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1. INTRODUCTION

Generalization of fixed point theorems for 2-metric space has been done by many authors in many ways. We know that
the contraction mappings are uniformly continuous but converse is not is not true. Kanna [Some results of fixed points, Bull. Cal.
Math Soc. (68), (1968)] established that there exist maps possessing discontinuity in their domain but still admitting fixed point.
Later on Jaggi& Das [41] extended this idea naming it fixed point through rational expression in a metric space.

In this paper, we have extended this idea to 2-metic space. We have proved common fixed point theorems for
discontinuous mappings satisfying relatively more general type of rational inequality our results extends the result of Fisher [10],
Kanan and other in moe general form.

Theorem : Let S and T be two self-mappings of a complete 2-metric space (X,d) into itself such that for all X, y, a in X either :

[d(Sx,y,a)]” +[d(Ty,x,a)]
d(Sx,y,a) +d(Ty,x,a)
+o.,[d(SX, X,a) +d(ty,y,a)] + o, d(X,y,a)
if  d(Sx,y,a)+d(Ty,x,a)#0,a,>20(1=12,3) with atleast one of a is nonzero and
20, + 20, + 20, <1o0r,
(ii) d(Sx,Ty,a)=0if d(Sx,y,a) +d(Ty,x,a) =0

Then S and T have a unique common fixed point.

(i) d(Sx,Ty,a)<a,

Proof : Let X, be any arbitrary point in x and (X,) be a sequence defined as
XX =SXg; Xy = TX X3 =S 07 Xon g =Kon 03 Xy =
TXo g e and so on

We may assume that X, # X, 4
First we show that d(X2nX2n+1, X2n+2) =0
d(xznxznw X2n+2) = d(XZnSXZnTX2n+1) = d(szanxznw in)
<o, [d(SX,, X1, X, ) +[A(TX 00 Xor s X )T
d(SX s X0 Xa0) +A(TX 50,4, X5, X5,
+0L,[A(SX 0, X115 X0 ) + A(TX 0105 X010, X0 )]+ 00 (X500 X 5,050 )

2 2
= [d(x2n+l’x2n+l’x2n)] +[dX2n+2’X2n’X2n)]
1
d(X2n+1’ X2n+1’ X2n) + d(X2n+21X2n ! X2n
+o,[d(X,, +1L,X,, +1,X,.) +d(X,, +2,X,, X, )]+ a,d(X,,, X510, X,,) =0

ie. (X, X040 Xon,0) <0, Which gives d(X,,, X,,.1,X5,,,) =0
Now,
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Ad(X 411 Xoni2:8) =A(SX;5, TX,4,8)
<q, [d(SX,,,, X0, Q)] +[A(TX,, .0 X, @)

d(SX201 Xzn41,8) + (TX 50,0, X5y, 8)
+0L,[A(SX 5, X5 @) + A(TX 51, X540, 8)] + 850 (X500 X 544,8)
o 180 Xy O [0 X0 2

d(X5n11: Xon,1,8) + (X555, X5, 8)
+0L, [A(X 511 X5, @) +A(Xp0400 X501, @)] +850(X 5, X511,8)
= 0y, 0(X .91 X5n,8) +3,[A(X 15 X5,@) +A(Xp450 X50,0,8)] +
ot 0(X5n, X5n,1,8)
< ou[d(Xn,2 Xans X 1) +A(Xa040 Xgn11:8) +A(Xp010: X5,,@)
+0L,[A(X 5.1, X50,8) +A(X 0490 X010, @)] 850 (X5, X 51, @)
= oy [d(X,, 2, Xp041:8) +A(X 5,0, X50,8)]
+0L,[A(X 5.1, X50,8) +A(X 0490 X010, 8)] 850 (X50, X501, @)
(o +06,)d(Xg.00 Xgn,0,8) + (8 +@, +35)d(Xy,, X,,4,8)
or, (1—- a, — az)d(xznw X2n+2’a) < (a1 +a,+ a3)d(X2n ] X2n+1’a)
oy + a, + o, q
(1_ a, — as)

or, (X411 Xpn,2:@) < (X201 Xz2p42:01)

Again,
OU(Xon120 Xonaa &) =A(TX, 4, SX,, 5, 00)
=d(SX;n.5: TXpn,,01)
0 0 Ko IO Ko )

d(SX 20121 X5n,1,8) +A(TX 50,0, X502, 8)
+2,[A(SX 30,21 Xon.2:8) + A(TX 51, Xpn,1,8)] +850(X 51,20 X5n.1,8)
—a, [d(X g3 X200 LA (X g0 X0 D]

d(X2n+3 ! X2n+l’ a) + d(X2n+2 ! X2n+2 ! a‘)
+a,[A(X 50,31 Xo042:8) +A(X50,50 Xon,2,8)] +850(X ;0,51 X551, @)
=8,0(X50,3 X5n,1,8) +8,0(X50.3, X50,2,8) +8,0(X 0.0, X5.2,8)
<&, [d(X 0130 Xon42:8) +A(Xo0.2: Xo010,8) +8,0(X 50,3, X5n,2,8) +
8,d(X;n,1, X5n,2,8)
= (8, +3,)d(Xz.3: X2, @) +2(+85)d(X50115 X012, 2)
or, (1- a; — az)d(X2n+3’ X2n+21a) S (al + as)d(Xan X2n+z’a)

a, +a,

d- a; — az)

a, +a a, +a, +a
S[ L . j( . 2 3jd(XZn’XZnﬂ'a)

or, d(X2n+3,X2n+2,a) < d(X2n+1’X2n+2’a)

l-a,+a, )\ 1-a, +a,
Containing in this way we observe that {X,,} is a Cauchy sequence. Lim X, is complete 2-metric space, so {Xy.}
converges to z(Say) i.e. lim X, =1,
N—o0

Now,
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d(Sz,z,a) <d(Sz,z,x,,) +d(Sz,X,,,a) +d(X,,,Z,a).
=d(Sz,z,x,,) +d(Xx,,z,a) +d(Sz, TX,, ,,a)

[d(SZ, X, Q) + (d(1X,,,,Z,8)]

d(Sz,x,, ,,a)+d(Tx,,,,z,a)

+a,[d(Sz,z,a) + d(TX,, ;, X,, ;. 8)] +a,d(z, X5, ;,@)

When N —> o0, X, —>zand X,, , >Z
d(Sz,z,a)<0+0+a,d(Sz,z,a) +a,d(Sz,z,a) +a,,0

ord(Sz,z,a) <(a, +a,)d(Sz,z,a)

Thus, Sz = z, Similarly we can prove that Tz = z. So z is a common fixed point of sand T'. Now we claim that z is the common
fixed point of S and T. If possible let w is the another common fixed point of S and T such that

Z#W,S(W) =T(W) =W Then,
D(z,w,a) =d(Sz, Tw, a)
<q [d(Sz,w,a)]* +[d(Tw,z,a)]’

' d(Sz,w,a) +d(Tw,z,a)
+o.,[d(Sz,z,a) +d(Tw,w,a)] +a,d(z,w,a)
_y [d(z,w,a)] +[d(w,z,a)]
7t d(z,w,a) +d(z,w,a)

=(a, + o;)d(z,w,a)

i.e.d(z, w,a) <(a;+as)d (z, w, a), which is not possible and hence our supposition was wrong. So d(z, w, a) =0.i.e.z=w. i.e. S
and T have a unique common fixed point.

<d(Sz,z,x,,)+d(x,,,z,a) +a,

+a,[d(z,z,a) +d(z,x,a)] + o, d(z,w,a)
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