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In present paper the determination of the spot size of an ultra-short laser beam in uniform 

magnetized plasma with a dominant cold plasma has been studied.  The liner dispersion 

relation of the laser beam propagating in Magnetized plasma have been found. Magnetic 

field is set up and source dependent expansion method is applied to determining the spot 

size of the intense laser beam with gaussian profile. The transverse magnetization of 

plasma and its impact on the self-focusing property of the dense laser governing to 

reduction in critical power necessary to self-focusing beam is shown. 
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1. Introduction 

When Ultra-Short laser pulse of high intensity passes through the plasma, a nonlinear interaction between plasma and Laser 

gives a very important result. It is highly useful for the laser fusion, laser wake-field acceleration etc. The wide application of 

ultrafast laser pulse in various application and is very interesting laser plasma interaction in nonlinear Optics [1-3]. 

 The interaction of intense laser pulse with magnetized plasma is very fascinating area of study. It is observed that, intense 

magnetic field produces in laser plasma interaction [4]. This field affects the penetration of ultra- short laser pulse in plasma 

because Canonical momentum for magnetized plasma interaction is not properly conserved as similar as in case of unmagnetized 

Plasma [5]. It is applicable in fast ignition scheme in inertial confinement fusion [6]. Where Quasi stable self- generated magnetic 

field may remain in the under dense Corona region near the critical surface of the ignition laser pulses.  Modulation instability and 

the wave excitation are some useful method which are recently observed for intense ultrashort laser pulse interacting when 

penetrating through magnetized plasma [7,8]. When ultrasonic laser pulse penetrating deep in magnetized plasma and 

ponderomotive force on electron, the plasma electron motion is modified due to magnetic field and gives a change in dispersion of 

the laser beam and due to magnetic field nonlinear current density is also affected [9-11]. 

In the present paper we have investigated the effect of the magnetic field over the self-focusing of highly intense laser pulse 

penetrating in a cold dense and homogeneous plasma. Since magnetic field is transvers to dielectric vector, the direction of 

penetration of the radiation forward the field. It is very interesting to investigate the transverse magnetic fields are produced in the 

laser plasma interaction and it is applicable in many useful events like modulation of the propagation of laser pulse in magnetized 

plasma. The paper is structured as follow, 

 In section 2 linear dispersion relation and produced nonlinear magnetic field due to transverse magnetic plasma is observed 

and in section 3 a wave equation in nonlinear form for a laser penetrating   in magnetic plasma is derived. In Section 4 solution of 

envelop equation for laser spot is determined and required critical power to self-focusing of the laser beam in magnetized plasma is 

discussed. In section 5 represents the conclusion. 

 

2. Formulation 

 When a linear polarized laser pulse propagated through a uniform plasma contained in a uniform external magnetic field b =b 

êx. The electric field vector of the radiation propagating along Z-direction is represented as 

E=ê𝑥𝐸(𝑟, 𝑧, 𝑡) 𝑐𝑜𝑠 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                                                                           (1)                                                                                                             

 Where E   is amplitude of the radiation field and ωo and ko are the frequency and wave number respectively.  The wave 

equation is represented as  

(▽2−
1

𝑐2

𝜕2

𝜕𝑡2)E =
4𝜋

𝑐2

𝜕𝑗

𝜕𝑡
                                                                                                                             (2)                                                                                                                                        

The plasma current density   J=-ne𝜐 where is the velocity of the electron of plasma and n is the electron density of the plasma. 

Relation between electromagnetic field and plasma electron in form of Lorentz force equation, represented by   
𝑑(𝛾𝜈 )

𝑑𝑡
= −

𝑒𝐸

𝑚
−

𝑒

𝑚𝑐
𝜈 𝑥 (𝐵 + 𝑏)                                                                                                              (3)                                                                                                                                                          

   and                
𝜕𝑛

𝜕𝑡
+▽. (𝑛𝜈) = 0 

Which governs the continuity equation 𝛶 is the relativistic factor and B is the magnetic vector produced by the laser beam in 

plasma considering the Plasma in cold. In this case, it is assume that plasma electron is at rest when external magnetic field is 

neglected. All equations for velocity is along X and Z direction applying perturbation technique is represented by   

𝜕𝜈𝑥
(1)

𝜕𝑡
= −

𝑒

𝑚
𝐸𝑥 + 𝜈𝑧

(1)
𝜔𝑐   and                                                                                                                (4)                                                                                                                         

𝜕𝜈𝑧
(1)

𝜕𝑡
= 𝜈𝑥

(1)
𝜔𝑐                                                                                                                                         (5) 

which is cyclotron frequency of the plasma electron. 

 Solving equation (4) and equation (5) by determining with respect to time t is given by  
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𝜕2𝜈𝑥
(1)

𝜕𝑡2
+ 𝜔𝑐

2𝜈𝑥
(1)

=  −
𝑒

𝑚
 𝜔𝑜𝐸 𝑠𝑖𝑛 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)   and                                                                            (6)                                                                                 

𝜕2𝜈𝑧
(1)

𝜕𝑡2
+ 𝜔𝑐

2𝜈𝑧
(1)

=  
𝑒

𝑚
 𝜔𝑐𝐸 𝑐𝑜𝑠 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                                                        (7)                                                                                               

Solution of the equation (6) and (7) is given as  

𝜈𝑥
(1)

=
𝑐𝑎𝜔𝑜

2

(𝜔𝑜
2−𝜔𝑐

2)
 𝑠𝑖𝑛 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)  here          a=

𝑒𝐸

𝑚𝑐𝜔𝑂
                                                                          ( 8)                                                                           

 𝜈𝑥
(1)

=
−𝜔𝑜 𝜔 𝑐 𝑐𝑎

(𝜔𝑜
2−𝜔𝑐

2)
 𝑐𝑜𝑠 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                                                                        (9) 

 is normalized radiation field amplitude. Transverse quiver velocity grows because of the magnetic field and result gives 

generation of longitudinal velocity due to ponderomotive force acting on the plasma electrons. This governs relativistic mass of the 

plasma electrons and it modified the refractive index of the medium. 

 

 

 The similar method is used to obtain the second order electronic velocity. the second order equation can be easily solved by 

the first order velocity.  

𝜕2𝜈𝑥
(2)

𝜕𝑡2 + 𝜔𝑐
2𝜈𝑥

(2)
= -

𝑐2𝑘𝑜𝑎
2𝜔𝑐𝜔𝑜

2(𝜔𝑜
2 −4𝜔𝑐

𝑜)

2(𝜔𝑜
2−𝜔𝑐

2)2  x 𝑠𝑖𝑛 2(𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                              (10)                                                                 

  
𝜕2𝜈𝑧

 2 

𝜕𝑡2
+𝜔𝑐

2𝜈𝑧
(2)

=
𝑐2𝑘𝑜𝑎

2𝜔𝑜(2𝜔𝑜
4  −4𝜔𝑜 

2 𝜔𝑐
2−𝜔𝑐

4)

2(𝜔𝑜
2−𝜔𝑐

2)2
 x 𝑐𝑜𝑠2 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                        (11)                                                          

        In uniform magnetic field X component of the velocity grows but when magnetic field is removed its value reduces to zero. 

Due to radiation field and magnetic field Z component of velocity remains same. In the same way the third order x-component of the 

velocity of electron when harmonics is neglected represented by,  

𝜕2𝜈𝑥
(3)

𝜕𝑡2 + 𝜔𝑐
2𝜈𝑥

(3)
= 𝑐𝑎2[

𝑐2𝜔𝑜
2 𝜔𝑐

2 𝑘𝑜
2(5𝜔𝑜

4 −11𝜔𝑐
2 𝜔𝑜

2 −6𝜔𝑐
4 )

4(𝜔𝑜
2−𝜔𝑐

2)3(4𝜔𝑜
2−𝜔𝑐

2)
 +

𝜔𝑜
4 (3𝜔𝑜

4 +2𝜔𝑐
2 𝜔𝑜

2 +3𝜔𝑐
4 )

8(𝜔𝑜
2−𝜔𝑐

2)3 ] 𝑥 𝑠𝑖𝑛 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)       

                                                                                                                                                             (12) 

                                                                                                                                                                                  

       With the help of first and second order quantities x-component of third order velocity of the electron is given by,  

𝜈𝑥
(3)

=- 𝑐𝑎3[
𝑐2𝜔𝑜

2 𝜔𝑐
2 𝑘𝑜

2(5𝜔𝑜
4 −11𝜔𝑐

2 𝜔𝑜
2 −6𝜔𝑐

4 )

4(𝜔𝑜
2−𝜔𝑐

2)4(4𝜔𝑜
2−𝜔𝑐

2)
 +

𝜔𝑜
4 (3𝜔𝑜

4 +2𝜔𝑐
2 𝜔𝑜

2 +3𝜔𝑐
4 )

8(𝜔𝑜
2−𝜔𝑐

2)4 ] 𝑥 𝑠𝑖𝑛 (𝑘𝑜𝑧 − 𝜔𝑜𝑡)                     

                                                                                                                                                             (13)   

     But plasma laser interaction can be obtained introducing density perturbation equation in order to radiation field  
𝜕𝑛(1)

𝜕𝑡
+𝑛(0)(▽.𝚟

(1)
)=0                                                                                                                            (14)                                                                                                                     

 Here    ambient plasma electron density, equations shows the longitudinal velocity produces first-order fluctuations in plasma 

density. Putting the value v in   equation applying Transformers coulomb gauge (▽⏊.E=0)   so, first order perturbation is given by   

𝑛(1) =
−𝑛𝑜𝜔𝑐𝑐𝑘𝑜𝑎

(𝜔𝑜
2−𝜔𝑐

2)
 cos (𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                                                                     (15)                                                                                                              

             In presence of external magnetic-field the first order density perturbation come into play and it diminishes in absence 

of magnetic field.   

               The second order density response can be represented as  
𝜕𝑛(2)

𝜕𝑡
+▽.(𝑛(0) 𝚟

(2)
 +𝑛(1) 𝚟

(1)
 =0                                                                                                          (16)                                                                                                               

Solving it we get,  

𝑛(2) = −
𝑐2𝜔𝑜

2 𝑛𝑜
 𝑘𝑜

2(𝜔𝑜
2 −4𝜔𝑐

2

(𝜔𝑜
2−𝜔𝑐

2)2(4𝜔𝑜
2−𝜔𝑐

2)
x cos2(𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                                                  (17)                                                                                           

The transverse current density can be obtained the perturbation velocities and densities as   

𝐽𝑥=𝐽𝑥
(1)

+ 𝐽𝑥
(3)

= −𝑒(𝑛(0)𝜈𝑥
(1)

+ 𝑛𝑜𝜈𝑥
(3)

+ 𝑛(1)𝜈𝑥
(2)

+ 𝑛(2)𝜈𝑥
(1)

                                                          (18)                                                             

The 2
nd

 ,3
rd

 and 4
th
 term of the equation given nonlinear current density. external magnetic field affects the 2

nd
 and 4

th
 term 

because it changes realistic mass correction and density perturbation.  3
rd

 term of the equation comes due to lowest order 

longitudinal oscillation of Elections created by the magnetic field. Due to magnetic field, current density is responsible for 

modification of nonlinear refractive index. This governs the propagation characteristics of the laser beam in plasma. Putting the 

value of the 1
st
, 2

nd
 and 3

rd
 order quantity in equation represents the current density and neglected all harmonics  

𝐽𝑥= − 𝑒𝑐𝑎 no[
𝜔𝑜

2 

(𝜔𝑜
2−𝜔𝑐

2)
- a

2
{

𝑐2𝜔𝑜
2 𝜔𝑐

2 𝑘𝑜
2(5𝜔𝑜

4 −11𝜔𝑐
2 𝜔𝑜

2 −6𝜔𝑐
4 )

4(𝜔𝑜
2−𝜔𝑐

2)4(4𝜔𝑜
2−𝜔𝑐

2)
−

𝑐2𝜔𝑜
2 𝑘𝑜

2(2𝜔𝑜
4 −9𝜔𝑐

2 𝜔𝑜
2 −4𝜔𝑐

4 )

4(𝜔𝑜
2−𝜔𝑐

2)3(4𝜔𝑜
2−𝜔𝑐

2)
+

𝜔𝑜
2 (3𝜔𝑜

4 +2𝜔𝑐
2 𝜔𝑜

2 −3𝜔𝑐
4 )

8(𝜔𝑜
2−𝜔𝑐

2)4 }]  x sin (𝑘𝑜𝑧 − 𝜔𝑜𝑡)                                                                                           

(19)                                                                                                   

 addition of liner current density in equation (2) governs the linear dispersion relation for a laser beam penetrating in the 

meantime plasma  

c
2
𝑘𝑜

2 = 𝜔𝑜
2 − 

𝜔𝑝
2𝜔𝑜

2

(𝜔𝑜
2−𝜔𝑐

2)
                                                                                                                          (20)                                                                                                                                

      for the value   equation converted into the linear dispersion of the laser beam going through the plasma. 

 

3. Wave dynamics 
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 Preparation of laser beam in nonlinear form in magnetized plasma can be derived by putting the current density in equation it 

can be represented as  

(▽2−
1

𝑐2

𝜕2

𝜕𝑡2
)a=𝑘𝑝𝑜

2 [
𝜔𝑜

2 

(𝜔𝑜
2−𝜔𝑐

2)
− 𝑎2𝑁]𝑎        where,                                                                              (21)                                                          

N=
𝑐2𝜔𝑜

2 𝜔𝑐
2 𝑘𝑜

2(5𝜔𝑜
4 −11𝜔𝑐

2 𝜔𝑜
2 −6𝜔𝑐

4 )

4(𝜔𝑜
2−𝜔𝑐

2)4(4𝜔𝑜
2−𝜔𝑐

2)
-
𝑐2𝜔𝑜

2 𝑘𝑜
2(2𝜔𝑜

4 −9𝜔𝑐
2 𝜔𝑜

2 −4𝜔𝑐
4 )

4(𝜔𝑜
2−𝜔𝑐

2)3(4𝜔𝑜
2−𝜔𝑐

2)
+

𝜔𝑜
2 (3𝜔𝑜

4 +2𝜔𝑐
2 𝜔𝑜

2 −3𝜔𝑐
4 )

8(𝜔𝑜
2−𝜔𝑐

2)4
 

 In the above equation first term of the equation is the unperturbed linear current density for the laser beam penetrating into 

magnetized plasma and second term contains the nonlinear perturbation because relativistic effects. Coupling of radiation field 

following the magnetized field and density fluctuation. 

                  Now the slowly varying function of z using paraxial ray approximation of the equation governs by,    

(▽⏊
2 + 2𝑖𝑘𝑜  

𝜕

𝜕𝑧
)𝑎(𝑟, 𝑍) = 𝑘𝑝0

2 {
𝜔𝑜

2

𝜔𝑜
2−𝜔𝑐

2-𝑎
2𝑁}𝑎(𝑟, 𝑧)                                                                           (22)                                                                           

 

4. Determination of spot size 

 For getting the laser spot, we use SDE method. the laser field amplitude is represented as a source of Laguerre Gaussian 

source dependent mode. It can be represented as,    

a(r,z)= â𝑚𝐿𝑚 (𝜒)𝑒𝑥𝑝[−1 − 𝑖𝛼𝑠)𝜒/2𝑚 ]  and                                                                                    (23)                                                                                                                                                                                                                                                               
𝜕

𝜕𝑧
(𝑎𝑠𝑟𝑠) = 0 

𝜕2𝑟𝑠

𝜕𝑧2 =
4(1+𝑘𝑜𝑟𝑠

2𝐻)

𝑘𝑜
2𝑟𝑠

3   

𝛼2 =
𝑘𝑜𝑟𝑠

2

2𝑅𝑐
= 𝑘𝑜

𝑟𝑠ṙ𝑠

2
   and 

𝜕𝑄𝑠

𝜕𝑡
=−

2

𝑘𝑜𝑟𝑠
2 − 𝐻 − 𝐺 

 It shows the total laser power dependence of z.  so,    
𝜕2𝑟𝑠

𝜕𝑧2 =
4(1− 

𝑘𝑃𝑂
2 𝑎𝑜

2𝑟𝑜
2

8
 𝑁)

𝑘𝑜
2𝑟𝑠

3                                      (24)               

 

 
FIG. 1. Variation of rs/r0 with z/ZR for a unmagnetized plasma, b c/0=0.2, and c c/0=0.4 with a0=0.271, 0=1.8810

15 
s

−1
, and p/0=0.1. 

 

 First term related to vacuum diffraction, second term is related to combined effect of the density perturbation relative mass 

correction and magnetic field which is useful for evaluation of the laser spot. Solution is given by   
𝑟𝑠

2

𝑟𝑜
2 = 1 + [1 −

𝑃

𝑃𝐶𝑀
]
𝑧2

𝑍𝑅
2                                                                                                                          (25)                                                                                                                          

𝑃

𝑃𝐶𝑀
=  

𝑘𝑃𝑂
2 𝑎𝑜

2𝑟𝑜
2

8
 𝑁  

            is the normalized power d and ZR  represents the Raleigh length. It shows that when ωc=0i 

i.e, magnetic field is not present, equation () reduces to the spot size evolution. For laser penetration in the unmagnetized 

plasma. P shows critical power in magnetized plasma for nonlinear self-focusing and it is represented by   

𝑃𝐶𝑀 =
2𝜋2𝑐2𝑚2

𝑘𝑝0
2 𝜆2𝑒2𝑁

                                                                                                                                  (26)                                     
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 FIG. 2. Variation of rs/r0 with c/0 at z/ZR=0.3 for a0=0.271, 0=1.88 10
15 

s
−1

, and p/0=0.1 

  

FIG. 3. Variation of PCM with c/0 for a0=0.271, 0=1.8810
15 

s
−1

, and p/0=0.1. 

 

When magnetic field is not present it gets reduces to critical power needed for self focusing of the laser beam. 

 In figure1. 

 For frequency ωo=1.88 x 10
15

 s
-2

    and intensity  I=10
17

W/cm
2
   is characterized against the normalized propagation distance  

𝑍

𝑍𝑅
. 𝑓𝑜𝑟 

𝜔𝑐

𝜔𝑜
 = 0.4 𝑡ℎ𝑒  laser spot grows to enhance because of magnetized Plasma. 

 The plot of   
𝑟𝑠

𝑟𝑜
      against  

𝜔𝑐

𝜔𝑜
  is plotted to discuss the effect of increasing magnetized field to represent the laser spot. In fig. 

𝑍

𝑍𝑅
= 0.3 𝑓𝑜𝑟 𝑎o=0.271. 

 When magnetic field is increased, sport size reduces. It showed that dependency of focusing of beam on value of magnetic 

field and it more focused when the magnetic field is enlarge. In fig.3, the critical power needed for self-focusing of laser beam is 
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drawn against  
𝜔𝑐

𝜔𝑜
  . It represents that the increase in magnetic field, it reflects the significant reduction in critical power needed for 

self-focusing of the laser beam when all the parameter is used same as in fig.1  

 

5. Conclusion 

 In this work the propagation of laser beam in varying magnetic plasma is discussed. The ponderomotive force acting on 

electrons of Plasma shows the change in relativistic mass and leads to the electron density perturbation and modification in the 

propagation of the laser beam. The present work reveals that transvers magnetization of plasma increases the self-focusing 

characteristics of the laser beam propagating in magnetized plasma and the increase in magnetic field represents a decrease in the 

laser spot size. The critical power needed to self-focusing of the beam in the magnetized plasma has been investigated. This work 

is very helpful in study the propagation of laser beam in magnetized plasma. 
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