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Hyperbolic Functions Despite of being analogous to Trigonometric functions keeps
an important place in solving various problems of physics and Mathematics. These
functions are simpler. In this paper, an attempt has been made to provide the basic
information about this function. Definitions, Relationships with trigonometric

functions, properties, Applications are also discussed. Hyperbolic functions have
wider domain. Studied as a precalculus concept is expanding day by day. Further,
derivatives, integrations, inverse hyperbolic functions are also discussed.
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History

The Flemish geographer Gerhard Kremer (1512-1594) also known as Gerharder Mercator ‘s invention of Mercator’s projection
map brought a revolution in navigation. Even till today all deep-sea navigation World charts follow his projection. But the
explanation to the gap which was left unanswered by him was later completed by hyperbolic functions.

Vincenzo Riccati (1707-1775) is remembered as the inventor of hyperbolic Trigonometry. He used these functions to find
solutions of some cubic equations. Later on Euler contributed to the development of these functions by inventing i= =1 .

But systematic development of these functions was done by Heinrich Lambart (1728-1777). The notations which we use
today are developed by him. His contribution to these functions cannot be considered less than the Euler’s contribution of circular
function.

Modern Science started taking interest in this function with the invention of electricity and then later on its being used for
commercial purposes. The more Thrust was given to it after the foundation of A.LE.E. (The American Institute of Electrical
Engineers) Also the inability of circular functions to calculate the arc length of ellipse, which was a key requirement to find the time
taken by a planet to revolve around the sun (due to Kepler's Law of Planetary Motion) boosted the development of hyperbolic
function.

1. Hyperbolic Functions: -
Introduction: let a function f is defined on an interval, which is symmetric at origin
Then f(x) = If(x) _ Fld+fi) _ Pl Flad+ Fl-2)—F—x)

Or f(q = 10, f-frn

Or f(x) = u(X) +v(x)

Flxl+Fr—x) . .
Where u(x) = 22774 4s an even function of x

And v(x) = LE==% g an odd function of x

Thus, every function can be expressed as sum of an even function and odd function.
In particular, if we take f(x) = &* , then f(-x) =g ~*

Equation (1) becomes g — g%
g+ e | gf—g*

e = T B )

e

Here, odd function v(x) = = is called Hyperbolic sine function (pronounced as sinh)

So, Sinhx =

g g

. 4 g
And even function u(x) =

— is called Hyperbolic cosine function (pronounced as gosh)
gy gt

So, Coshx =

Other hyperbolic functions are defined as:

Hyperbolic tangent function
zinhx gf— g7 z gt g

tanhx = coshx = Y = g4 g
Hyperbolic secant function

1 2
Sechx = =

coshy e+ g
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Hyperbolic cosecant function

-t _
Cosechx = sinhx ~ £f- g

Hyperbolic cotangent function

1 coshy _ 85+ 87
Cothx = ——==——= -
tanhy zinhx &g

Where domain and Range of these functions are given below

Function Domain Range

Sinhx R R

Coshx R [1, «)

Tanhx R (-1,2)

Sechx R (0,1]

Cosechx (-,0) U (0, =) (-,0) U (0, =)
Cothx (-,0) U (0, =) (-0,-1) U (1, =)

(Here R means set of all real numbers.)
Another version of above definition of sinhx can also be taken as:

. g4 g7 g1 1-gTH
Sinhx = = =

2 2 et g7

Similarly, other functions can be also defined in the same manner.

1.2 Relation between Hyperbolic and circular Functions:
Following is the way to convert from one type to another.
1) We know the exponential expansion of trigonometric sine function so using that ,we get

slf_ -l
Sint= —
Put t = ix on both the sides
o st —1%x GE_ ok .
Sin(ix) = ——— =——— (asi?=-1)
o e g
=( )I':'( ) = isinhx

i
So, sin(ix) = i sinhx
Similarly, the relation between other hyperbolic function is:
Cos(ix) = coshx

tan(ix) = i tanhx

sec (ix) = sech x

cosec (ix) = -i cosechx

cot(ix) = -i cothx

1.3 Identities:
Using trigonometrical identities ,we have these formulas with us
e Cosh?x —sinh?x =1
e Sech® =1-tanh?x
e Coth?x-1= cosech?x

. . tanhx
e  Sinh 2x = 2 sinhx coshx = —————
1-tonik*x

e Cosh 2x = cosh?x + sinh 2x = 2 cosh?x -1 = 1+ 2 sinhx

_ 1+ tanh®x
T 1- tanhix
Ztanhx
e tanh2x = ————
1+ tank®x

e sinh (x; + X2) = sinh x; coshx,+ coshx, sink,

e sinh (x; — x;) = sinh x; roshx, - coshzxy sinhx,
e cosh (x; + x;) = coshxyroshx, + sinhxy sinhsx,

e cosh (x; — x;) = coshxyroshx, — sinhx sinhx,

. _ tanhx + tanhx,;
o tanh (x, + ;)= et MR
<4 L+tanhx, tanhy,
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. _ tanhx,— tanhx,;
L] tanh(_‘t’i—xul—*
<4 1- tanhkx tanhy;

e 2sinhxcoshy=sinh(x+y)+sinh(x-y)

e 2 coshxsinhy =sinh (x +y) —sinh (x —y)

e 2coshxcoshy=cosh (Xx+y)+cosh(x—y)
e 2sinhxsinhy=cosh (x+y)+cosh(x-y)
e Sinh 4 +sinh B =2sinh #coshg

e Sinh 4 -sinh B =2 cosh ﬁ sinh @

e cosh 4 +cosh B =2cosh ﬁ cosh ﬁ

e coshd-coshE =2sinh ﬁ sinh E

2 Differentiation of Hyperbolic Functions:
As g* and e~* are differentiable everywhere so Hyperbolic functions have derivatives at every point of its domain.
So their derivatives are given as below:

d H [
- E(smhx) = coshx
[ ] i h - Qi h
= (coshx) = sinhx
« £ (tanhx ) = sech?
=; (tanhx) = sech?x
. % (sechx ) = - sech x tanh x
" % (cosechx ) = - cosechx cothx
= £ (cothx ) = - cosech 2
< (cothx ) = - cosech 2

From these differentiation formulas, integration formulas can also be obtained.

3. Inverse Hyperbolic functions:

For existence of inverse , function should be strictly monotone and one - one function so we can talk about the inverse of
Hyperbolic functions

1) As sinhx is a strictly increasing function of x and is a 1-1 function so its inverse exists and is given by :

Sinhtx=log (x+vx*+ 1)

2) Now, cosh x is strictly increasing function but is one-one on its restricted domain either on (-,0] or [0,« ). So cosh “1x
exists on these restricted domains & is given by :

Y =Coshix =| log(x-+x*—1),fy<0

log (x ++x*—1),ify=20

3) Like coshx, sechx is 1-1 on its restricted domain of non negative values of x ,it have inverse given by :
). x€(0,1]

1+1—x?
x

Sech “1x =cosh ! (ﬁ) =log (

4 ) tanhx , cothx, cosech x are 1-1 on their domains ,so they possess inverses given by :

tanhx = = log (E ), -1<x<1
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coth’x = tanh? (;t) =1 log (E ), IxI >1

Vxi+l

cosech Ix = sinh '1(J—1r) =log (J—lr + ). x=0

ixl

4 Applications of Hyperbolic Functions:

Hyperbolic functions have vast application in field of Mathematics and Physics. They are used to describe motion of waves in
elastic solids. They are also used to depict shapes of hanging electric power lines. Temperature distribution in metal cooling fins is
another application. problems of skydiving when air resistance is taken into account are solved by these functions. These functions
are helpful in tracing the path when direction is continuously changing. In Special theory of relativity, velocity addition becomes
linear if we express them in terms of hyperbolic tangent functions. If we are using Mercator projections on a map then relationship
between lattitude and its coordinate is found by hyperbolic functions. Hypergeometric functions have also found way in Non linear
Partial differential equations, some problems of Navier — stokes equations in Fluid Dynamics (depending on the initial conditions),
Electronics and even in astrodynamics for hyperbolic orbits.

Formation of satellite rings about planets, waves in shallow water are also explained by these functions.

5. Conclusions

As the time is changing every day, so the need of newness is always going to accelerate .so new expanded functions are
always going to contribute in this race. Hyperbolic function is a part of this revolution. with application in all the fields they are
helping mankind in various ways.
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