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1. Introduction

Stimulated by the successful marriage of geometrical and physical ideas in Einstein’s general theory of relativity, the great
French mathematician E.Cartan suggested that a more general geometrical frame work incorporating the notion of torsion as well
as Riemannian curvature might be useful in the description of a continuum of spinning particles (Cartan [6], [7]) but Cartan’s
suggestion lay dormant for a long time. Nearly after half a century this idea has received a strong theoretical ground (both
geometrical and physical) through the investigation of various authors, (Trautman ([33], [34]); Kerlick [14], Ray Chaudhary ([26],
[27]), Kuchowichz ([18], [19], [20]); Hehl ([9], [10]); Hehl et.al. [11], Prasanna [24], Kopczynski ([15], [16]); Berman [2], Kannar [13],
Alder [1], Bowers [3] in the form of a viable rival theory to Einstein’s theory of gravitation and which is now called the Einstein-
Cartan theory.

The general theory of relativity which has been considered as “most beautiful creation of single mind” has enjoyed success
wherever a test has been possible [27]. The general theory of relativity has also led under general considerations to the existence
of singularities in the universe. Since the singularity is not a desirable feature for any physical theory, the question arises, is it
possible to keep this beautiful theory unmolested with regard to its success but at the same time modify it so as to prevent
singularities? The answer seems to be in affirmative if one considers the most natural generalization of Einstein’s theory as
originally suggested by Elie Cartan [6, 7] which is now known as Einstein — cartan theory (or E-C theory). In this theory the intrinsic
spin of matter is incorporated as the source of torsion of the space-time manifold. According to the relativistic quantum mechanics
mass and spin are two fundamental characters of an elementary particle system. The energy momentum is source of curvature. By
introducing torsion and relating it to the density of intrinsic angular momentum the Einstein-Cartan theory restores the analogy
between mass and spin which extends to the principle of equivalence at least in its weak form. According to this principle the world
line of a spin less test particle moving under the influence of gravitational fields only depends on its initial position and velocity but
not on its mass. Since the predictions of E-C theory differ from those of general relativity only for matter field regions, therefore
besides cosmology, an important application field of E-C theory is relativistic astrophysics which deals with the theories of the
stellar objects like neutron stars with some alignment of spins of the constituents particles. Hence it is desirable to understand the
full implication of the E-C theory for finite distributions like fluid spheres with non-zero pressure. With this view many workers have
considered the problem of static fluid spheres in E-C theory (Prasanna [25], Kelick [14], Kuchowicz [18- 20], Skinner & Webb [29],
Singh & Yadav [28], Yadav et al. [36-37], Trautman [34], has proposed that spin and torsion may avert gravitational singularities by

considering of Friedman type of universe in the framework of Einstein Cartan theory and obtaining a minimum radius R at t = 0.

Isham, Salam and Strathdee [12] have shown that if one considers the Trautman model in the framework of their two-tensor theory
then the minimum radius would increase substantially, giving a reasonable density for the universe in the early stages. Applying the
same arguments for finite collapsing objects, Prasanna [23] has shown that it is possible to get a minimum critical mass for black
holes. Having seen that the new idea regarding prevention of catastrophic collapse could have an interesting role in astrophysical
situations. He has also discussed the complications of the Einstein-Cartan theory for finite distributions like fluid spheres with non-
zero pressure. Also, since spin is a very important property of a particle, it is very relevant to consider its role in the study of such
configurations as one may find in the interior of a star.

Hehl, Heyde and Kerlick [11] have considered the field equations of general relativity with spin and torsion U, theory to

describe correctly the gravitational properties of matter on a macro physical level. They have shown how the singularities theorems
of Penrose [22] and Hawking [8] must be modified to apply in E-C theory. Prasanna [25] has solved Einstein-Cartan field equations
for a perfect fluid distributions and adopting Hehl’s [9-10] approach, and Tolman’s technique [32] obtained a number of solutions
Arkuszewski et al. [4] describe the junction conditions in Einstein-Cartan theory. Raychaudhuri and Banerji [27] considered
collapsing spheres in E-C theory and showed that it bounces at a radius greater than the Schwarzschild radius. Banerji [5] has
pointed out that E-C spheres must bounce outside the Schwarzschild radius if it bounces at all. Yadav et. al. [36] have discussed
static dust sphere in E-C theory by taking a suitable choice of effective density where as Singh and Yadav [28] have studied the
static fluid spheres in E-C theory and obtained a solution in an analytic form by the method of quadrature. Spatially homogeneous
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cosmological models of Bianchi type VI & VII based on Einstein-Cartan theory were considered by Tsoubelis [35]. Som and Bedran
[30] got the class of solutions that represent a static incoherent spherical dust distribution in equilibrium under the influence of spin.
Mehra and Gokhroo [21] have also given a physically meaningful solutions of the field equations for static spherical dust distribution
in E-C theory. Krori et al. [17] gave a singularity free solution for a static sphere in Einstein-Cartan theory. Suh [31] considering the
static spherically symmetric interior solution in Einstein-Cartan theory closely compared with those in the Einstein theory of
gravitation.

In this chapter considering spherically symmetric line element, we have solved Einstein-Cartan field equations using
Tolman’s technique [32] in three different cases. We have also find pressure and density for the distribution.

2. The field equations:

The Einstein-Cartan field equations are
| i_ i
(21) Ry . Ré} = ktj
i inl inl _ i
(22) Qj —6; Qi — 6,Q5; = kSj
Where Q;k is torsion tensor, t!is the canonical asymmetric energy momentum tensor 55 is the spin tensor, k=—281t.

]
Here we take a static spherically symmetric matter distribution represented by the line element.

(2.3) ds?= —e?*dr? —r?d6? —r2sin*0d¢? + e?"dt?

Where A and v are functions of r alone. If @' represents as orthonormal conframe we have then

@.4) 6% —erdr.0% = rdf,6° = rsinfd¢, 8* = evdt

The metric (2.3) now becomes

ds? = —{(81)* + (8%)* + (8%)* — (6%)%}
So that
gi; = diag{-1,-1,-1,1}

Assuming that the spins of the individual particles composing the fluid are all aligned in the radical direction we get for the

spin tensor ‘SU' the only independent non-zero component to be S;3 = K, say. Since the fluid is supposed to be static, we have

the velocity four-vector u' = &}

Thus the non-zero components of Sj-kare

25) S =-S5 =K

Hence from the Cartan equation (2.2), we get for Q;k the components
(26) Q33 = —Q3, = —kK

The others are zero
Using (2.6) in (2.3) we can obtain the torsion two-form (G )*to be

@7 (6)1=0,(6)2=0,(6)=0,(6)* = —kK6Zr63
Once we have the torsion form we can use it in (2.3) along with (2.4) and solve the components of cof‘, which in

the present case turn out to be

1 _ _ . —Aprpd 2 _ 1 _ 2
Wy =Wy =e¢ 0% wi = —ws=—2~0
) ) B 1 2 .
)
28) wl=w*=1kKO3 w3 = —wl=2"¢3
(28) Wi =w; =7 Wy = TW3 =
1 1 cot@
3 _ 4 _ 2,3 _ 2 _ 4 3

Using (2.8) in (2.4) we get the curvature form ﬂf to be
(9 0}= [3_2’1 (v"+v"?— .3."!?’)](91!\54)
i—K e 4(82r63)

02 = E ke~ (K’ + g)] (01064

-y
+[“’ - v+ik2f(2] (6276%)

r
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n; = E ke ™4 (K’ + g)] (61r62)

—24
+[‘*’ - v+ik21{2] (8376%)

r
—2r
ﬂzl _ 9]’_0}1: (61},\92) _%kKe—A [1?: _%] (94},\93)
—2rg , 1 _ ' 1
ni= ET}I (61r6%) —kKe 4 [1:' —;] (84762)
1 — -21 1 1
02 = (—; +Ek2K2) (62783) + Eke"‘ (K" + Kv')(61n6%)

Equations (2.4) and (2.9) together give
210) Ri, =e A (v"+v?—Xv")

2 _ g3 _1lp2p2 e 2y’
Reivzei» - Reﬂdw - 1 K +
—2A 37
1 _ 1 _ e A
R212 - R313 - r
1-e7241" 1
2 _ 21r2
—kK -1

Rl,,=—e
123 =

1, ;LK
Riis = —Rin = ke A(K ‘I‘_)

T
1 _ 1 _ 1 A1
2 _ ' -4
The Ricci tensor RU-and scalar of curvature R are therefore given by

242
(11) Ry =—e %4 (v” + v v — T)

e

—24 , , 1
R22:R33:_ 2 [1+r(1? —A)]‘l_r_z

- 2v? 1
Ry =—e24 (1;" +v't—2Av’ ——: ) -I-Esz\’z

1 —-24 1 ' 12 [ 2 ’ ’ 1 2
(212) R=—2{5—e —+v'+vi-Av'+-( -A)|+-kK

T r T 2
With R;;=0,i# j.

1 .

Hence the components of R;; — Ejo-I- is found to be

1 1 _ 2v' 1 1
(213) Ry _ER‘gll = r—2+e 24 (T‘l‘r—z) ‘I‘Eszz

1 1 1 1
R22 __Rgzz = R33 __Rggg = 3_2'1 |:13'” ‘I‘U,z —Av' ‘I‘_(T?: —.2.:) +1k2K2

2 2 T
1 1 24 1 1
_ —24 21r2
R44—ERQ¢¢—r—2+E (T_ﬁ)—l_ik K

Since we are considering a perfect fluid distribution with isotropic pressure p and matter density o we have for t'.

(2.14) ff = R7*{[(e + pluy — W'V, (WS ) ]uy — pe;}
Using (2.6) we get then the non-zero components

(215) ti=ti=ti=-p.ti=p

Hence the field equations (4.2.1) may be written using (4.2.13) and (4.2.15)

1 _ 24’ 1 1
(2.16) —r—z‘l‘ e 24 (T‘l‘r—z) +1k2K2 = —kp
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(2.17) e~%4 [‘l?" +v'?—Av’ -I-%(v’ - 1) +Tik2K2 = —kp

1 21! 1 1
—24 2172 —
218) ——=—e ———)——kk’ =k
( ) r2 ( r r2 4 P
The conservation laws give us the relations

(2.19) '\'-",[(p + p)u’] = (0 (matter conservation)

(2200  V,(Ku') =0 (spin conservation) and
d 1

2.21) ﬁ +(p+p)v' +5kK(K' +Kv') =0

If we assume the equation of hydrostatic equilibrium to hold as in general relativity, namely
d

(2.22) ﬁ +(p+pv' =0

We get the additional equation

(223) K'+Kv'=0

Solving for K we get

(2.24) K=_Ge™

Where G is a constant of integrations to be determined. Setting

8mG | . . .
k=— = with G = 1, ¢ = 1 we can write the field equations as
I ST i £ i)
(26) Bmp =16mK> + +e ( 42
~22 V_”_V_’_i) _ (2_ ) (“)] L
2.27) e [( A R A r + r2 +tv r + rd 0

Where K=Ge Y, where G is constant

In fact we now have a completely determined system if an equation of state is specified. However, it is well known
that in practice this set of equations is formidable to solve using a pre assigned equation of state, except perhaps for the case

£ = p, which may not be physically meaningful. Secondly, we have the question of boundary conditions to be chosen for fitting
the solutions in the interior and the exterior of the state. A very interesting aspect of the Einstein-Cartan theory is that outside the
fluid distribution the equations reduce to Einstein’s equations for empty space, viz.,RU- = 0, since there is no spin density.

Following Hehl's approach [8, 9] if we define

(228) p=p—2nK?%p—2nK?

We find that the equations take the usual general relativistic form for a static fluid sphere as given by

@29 Bnp=—+e (2 +3)

r

T T

_ 1 2v' 1
- -2A (== _ —
(230) 8mp = = +e ( 2)
with (2.27) remaining the same. The equation of continuity (2.21) now becomes given
dg — =
(2.31) d—f +(p+p)v'=0
It is clear from these equations that it is the p and not the p which is continuous across the boundary r=a of the

uid sphere. The continuity of P across the boundary ensures that of 17’ (exp. 2v). Further with p and p replacing p an
fluid sphere. Th inuity of p he bound hat of v’ 2). Furth h p and p repl dp

respectively we are assured that the metric coefficients are continuous across the boundary. Hence we shall apply the usual
boundary conditions to the solution of equations (2.27), (2.29) and (2.30).
We use the boundary conditions

2.32) [E_M]rzro _ [ezv]rzro — (1 — i—r:) and

(233) p=0atr=rny
Where 17, is the radius of the fluid sphere and m is the mass of the fluid sphere. The total mass as observed by an

external observer, inside the fluid sphere of radius a is given by
_ Mo 2 g o .2 2 (12 2
(2.34) m= fﬂ predr = 4m fﬂ predr — 8w jo K=*(r)r-dr
Thus the total mass of the fluid sphere is modified by the correction

8m? jﬂrﬂ K2(r)ridr
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Equations (2.29), (2.30) and (2.31) are the same as obtained by Tolman [30], so we can use the same solutions
for our discussion. Assuming that the sphere has a finite radius r = 1for r >ry, since the equations areRU = 0, we have by

Birkhoff's theorem the space-time metric represented by the Schwarzschild solution
Zm

-1
(2.35)ds? = — (1 — T) dr? —r?d6? —r?sin®0d¢? + (1 — sz) dt?

Where m is a constant associated with the mass of the sphere

3. Solution:

Case-l
Here we assume
3.1 e?’ = Ar

where A is constant
Using (2.27) after calculations we get A finally as

B2) et = (Crm + g)

where C is a constant
Thus the line element is given by
7 a7t .
(3.3)ds? = Ardt? — (Cra + ;) —1r2(dB? + sin?0d ¢?)
1 ro_?"fz
(3.4) Azz_:l y C=—

Ta 14
The pressure and density are given by

(35) snp = 27C L 1 {1 _ (L)m}

Ar 7re

To
16726 1 ry\7/3
(3.6) 8mp = - + 17 {9 + 5 (E)
The spin density K is given by
K? 2G
B7) —=—
L] r
Case-ll

Here we assume
38 e =pfri+a
Using (2.27) after calculations we get A finally as
2Bri+a
(1 + br3)(a +B2)
Thus the line element is given by
2 _ a+2p? 2_ 2302 .2 32 2 2442
(3.9 ds? = [1+br2}[a+ﬁ’r2}dr r¢df?* —r?sin*0d¢? + (a + fr)dt
Using boundary conditions as discussed in section (2) the constants are found to be
m Im m
5 Ty

To

32.:{

The pressure and density are given by

2
1__
16m2G2 3m? ( rg)
(3.11) 8mp = T —= 2
am mr g am zmr
1-=— 3) I )
o T o T
2
9
2.2 56— m"'m;
lem=G m o rj
(3.12) 8mp = am mr2 +r'_3 am zmrZ
1-=—+ 3) 0| 1-T—4+5 )
L] rCI L] rCI
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1 mr
4m?r? 2
iy 3m = 2mre
s
To 0

At r =0, we have now

(3.13) 8mp, = 8mp, +i—?(1 - Z_m) (1 _S_m)_l

To o

The constant G associated with the spin density is found in terms of pg as
1/2
— 3 T T A

Sm) &m 9m2]
To Tg

1
3.14 = — - —
(314) G o= [8;1,05 (1
Eliminating 2 between p and g we can get the equation of state.

Casel lll
Here we assume

(3.15) e?V = Ar®
where A is constant
Solving (2.27) for A we get

v 1
(3.16) e br5-a

Thus the line element is given by

B17) e = r;;;drz —1r2(d6? + sin*0d¢?) + Ar®dt?
5

Using boundary conditions constants are found to be
_ 2
318) A=1y7° (1 — —m)

g
1
_ 2my 7
b= (5-2)n
Pressure and density are found to be
1626 25 -1
(3.19) 8mp = ==t 6b,1r77
3.20) 8mp = leﬁza-l— > Shr
(3.20) ©1p = Ar? =z 7T
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