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Laplace Transformation is the most simple and effective tool to solve the integral and 

differential equations. Engineering, science and technology are the fields where it is 

widely used. Convolution theorem plays an important role in solving the integral and 

integral differential equations. In this paper, we will prove the convolution theorem along 

with discussing about its applications by firstly briefing about Laplace and inverse 

Laplace transformations. 
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Introduction 

Initial Boundary value problems, which mathematically seems rigorous are solved by the use of Laplace Transform. This 

method gives effective solution to the response of an Linear System for its states at different Subsequent times . Wheelon  (1954) , 

was the one who first developed a direct method to solve the problems of Summing infinite series in the closed form . 

 It transform the time domain to frequency domain.  Many problems of ordinary differential equation, harmonic oscillator in a 

resisting/Non Resisting medium , fractional ordinary differential equations ,partial differential equations with initial and boundary 

value problems , problems of potential and current in an electric transmission line, the stokes problems , the Rayleigh problem in 

Fluid dynamics ,Integral Equation ,Abel’s problem of Tautochronous Motion are solved with the help of Laplace Transform . And  

to solve these integral or integral-differential equations effortlessly with  Laplace transformation and inverse Laplace 

transformations, credit goes to convolution theorem. So, in this paper we will discuss about the convolution theorem and its use in 

solving integral, integral differential equations. 

 

Definitions:- 

1. Laplace Transformation :- 

Laplace Transformation is a powerful  and easy technique which is used to solve fractional differential equations with 

constants or variable coefficients without finding the general solutions or particular solutions. 

Let g be a real valued function of t which is defined for t  0. 

then,     is the Laplace transformation of g(t)  if it is convergent, where s is the parameter which is 

real or complex.  

 We can also write   , where L is the Laplace transform operator 

 

1.1 Standard Results of Laplace Transformation: 
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1.2. Laplace Transformations satisfies linear property. 

If  g(t) and h(t) are the functions whose Laplace transformation exists for t  0 and  and  are any scalars 

Then L [  g(t) +  h(t) ] =  L g(t) +  L h(t) 

1.3. Laplace Transformation Of Derivatives 

If g(t) is real valued continuous function of exponential order  for t  0 and g’(t) be continuous or piecewise continuous 

function t  0. Then L (g’(t)) exists and 

L (g’(t)) = s F(s) –  f(0)       for   s  

2. Inverse Laplace Transformation:- 

If  is the Laplace transformation of function g(t), then the function g(t) is known as Inverse Laplace 

Transformation. It is denoted by  . It transforms the frequency domain to time domain. 

 

2.1 Standard Results of Inverse Laplace Transformation: 

 
 

2.2 .Inverse Laplace Transformations satisfies linear property 

If  and  , where t  0 and  are any scalars  

then     +  

3.Convolution Theorem :- 

If  and  , where t  0 , then  

 where the function    is known as convolution of g and h. 

Proof :- We want to prove that   

Or in other words,   

Consider,  =  

    ;      

      

   where double integration is taken on region U. 

And U = {    } 

The diagram of region U is as shown in figure : 

 
           …..(i) 
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Now, let transform the region U to new region V by using transformation   

and   

  and     

Again , by (i) we have           

Thus, region V = {  and   } and its figure is as follows:- 

 
 

Now, consider Jacobian ,  

 over region V 

    

    

  

  

Thus, ,    

  

3.1.Properties of Convolution function   

(i) Commutative Property holds i.e.   

(ii) Distributive Property holds i.e.   

Version of Convolution Theorem which is used to solve integral-differential equations 

Convolution Theorem is :-   

    

  

4. Integral Equation Of  Convolution type 

An equation of type  is called integral equation, where the known functions are  and  

and we have to find function  It can also be written as  

  

5. Integral-differential Equation Of  Convolution type 

The integral equation in which the derivative of unknown function is to be find is known as Integral-differential Equation. i.e. 

 

Application of convolution theorem :- 

Solve the integral- differential equation:- 

  where  

The above equation can be written as :- 

  

Taking Laplace transformation on both sides 
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Taking Inverse Laplace transformation on both sides , we get 

  

  which is the required solution. 

 

Conclusion:  

Laplace Transformation is a powerful  and easy technique which is used to solve fractional differential equations with 

constants  or variable coefficients without finding the general solutions or particular solutions. It is used  to solve the differential, 

integral and integral- differential equations. So, for the  theoretical or academic solution related to the real life situations, it can be 

used effortlessly  by the engineers. And to solve these integral or integral-differential equations effortlessly with  Laplace 

transformation and inverse Laplace transformations, credit goes to convolution theorem. 
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