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1. Definition of the operator

Consider the equation
z

Ew(x,y) —A(X,y) W(xy) = A W(xy), asx<b, and csysd; ...........oeeneni. (1.1)
Where
A(x,y) = [Aj] is a symmetric matrix of order n; A are real valued functions of x,y;
Y(x,y) = [Wi(xy), Waxy), «oeeennn. LPn(x,y)]T is a vector having n components; and A is a parameter, real or complex.
Equation (1.1) is equivalent to a set of differential equations given by
BZ
Ewl - (A11 Wi+ AWy oL A1n LPn) =AY,
BZ
sz - (A11 Wi+AoWo oo A1n LPn) =AY,
az ..................................................
axzwn - (A11 Wi+AoWo oo A1n qJn) =AY,
...................................... (1.2)

az a2
Let Ly = [6ij§ - A, and Ly = [6"a_y2 - Aj], where & is the Kronecker Delta, be two matrix operator. Then the equation
(1.1) or the system of equations (1.2) can be written as
LiWY) - AWOGY) S0 e [1.3(a)].
Similarly, we consider
LyWOGY) - AWOGY) T 0 e [1.3(b)].

The system (1.1) or (1.2), or [1.3(a)] and [1.3(b)] is a homogeneous system. The non-homogeneous system associated
with [1.3(a)] and [1.3(b)] is

Ly W(xy) - A W(x,y) = - f(x,y) and

Ly Wxy) - A ¥(xy) = - f(x.y),

............................................................... (1.4)
Where every component of the vector f(x,y) = [fi(X,y), f2(x,y), ... ..... fa(x,y)]" is real valued function of x and y in asxsb,
and c<y<d.
2. Definition of the Boundary Conditions:
We define the boundary conditions to be satisfied by a vector
Wix,y) = [W1(x,y), Wa(XY), -........ Wa(x,y)]" at x=a and x=b respectively by
g ] d
aj Y, + a2 Ewl + a3 WY, + Qja EWz oo + Qjon-1 Y.+ Qjon Ewn =0,
=12, N I (2.1)
and
d d d
bjp W1+ bp 72Wa + bjg Wot b W+, * biany Wn+ bian 77Wn =0,
j=12,....... N o T (2.2)

where
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(a) akand by, are (j=1,2,..... nk=12,.... ,2n) are real valued constants.
(b) The trivial case of ayg= 0 for j=1,2,..... ,n, k=1,2,..... ,2n and
by= 0 for j=1,2,..... ,n, k=1,2,..... ,2n is excluded.

(c) The sets ai, a2, ..., ain (i=1,2,..... ,n) are linearly independent; and the sets b1y, b1, ... b (i=1,2,..... ,n)
are linearly independent.
(d) Qilak-apaktazak-agakst ..o + Qjon-1 @kan - jz2n Ak2n-1 = 0, 1< j,k <n
................................... (2.3)
And
(e) bjs bk - bjz bra + bz bra- bja brs+ ... + bjon-1 bren - bjzn bron1=0, 1< j,k <n
................................... (2.4)
Similarly we define boundary conditions to be satisfied by a vector
W(x,y) = [W1(xy), Pa(x,y), -........ LIJn(x,y)]T at y=c and y=d respectively by
g a a
cip Wi+ cp Ewl +c3Wo+cia E\Pz +o + Cizn-1 Wh + Cion E‘Pn =0,
j=1,2, N o I (2.5)
and
d a d
dip W1+ dp2 Ewl +dz W+ dis sz +oo + dign-1 Wh + dion ELP” =0,
j51,2, N o I (2.6)
where
(&) ciand dy,are (j=1,2,..... nk=12.... ,2n) are real valued constants.
(b) The trivial case of cy= 0 for j=1,2,..... ,n, k=1,2,..... ,2n and
a. dig=0forj=1,2,.....,n, k=1,2,..... ,2n is excluded.
(c) The sets ci1,C12, oo, cin (i=1,2,..... ,n) are linearly independent; and the sets di1,d12, ..., din (i=1,2,..... ,n)
are linearly independent.
(d) Ci1Ck2-C2Ck1t C3aCka-CjaCka+ oennnnnn..i. + Cj2n-1 Ck2n - Cjon Ckan-1 = 0, 1< j,k <n
............................. 2.7)
(e) djl dio - djz dix + dj3 dwa - dj4 (o R TR + djzn.l dion - dj2n dkon = 0, 1= j,k <n
............................. (2.8)
The conditions (2.3), (2.4), (2.7), and 2.8 are necessary for making the system orthogonal.
3. Eigenvalue and Eigenvector:
As usual the vector W= WY(x,y) = [Yi(xy), Y2(X,Y), «ovvenen. Wo(x,y)]" which satisfies [1.3(a)] and [1.3(b)] is a solution of the
system [1.3(a)] and [1.3(b)] and the solution Y= W(x,y) = [Wi(x,y), Y2(X,Y), «-evnenns Wa(x,y)]" such that Wi(x,y)= Wa(x,y)=

......... =W, (x,y =0 for all x,y in asx<b, and c<y<d, is a trivial solution. We exclude such a solution from our discussion.
The value of A for which the system [1.3(a)] and [1.3(b)] has a non-trivial solution satisfying other conditions is an
eigenvalue, and the corresponding vector is an eigenvector.

4. Existence Theorem:
Let Aq, Az, ceeeenene. , Aonbe 2n constants. Then the equations [1.3(a)] and [1.3(b)] has a solution ¢(x,y) = [p1(X,y), d2(X,Y),

d d
......... <|>n(x,y)]T which is unigue and which satisfies ¢1(x,y)= Aq, . d1(%,Y)= Az, d2(X,y)= As, e G20,Y)= Asyeniiiian,
a
on(X,Y)= Azn-1, e DY )T An, et (4.1)
The proof follows by using the method of Bhagat (1).

5. Bilinear Concomitant:

Let ¢= ¢i(x.¥)= [dn(xy), dia(Xy), ... din(x.y)]" and
o= dk(X,Y)= [Pra(xy), dk2(Xy), ---o-.-.. (I)kn(x,y)]T where ¢j1, ¢x1 etc.are functions of (x,y) be two eigenvectors. Then the
bilinear concomitant of the two vectors ¢jand ¢k is defined by
a a a a a a
P i1 Grat e (T I Pin bxnt P Ed)kl' ¢jza (0] SR - Gjn Ed’kn and represented by [¢; du]x
and
d a d d d d
3y b dat P b bt 3 din dxnt O Eq)kl' ¢j25 k2 oo - pn 5¢kn and represented by [¢; ¢ly. The

following properties of the bilinear concomitant are evident:
0) (¢ ¢1x=0
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(ii) [0 &l x = - [dx dilx
(iii) (¢ (rdutsd]x = rd; du]x + s[dj Pl x
Similar results hold for [¢; ¢j] x.

6. Conclusion:

A matrix partial differential operator has been defined with suitable boundary conditions. Bilinear concomitant has been
obtained and some important properties have been proved.
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