) = either d(fxp_y, fxn) OF d(fxn, fXp41)-
If M (xy, Xptq) = A(f %, fxn41) then by (3.1.1), we have

Ip(d(fxnﬂfx‘rwl)) = O‘(f(xnﬂxn+1)) - B(f(xn' xn+1)) (3.4)
Using (2. 4. 3) we have d(fx,, fx,+1) = 0, which is the contradiction.
Hence

A(fxn, fxne1) < d(fxn_1, fxn)
If Mt Xn 1) = 5 (d(f X1, f2ne1)) and let ~(d(Fan_y, f2ni1)) > O then by (3.1.1), we have

(AP F10e)) < @ (FAP 1, F200))) = B (A xr, f000)))
< (3 (@000, f30)) + 3 (@ F s f00)))
1 1
- B(z (d(fxn—lﬂfxn)) + E (d(fxn' fxn+1)))

< <a (% (d(fxn_l,fxm)) - B(% (d(fxn_l,fm)))

1 1
+ ((X (E (d(fxn' fxn+1))) - B(E (d(fxnﬂfxn+1)))
Using (2. 4. 3) we have d(fx,, fx,+1) = 0, which is the contradiction.
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Hence

d(fxnlfxn+1) = d(fxn—ll fxn)
Therefore the sequence {d(fx,, fx,+1)} IS @ monotone decreasing sequence of non-negative real numbers therefore there is some
r = 0 such that

lim d(fxn, fxns) =7 (3.5)
Takingn — oo in (3.4) and using the lower semi continuity of B and the continuities of » and «, we obtain ¥ (r) < o(r) — B(r) ,
by condition (2. 4. 3), implies that r = 0 i.e.
lim d(foxy, fXn4s) =0 (3.6)
Now we claim that {fx,,} is a Cauchy sequence. Suppose to the contrary that {fx,} is not a Cauchy sequence then there exists
some & > 0 for which we can find two sequences {fx,,q} and {fxn o} of {£x,}, n(k) > m(k) > k for all k > 0 with
e = d(fXmay, [Xnan) 2 € 3.7
and
A(fXmao, [Xnao-1) <€ (3.8)
Now from (3.7), (3.8) and using triangle inequality we have
£ <1 < d(fXmaey [Hnw) < A(fXmy fXngr-1) + A(fxno-1, fXnw)
< &+ d(fxng-1, fXnck))
Taking k — oo in the above inequality and using (3.6), we obtain
limrie = lim d(fXmge, frnao) =& (3.9)
Again by triangle inequality for all k = 0, we have
Ad(fXmy-1, FXng)-1) < A(FXmao-1 fXm@y) + A Xmaey fxnao) + A(f Xngoy fXnao-1)
And

A(f Xmao fXn00) < A(fXmaiy FXma-1) + A Xma-1 FXni-1) + AU Xngiy-1, FXncio)
Taking k — oo in the above inequality and using (3.6) and (3.9) we obtain

Ili_)rglod(fxm(k)_l,fxn(k)_l) =& (310)
| similarly
]li_r)l;lod(fxm(k)—l'fxn(k)) = ,li_{gd(fxn(k)—pfxm(k)) =¢ (3.11)

Again by (3.2), gXimuy+1 = fXm@) = [Xn@) = 9Xn)+1 are comparable.
Putting x = x,, ) and y = x,,(y in (3.1.1) for all k = 0 we have
Y (d(fxm(k)'fxn(k))) = “((M(xm(k)'xn(k)))) = B (xmo» Xno))
Where
M (Xm0, Xn () = Max {d(92%ma, 9%n(i0)» A(G%mair, FXm)s A(G%ncay, Fonio),

1
3 (d(g%mao fXnao) + A(G%nciy fXma))}
< max {d(fo%ma)-1 F *ni-1) A Xmar-1 fXma)» AU Xngo -1 fXno)s
1
3 A(f Xm@y-1, [ X)) + A(f Xngo -1, fXmao))}
Taking k — oo in the above inequality and using (3.6), (3.10), (3.11) we have  lim M (Xmey Xnao) = max{s, 0, O,% (e + s)} =

&
Thus

YA (foxmpo frno)) < @ ((M(xm(k)'xn(k))» = BM (im0 Xno))
Taking limitas k — oo in the above inequality, the continuities of 1) and o and the lower semi continuity of B, we have
Ip(gi_{gd(fxm(k)'fxn(k))) < a(lli_g}oM(xm(k)'xn(k)))) - B(,li_{EoM(xm(k);xn(k)))) ie.
Y(e) < ale) — B(e), using (2. 4. 3), we have & = 0 ,which is a contradiction. Therefore {fx,} is a Cauchy sequence and hence
{f x,} convergent in the complete metric space (X, d) since g(X) is closed and by (3.1),
fx, = gx,,, forall n > 1, we have that there exists z € X for which
limgx, = lim fx, = gz (3.12)
n—-oo n—oo
Now we have to prove that z is a coincidence point of f and g. Since from (3.2) we have {gx, } is a non-decreasing sequence in X
and by (2. 4. 3), (3.12) we have
gx, < gz foralln (3.13)
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Putting x = x,, and y = z in (3.1.1) and by (3.13) we have

P(d(fr £2)) < o (MGt 2)) ) = B(M Gt 2)))
Where

M (xy,2) = max {d(gXn, 92), (9%, fXn), A(g2, £2),5 (g%, £2) + d(g2, f 1))}
Taking n — oo in the above inequality and using (3.12) we have

1
AHQOM(xn:Z) = max {d(gz, gz),d(gz, gz),d(gz, fZ).E (d(gz,fz) +d(gz,92))}

< max {0,0,d(gz, fz),% (d(gz, f2))}

Thus

Y(d(9z f2)) < a(d(gz, f2))) — B(d(gz, f2))
Using (2.2.2) we have d(gz, fz) = 0 that is
fz=gz. (3.14)
Thus f and g have coincidence point.
For the uniqueness since {gx,} is a non-decreasing sequence converging to gz. Then by (2. 4. 6) we have gz < ggz. Since f and
g are weakly compatible maps therefore using (3.14) we have fgz = gfz.

Now let

w=fz=gz (3.15)
Therefore

9z < ggz = gw (3.16)
Also

fw=fgz=gfz=gw 3.17)

Therefore from (3.1.1) we have

Y(d(fz fw)) < a((M(zw))) - B(M(zw)))

Where
M(z,w) = max {d(gz, gw),d(gz, fz),d(gw, fW)é(d(gz. fw) +d(gw, fz))}
< max {d(fz, fw),0,0,2 (d(fz fw) + d(fw, fz))}
=d(fz, fw)
Hence

p(d(fz fw)) < a((d(fz fw))) - BU(d(fz fw)))
Using (2.2.2) we have d(fz, fw) = 0 i.e. d(w, fw) = 0, Therefore
w=fw=gw (3.18)
Thus f and g have a common fixed point.
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