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1. Introduction

The flow considered in this paper is for flow of a second-grade fluid in an annulus with porous walls. For a Newtonian fluid,
the flow in an annulus has been investigated by Berman [1, 2] and Yuan [3]. The extensions of this flow to non-Newtonian fluids
have been studied by many authors [4-6]. However, the results for non-Newtonian fluids have been given by using a perturbation
method. Therefore, it is not possible to compare with the exact solution of a Newtonian fluid for all values of the cross-Reynolds
number which is defined by the suction velocity at the surface of the cylinder, the radius of the cylinder, and the kinematic
viscosity of the fluid. The exact solution given in this paper provides comparison with the exact solution of a Newtonian fluid for
all values of the cross-Reynolds number. The non-Newtonian fluid model in this paper is that of the second grade fluid [7].
Although there are some criticisms on the application of this model, many papers have been published and a listing of some of
them may be found in the literature. Furthermore, it has been shown by Walters [8] that for many types of problems in which the
flow is slow enough in the viscoelastic sense, the results given by Oldroyd’s constitutive equation will be substantially similar to
those of fluids of the second or third grade. Therefore, it would seem reasonable to use the second or third grade models in
carrying out the calculations. This is particularly so in view of the fact that the calculation is generally simpler. The constitutive
equation for an incompressible second grade fluid has three coefficients. There are some restriction on these coefficients due to
the Clausius-Duhem inequality and due to the assumption that the Helmhotlz free energy is minimum in equilibrium. A
comprehensive discussion on the restrictions for these coefficients has been given by Dunn and Fosdick [9] and Dunn and
Rajagopal [10]. The sign of the material moduli is the subject of much controversy.

2. Basic Equations
The equation of motion for a fluid in the absence of body forces is

Dt (2.1)
where p is the desity of the fluid, u is the velocity, Gis the stress tensor and D/Dt represents the material derivative. The
continuity equation for the velocity is
vu=0 (2.2)
Equation can be applied to all types of incompressible Newtonian and non-Newtonian fluid. The stress depends on the local

properties of the fluid. The relation between the stress and the local properties of the fluid is called constitutive equation. The
constitutive equation for an incompressible second grade fluid is in the following form [7].

2
c=-pl +pA +a, A +a, A 23)
Where i, o, and o, are material constants, and A, represents the Rivlin-Eriksen tensor defined as [8]
T
A =1, A=Vu+(Vu) 24)

A, = (%4‘ u.V)Al +A.(Vu)+(Vu)".A
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where t is time, p is pressure, and | is the identity tensor. The Clausius-Duhem inequality and the condition that Helmoholtz
free energy is minimum in equilibrium provide the following restrictions [9, 10].

u=0, o, +a,=0, o, =0 (2.5)

A comprehensive discussion on the restriction for u, oy and o, can found in the work by Dunn and Rajagopal [10]. The
sign of the material moduli o, and QL, is the subject of much controversy. The experiments have not confirmed these
restriction on o, and oL, . Thus, the conclusion is that the fluids which have been tested are not fluids of second grade and

characterized by a different constitutive structure.

Fully developed laminar flow of an incompressible fluid of second grade in an annulus with porous walls is considered.
The cylindrical polar coordinates are used. The radii of the porous cylinders are a; and b, (a; < b,). The rate of fluid withdrawal at
one wall of the annulus is assumed to be equal to the rate of injection of fluid at the other wall, and that these rates are independent
of axial position in annulus. The condition that the suction rate at wall is equal to the injection rate at the outer is satisfied if.

bu, =au, (2.6)
Where u, and u, are the radial velocities at walls of smaller and larger pipes, respectively. Equation (2.6) provides that the
velocity is independent of the axial position in annulus. The velocity field is assumed to be in the following form.

u

r

0}

=—, U,=u(r), u,=0
r (2.7)

Where U, ,U,,U,are components of the velocity in cylindrical polar coordinates, o is positive for injection at the inner

cylinder and negative for suction at the inner one. Inserting the velocity given by into the expression of the stress, the components
of the stress tensor in cylindrical polar coordinates, can be written in the following forms.

2 2\ 2
Grr:_p_za].l+al Sa +2u'2—2(uTj +a2{4a +(u’—%)2}

rZ r4 r4

PO N ST
Gre —H(U r)+ r u+ r r.2
(2.8)

c. =0

rz

2
(00 (Xz , u
Geez—p+2ur—2+a2 4r_4+ U—F

Gy, =0

c,=—P

where ©,, =0,,0, =0, ,0, =0,,; the primes denote differentiation with respect to r. Inserting the stress

zr?

components and the velocity given by (2.7) into (2.1) one obtains.

u” u" u' u ., u'u of , u
ala(—+2—2——3+—4j+p(u +———2j—p—(u +—j:0
r r- r°r rr r r 2.9)

and the boundary conditions are
where a; is the radius of the inner cylinder and b, is the radius of the outer cylinder. The solution to (2.9) has three
coefficients: two of them can be determined by the no-slip condition and the other can be determined by the confluent

hypergeometric functions. It is expected that when the viscoelastic parameter goes to zero, the solution should given the
Newtonian case leading to entirely two different kinds of flow behaviour.

3. Solution of the problem
After some manipulation (2.9) takes the form

Xy"+ (1- x)y'+B y=0
2 (3.2)
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where
2
,r & r o o, /p
u = g =EY(X)1 X:_Ze_R E_»:E’ R:V €= b?
3.2)
where prime denotes the differentiation with respect to r, y(x) is the new function, x is the new variable, R is the cross-
Reynolds number and ¢ is the elastic number and the boundary conditions are

2
9(a)=Qa;, g(b)=0 (3.3)
Equation (3.3) denotes that the inner cylinder is rotating with angular velocity Q and the outer one is at rest. The solution of
(3.1) can be written in the following form.

y=CM (—B,l, x) +CU (—E,l, xj
2 2 (3.4)

where M(a, b, X) and U (a, b, x) are the confluent hypergometric function. The solution has three coefficients, therefore, one
needs three boundary condition. Thus, unless an addition condition is prescribed over the condition (2.10), one has a parametric
solution. However, the third coefficient can be determined by the properties of the confluent hypergeometric function. For R > 0,
X becomes negative, then for x <0, U (a, b, x) is not acceptable and therefore C, must be zero and (3.4) takes the form.

2

dr b 27 2R -
Using the identity in [7]
2 K2 2
M (—%,1,— rzlg j:e-f 2R (1+§,1,—r2 /:1).
€ € 356)

The integration given
g :Cje’zM (1+E,1,z)dz+ D

2 @)

where z = (r? /blz)/28R. Using the identity in [7] which is

je‘ZM (l+§,l, z)dz =ze'M (2+§,2, Zj+constant, (3.8)

and by the boundary condition (3.3) one obtains
g &% PRM(2+R/2,2,E%/2¢R) e *RM (2+ R/2,2,1/ 2¢R)
Qa’ % '*"M(2+R/2,2,6°12eR) —e *RM (2 + R/2,2,1/ 2¢R)

(3.9)
where U/Qa, =(c/&)(g /Qaf) and o =a, /b,. When ¢ goes to zero, using the asymptotic expression of M(a, b, x),

in[71,9/ Qaf becomes

im_9 _ i (T/B0)(0° /b7 1 26R)™2 — (1/2eR)™2 1€
£—>0 Qaf e—0 02(62 /ZSR)RIZ _(1/ ZSR)R/Z 1_8R+2 ' (3.10)
u 1 .
> Qa, 1—22”* (E_g RJ (3.11)

which is the expression of the velocity of a Newtonian fluid. The variation of u/Qa, with respect to
E= (ﬁ, — G) /(1— o) for various values of R and ¢ can be found. The value of o is taken as 0.2 and the values of ¢ are taken as

0 and 1 Equation (3.9) is valid for all values of R and «.
The variation of the azimuthal velocity for various value of the cross-Reyonds number and the elastic number

(e=0):(e=1),£=(E—-0)/1l-0);c<E<r/b,6=0.2
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lim—— M (a,b, ) = X202 (2/x)
a—o r‘(b) a (3.12)
equation (3.9) takes the following form
u _ E gll(eillzé) _ |1(03_ 871/2)
Qal E.a GIl(‘gl/ZG) - |1(871/2) (3.13)

where T"(X) is the Gamms function and I,(x) is the modified Bessel function of the first kind of order one. Since the
asymptotic form of I (X)ise” /MWhen & goes to zero (3.13) becomes.

LI

Qa, ¢

Equation (3.14) satisfies the boundary condition at & = O, but it does not satisfy the boundary condition at ﬁ =1.ForR<

(3.14)

0, x is positive, then for x > 0, M (a, b, x) becomes an increasing function of x, therefore, C; must be zero, then takes the form

dg _ T (N lrzlbfj

2.2 1=

dr b\ 2 2N (3.15)
where N = — R( > 0). Using the identity in [7] which is

_[u(a,l, z)dz = %U (a—1,0,2) + constant, (3.16)

—a
and by the boundary condition, the integration gives
g U/2-10, rZ/bf/ZgR) —U(N/2-1,0,1/2¢N)

(2812 U(N/2-1,0,62/2eN)-U(N/2-1,0,1/2¢N) (3.47)

where U/Qa, =(c/&)(g /Qaf) When ¢ goes to zero, using the asymptotic expression of U(a, b, X) one obtains.
u_o© (1 B a1,\,j
2N

Qa, 1l-o & (3.18)

which is the expression of the velocity for a Newtonian fluid. The value of ¢ is taken as 0.2 and the values of ¢ are taken as 0
and 1. Equation (3.17) is valid for all values of —R and . When N goes to infinity, using the asymptotic expression given by

!ilpor(1+ a—b)U (a, b,gj = 2X1’2_(1/2)be_1(2»\ﬁ)

(3.19)
Equation (3.17) takes the following form

u _ GéKl(S_MZE.») - Kl(g_llz)
Qal E_vGKl(S_l/ZG) - Kl(g_llz) (3.20)

where Ky(x) is the modified Bessel function of the second kind of order one. Since the asymptotic form of

Kl(X) is\m/ 2Xe ™" when ¢ goes to zero (3.20) becomes.

u —_—
Qa,
Equation (3.21) satisfies the boundary condition at <:=l, but it does not satisfy the boundary condition at f;: G. The

0 (3.21)

reason is that a boundary layer occurs at & = o for a Newtonian fluid, but it does not behave the same way for a fluid of second

grade.
The case of R = — 2, namely N = 2, cannot be obtained by (3.17). For N = 2, by the definition of U(a, b, x), U (1, 1, X)
can be found as

U(LL x) =e"Ei(x)

where Ei(x) is the exponential integral defined in the following form

(3.22)

RRIJM 2015, All Rights Reserved 2385 | Page



Volume-04, Issue-01, January-2019 RESEARCH REVIEW International Journal of Multidisciplinary

© eit
Ei(x)= | ——dt
* 1 (3.23)
Inserting U(1, 1,x) into the expression of dg/dr and by integration and by using the boundary condition, one finds.

u o % *Ei(£2 / 4g) — e *Ei(L/ 4¢) + In(£?)
Qa, &ee”  Ei(c?/4e)— eV Ei(l/4¢) + In(c?) a2

When & goes to zero, the argument of the exponential integral becomes large, the Ei(x) can be written as e */x and (3.24)
becomes.

(3.25)

4. The Torque Exerted By The Fluid On The Inner Cylinder
The torque exerted by the flow on the inner cylinder is given in the following form

M = 2rha; u[d—u—gj+aali(d_u+gj
dr r rodridr rJ/j_,

where h is the length of the inner cylinder. The moment coefficient is

(C ) =¥e) (d—u—EJ-Fii(d—u-FEJ
=g e) e aelag e )

Equation shows that the moment coefficient depends on the cross-Reynolds number, the elastic number, and the ratio of the
radii of the cylinders. The variation of the moment coefficient with these numbers is illustrated in figure. There are appreciable
differences between that of the Newtonian fluid and that of the second grade fluid. The curves in figure show the effect of the
second grade fluid. The moment coefficient decreases with the cross-Reynolds number for a Newtonian fluid and increases with
the cross-Reyonlds number for a second-grade fluid, for all values of the ratio of the radii of the cylinders.

(4.1)

s

The variation of the moment coefficient with the cross-Reynolds member. The ratio of the radii of the cylinders is taken as
02(.=0); (¢=1)

5. Conclusions

An exact solution of the governing equation for the flow of a fluid of second grade between two coaxial cylinders with
porous walls is given. The flow of a second grade fluid for which the inner cylinder is rotating and the outer one is at rest is
considered. The solution is given in terms of the confluent hypergeometric functions and is valid for all values of the cross-
Reynolds number and the elastic parameter. The boundary conditions are the no-slip boundary conditions and an additional
boundary condition. The additional boundary condition is that the solution tends to the Newtonian value as the elastic number in
the solution approach zero. The solution is discussed for positive, negative, infinite, and -2 values of the cross-Reynolds number.
The torque exerted by the fluid on the inner cylinder is calculated. It is shown that the moment coefficient depends on the cross-
Reynolds number, the elastic number and the ratio of the radii of the cylinders. For a given value of this ratio, it decreases with the
cross-Reynolds number for a Newtonian fluid and increases with the cross-Reynolds number for a second-grade fluid.
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