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1. Introduction

Fixed point theory stays an extremely incredible and polar device in current science particularly in presence and
uniqueness contemplations. The principal results identified with this theme showed up in the year 1922 by the Polish
mathematician S. Banash[1]. The fixed point theory of mapping has been created in metric space by numerous
creators (see [4,5,13]). Further, numerous arithmetic took a shot at a contractionmappings and Banach contraction
guideline (see [3,9,12]).

R. Kannan in11 demonstrated that if T is a self-mapping of complete pseudomeric space X into itself fulfilling

(Tx, Ty) <[(Tx, x) + (Ty, y)] forall x, yeXwhere a€ (0,1/2). (1.1)
Then Thas unique fixed pointinand B. Fisherproved the result withd(Tx, Ty) < a[d(Tx, y) + d(Ty, x)]
for all x, yeXwhere a€(0,1). (1.2)

A similar conclusion was also obtained by R. Bhardwaj et al. [2], S. K. Chaterjee [6], G.E. Hardy et al.
[10]and D. P. Shukla et al. [14].

In this paper we will prove some theorems on the existence and unique of the fixed point in complete
pseudometric space.

2. Main Results

Theorem 2.1 Let Xbe a complete pseudometric space and let f: X — Xa continuous self-mapping on X,
suppose fsatisfying the condition

d(f(x), f0) <mad(x, () + mad(y, fG)*+ mad(x, f()) +mad(x,y) (2.0)

for all x, yEX , x # yand for some my, my, ms, my€ [0,1) suchthat}.?_, m;< 1. Thenfhas a unique fixed
point.

Proof.  Letxobe an arbitrary point in Xand{x» 1}be the sequence of iterations forfat xo, such that
(xn-1)=xn (2.2)

Weletthat xny #  xnfor  allneN.Therefore  (xn1, xn) = ((xn2), (xn1)). SO,

(xnfon)Sml(xan1f(xn72))+m2d(xnflf(xnfl))+m3d(xnfz,f(xnfl))+m4d(xn72a xnfl)- And by (2-2) we find
that,(xn-1, xn) < ma1(xn-2, xn-1) + Mmad(xn-1, xn)+ mad(xn-o, xn)+mad(xn-2, Xn-1).

By triangle inequality for some x, < xn,1< , we obtained

(xn-1, xn) <Ma(xn-2, Xn-1) + Mod(xn-1, Xn)+ Mad(xn-2, Xn-1)+ Mad(xn-1, Xn)+ Mad(xn-2, Xn-1).

_ (mit+tm3+my
= (B (o, 20)
1-moy—my

ANd, (g, xn) < (w

m1+m3+m4)n
P EEE— X0,X
(B (o)

For some s >n — 1, we have

2
) (xn-3,xn-1). So, if we repeat this work we obtain(x,-1, xn) <

1-my;—m3
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A(xn 1, Xs) < d(tn 1, Xn) + d(n, Xns1) + - + d(xs1, xs) by (2.2) we conclude thatd(xn 1, x5) < {p™+ pn+1

+ -+ +B85}d(x0,x1), where ﬁ:(%), and sinceY*_, m;< 1. Therefore — 0 asn—oo. Then, (xy 1, Xs) —
0 ass —o.

EveryCauchysequence {xn1} in Xis convergence, since Xis a complete space.i.e.there exist z;€Xsuch that
xn — 71, also we have a continuous self-mapping, thenf (lim,, ., x,) = f(z1) = lim f(xz) = lim xps1 = 21
n—->oo n—->oo

Hence, z;is a fixed point of fin X.

We need to prove that z;is a unique fixed point of fin X, for that we let that there exists another fixed
point z,€X, such that z, # z,and f(z1) = z1, f(22) = z,, therefore by (2.1),d(z1, z2) = d(f(z1), f(22)) < mid(za,
f(z1)) + mod(z2, f(22))+ mad(z1, f(22)) +mad(z1, 22).(21, 22) < (M3 + M4)(21, 22) , (M3 + My) < 1.

Then (z1, z2) <0, which implies that (z1, z2) = 0, S0 z1= z,andz;is a unique fixed point of finX.

Theorem 2.2 Let Xbe a complete pseudometric space and let fi, fotwo continuous self-mappings onX,
satisfying the condition

d(f1(x), f2(y)) < mud(x, f1(x)) + m2d(y, f(y))+ mad(x,f2(y))+mad(x,y) (2.3)

forall x, yeX , x # yand for some my, m,, ms, my€ [0,1) suchthat *  m;< 1. Thenfiand fhave a
unique common fixed point.

Proof. For xo€X, yoeXtake fi(xk-1) = xn, f2(yr-1) = yn. S0,d(xk, yi) = d(f1(xk-1), f2(yk-1)) < mad(xk-1,
f1(xr-1)) + mod(Yi-1, fo(Vi-1)) + mad(xi-1, f2(yr-1)) +mad(xr-1, Yi-1).

= ma(xk-1, xk) + Mad (Y1, Y1)+ mad (-1, Yic) + Mad(Xk-1, Yi-1)-

(xk, yi) << [ma(xo, xn) + mad(yo, yn) + Mma¥(xk-1, )

Also, (xk, Xk+1) < (m1+ ma)(x0, xn) + (M2 + Ma)d(x1,Xn+1)

Hence, Y (xk, Xk+1)<oo. (2.4)

This implies that (xk, xk+1) — 0 as k — oo, therefore we see that {x«} is a Cauchy sequence in X.
Similarly, we can show that {y.} is a Cauchy sequence in X, and since Xis a complete pseudometric space, so

there exists a common fixed point in X,
Let zy= limxy,zo= limyy, for all z;, z,€X.
This implies that
(xn, 1) >0 —00
(yn, ZZ) —0 , —0

As f1, frare continuous mapping, we get
(f1(xn), f1(z1)) =0, n —ow
(farm), f2(22)) =0, n —w
This means that
d(z1, fi(z1) = d(f_l(fl(21)1 f1(z1)) < mad(f1(za), f_l(fl(zl))+ mod(z1, f1(z1) +mad(fi(z1), fi(z)
+m4d(fl(21),21) (25)
= my(f1(z1), z1)+ mad(z1, f1(21)) + mad(f1(21), ).
= (my + mg + my) (21, f1(21)) .
Hence, f1(z1) = z1. Similarly, we can show that f(z,) = z.
Now, for each my, m,, ms, m4€ [0,1) and z1, z,€X, we get
d(z1, z2) = d(f1(z1), f2(z2)) < mud(z1, f1(z1))+ mod(z2, f2(22))+mad(z1, f2(22)) +mad(z1, 22).
(21, 22) <mi(z1, z1)+ Mod(22, z2)+mad(z1, 22) + Mad(z1, 22).
= (mat+my)(z1, 22)

Therefore, (z1, z2) <0.
Hence, z; = z,. This implies that z;is common fixed point of fiand f2in X. Now, let zseXbe another fixed
point of fiand fin Xsuch that
f1(z3)=zzand fozs) = za.
Therefore,
d(z1, z3) = d(f1(z1), f2(23)) < m1d(z1, f1(21))+ mad(zs, f2(z3))+mad(z1, f2(23)) +mad(z1, z3).
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(21, z3) < mi(z1, z1)+ Mmod(z3, z3)+mad(z1, z3) + mad(z1, z3).
= (matmy)(z1, z3).
We get that (21, z3) < 0. This implies that z;= z,=z3. Thus ziis the unique fixed point of fiand f7inX.
In the next theorem, we will generalize Theorem 2.1 and 2.2.

Theorem 2.3 Let {f«}«xeabe a family continuous self-mapping in complete pseudometric space X, suppose
that

d(f«(x), f5(¥)) < mud(x, fo(x)) + mad(y, f5(y)) + mad(x, fp(y))+mad(x,y) (2.6)

for every x, yeX, x # yand my, m,, ma, my€[0,1), ¥+, m;<1.Then there exist a unique z;€Xsatisfies
f«(z1) = zyfor all x€ A,

Proof. If we repeat the same work in Theorem 2.2 but we must replace fiand f,by f«andfgrespectively,
we will get a unique point z;eXwhich satisfiesf«(z1) = fp(21) = z1.

In the next theorem we will study the existences and uniqueness of a common fixed point of two mappings
which are not necessarily continuous.

Theorem 2.4 Let fiand f,be two self-mappings on a complete pseudometric space Xsatisfiesd(f1(x),
f2()) <mud(x, f1(x)) + mad(y, f2(y))+ mad(x, f2(y)) + mud(x, y)for all x, yeX, x # yand for some my, my,

ms, my€ [0,1) suchthatZ4 mi< 1.Supposethat fif, = f»f1is continuous then fiand f,having
unique common fixed point in .

Proof. Take xn:fl(xn_l), Xn :fz(xn_l) and fl(xn_l) * fz(xn_l), Xn
#Xn-1,VNEN.
Therefore,d(xon+1,22n)=d(f1(xx2n), f2(x2n-1))<mad (x2n, f1(x2n)) +Mad (Xan-1, f2(x2n-1))¥Mad (X2n, f2(X2n-1)) +mad(
X2n,X2n-1). (2.7)

= ma(xX2n, X2n+1) + Mad(X2n-1, X2n)+ Mad(Xon, Xon)Ftmad(xXon, Xon-1).

(xX2n+1, X2n) < (X2n,X2n-1) (2.8) by repeating this
work

sincexxis a Cauchysequencelet, x, — z1, n —oo.

Then, xnj— 21, k — 0.

So, we have, fifa(z1) = fof1(z1) = fofo(limxng)= limxng 41 = z1.

Let z;is a fixed point of f1f2in Xi.e. f1f2(z1) = z1, SO we must show thatf1(z1) = ziand f2(z1) = z1.

Further suppose that f1(z1) # z1and fo(z1) # 21,

So, d(z1, f1(z1)) = d(f2f1(z1), f1(z1)) < mud(fi(z1), fof1(z1)) + mad(z1, f1(21)) + mad(f1(z1), f1(z1)) +
m4d(fl(21), Zl) =0.

Hence, zis a fixed point of fiin X. Also we can get that zjis a fixed point of f.jn X. Therefore, fiand
f-have a common fixed point which is z;€X. Now, we need to prove the common fixed point z;is a unique.
Let z,€X, z,# z1be another fixed point of fiand fsuch that f1(z2) = z,and f2(z,) = z,, weget

d(z1, 22) = d(f1(z1), f2(22)) S Mud(z1, f1(21)) + Mad (22, f2(22))+ mad(z1, f2(22)) +mad(z, 22).

=my(zy, z1) + Mad(22, 22)+ Mad(z1, 2) + Mad(z1, 22).
= (ma+ my)(z1, 22) .
S0, (z1, z2) = 0. Hence, ziis a unique common fixed point of fiand f>.

Theorem 2.5 Let frbe a self-mapping on a complete pseudometric space X, with z.fixed point forall
zn€X, Vnrespectively, such that

d(fn(x), fa(y)) <mad(x, fnlx)) + mod(y, fu(y))+ mad(x,fn(y))+mad(x,y) (2.9)

forall x, yeX,x#yand for some my, my, ms, my€ [0,1) such thatd m< L.If

(Z]_) = Zland fn — fthen (Zl) =71, Vn.

Proof. We need to prove that z, — z;, Vn. Therefore,

d(zn, z1) = d(fn(zn).f(21)) < Mud(zn, fn(zn)) + mod(z1, f1(z1))+ Mad(zn, fi(z1)) +mad(zn,z1) = (Mst
mMy)(Zn, 21). (2.10)
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S0, (zn, z1) = 0, Therefore, z,= z;,Vn.
Hence, zis a unique fixed point of onX.

REMARK:

1 If mqi=m,=ms=my=0,then x=, but this is contradiction withTheorem 2.1.
2. If mi=m;=m3=0, then Theorem 2.1 tends to S.Banach [1].
3. If ms=m4=0,then Theorem 2.1 tends to R.Kanan [11].
4 If ms =0, then Theorem 2.1 reduce to D. P.Shukla [14].
5. If we add (msd(y, f(x)) such that mse [0,1) and}m<1, to the right sideof(2.1), then Theorem 2.1
changes to G. E. Hardy [10].
6. If my =m, =my =0, then 5 tends to B. Fisher [7].

3. Application
Gopal et al. [8] introduced the Banach's fixed point theorem as the following:

Definition 3.1 Let (X, d) be a metric and let f: X — Xbe a mapping

a) A point x€Xis called a fixed point of fif x= fx.

b) fis called a contraction if there exists a fixed constant a< 1 such that: (fx, fy)<(x, y) for all x, y€X.
(3.1)

Theorem3.1Let (X, d) be a completepseudometric space and f: X — X be a contraction, for example f
fulfills (3.1). At that point there exists a unique fixed point.

Along these lines, on the off chance that we think about the condition (3.1) with the condition (2.1) we get
that condition (3.1) infers that the continuality of the mapping is acknowledged by [8] yet (2.1) isn't
fundamental. Along these lines, (2.1) and (3.1) are totally independent.

Example 3.1 Let X = [0,1] and f(x1) = x/3, x€ [0,1/3) f(x,) = x/4 , x€ (1/3, 1], f(x)is discontinuous at x
=1. So (3.1) is not true since,
((x1), (x2)) < (x1, x2)
= |x/3 — x/4] < alx1, x3|
= [X/12 | < alxy, x7]
Take a =1/3 and x;€ [0, 1/3) ,xe (1/3, 1] we get that x¢[0,1] Vxi€ [0,1/3) , x€
(1/3,1]andva<1.0Ontheotherhand,thecondition(2.1)issatisfiedforallm;,m,,ms,m4€(0,1)and x;€ [0,1/3) , x,€

(1/3, 1]. Hence, Theorem 2.1 is true with a unique fixed point whichisx = 0, such that the fixed point of (x;)
and (x2) need not have a common fixed point ifX =[0,1] by D. R. Smart [15].
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