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1. Introduction

Differential equations occur in the modeling of dynamical behavior of physical processes. If the model of physical system in
some ways possesses a memory and hereditary properties, for instance, viscoelastic deformation, anomalous diffusion, stock
market, bacterial chemotaxis and complex networks; the corresponding models can be described by the fractional differential
equations. Fractional differential equations arise in many engineering and scientific disciplines as the mathematical modeling of
systems and processes in the fields of biology, chemistery, physics, and so on, and they are gaining much importance and
attention, due to their applications. Recently, there are some papers dealing with the existence of solutions for nonlinear fractional
differential equation using various methods (fixed point theorems, upper and lower solutions, variational methods, etc.). However,
there are few papers which have considered the sequential fractional differential equations. A general theory for linear sequential
fractional differential equations with Riemann-Liouville and Caputo derivatives has been presented in [2, 9].

The purpose of this paper is to investigate the solvability of the following fractional initial value problem

D™y(x) = flz,y(x). D"'y. Dy, -, D™ y), (1)
D ly(zx) gm0 = b, (k=1,---,n), (2)
Where,
-D-’r;_. = Dru D::_l,- 1... IJ-’HI D'T.l.- 1 = J|'|- "-'-'D"' 1 ...D"'_ -:.'i_l
k
o0=0 or=Y aj, (k=12,,n), 0<a;<1, (j=12.---,n), (4)

i=1

And Da is the classical Riemann-Liouville fractional derivative of order a. The notation Do was introduced in [9] for sequential
fractional derivative.

Problem (1)-(2) is of interest because it appears in mathematical models of physical phenomena. For example, when n = 2 we
get the steady nonlinear fractional advection-dispersion equation [8, 9, 15, 16]. For n = 4 and M1 == =M= i we
obtain a general case of Bagley-Torvik equation with sequential fractional derivatives which arises, for example, in the modeling of
the motion of a rigid plate immersed in a Newtonian fluid. Another example for an application of problem (1)-(2) is the Basset

equation which describes the forces that occur when a spherical object sinks in a incompressible viscous fluid [5, 6].

2. Preliminaries

In this section we state some definitions and lemmas which are crucial in our analysis. Here and in the sequel, we assume p 2
e

1 and q is the conjugate exponent of p; thatis, ¥ ¥ “Let T > 0. In what follows, I denotes the Gamma function.
Definition 1. The Riemann-Liouville fractional integral | a of order a = 0 of a function y : [0, T] — R is defined by
. 1 y Y
Mylr)= —— [ (x = 1) "y(t)dt,
N

LI

provided the right-hand side is defined for almost everywhere x € [0, T]. We note that fory € L 1 [0, T] we have that lay e L 1
[0, T]. For a =0, we set | a := |, the identity operator.
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Definition 2. The Riemann-Liouville fractional derivative Da of order 0 < a < 1 of a function y : [0, T] — R is defined by

1
d 4o 1 1 d ) S
—1 ylr) = nl——ﬂjm[“ —t) y(t)dt,

Ll

Dy(x) =
Y= T

provided the right-hand side is defined for almost everywhere x € [0, T].
Definition 3. Let 0 < a < 1. A functon y € L 1 [0, T] is said to have a summable fractional derivative

i 3 11— d|
D kL if 1 "Y€ AC .“' T] where AC[0, T] represents the space of absolutely continuous functions on [0, T].
Proposition 1. The fractional integration operator | a with a > 0 is bounded in L p [0, T],
O

T(a 5 1) 1Yiee-

[ yller =

Ty lim I*y(x) = 0.

0<l<ca<landy e Lel0, 1), i i '
p . : : R is continuous and 0

Lemma 1. Let hen

Consequently, | ay can be continuously extended by 0 in x = 0.
Let @, =0 and p > 1. If y € LP[0,T], then
1 1Py(x) = I**7y(x).
Proposition 2. yir) 9T
almost everywhere on [0, T].

Let 0 <a<1landp=1. If ye L7[0,T], then
ik Jik i T (e

Proposition 3 DEry(x) = y(x),

almost everywhere on [0, T].

Let 0 < < 1and p>1. Let y, D%y € LP[0,T], then

Jr] - -!,I'f[” . 1

1°D%y(z) = y(z) -
y(z) = ¥(@) - 7

Proposition 4

almost everywhere on [0, T].

Now we present the fixed point theorems which play main role in our discussion.

Definition 4. If (X, <) is a partially ordered set and S : X — X, we say that S is nondecreasing if x < y implies S(x) < S(y).

Theorem 1.(Partially Fixed Point Theorem). Let (X, <) be a partially ordered set and let d be a metric on X such that (X, d) is a
complete metric space. Furthermore, let S : X — X be a continuous and non-decreasing mapping such that

A0<k<1:d(5(x).S(y)) < kd(z,y), Vy=r,
Jrg € X 1 1g = S(xp).

Then S has a fixed point.

Theorem 2. Assume the hypotheses of Theorem 1, except for the continuity of S. Moreover, we assume that for a non-
decreasing sequence xn — x in X, there exists a subsequence {xnk } of {xn} such that every term is comparable to x. Then S has a
fixed point.

Theorem 3. Let all the conditions of Theorem 1 (resp. Theorem 2) be fulfilled and let the following condition holds:

For every X, y € X, there exists z € X which is comparable to x and y.
Then S has a unique fixed point ~x. Moreover, for every x € X,
lim 5™(x)=Z.

T —00

3. Partially ordered fractional Sobolev spaces

Hereafter we suppose ak, ok and Dok are as in (3)-(4). Now we introduce the following fractional Sobolev spaces and equip
them with a partially order.
Definition 5. We define the following spaces of functions

E™P0,1] :={y € LP[0,1] : D"*y € LP[0,1], k=1,---,n},
And,
EG"P[0,1] := {y € LP[0,1] : D™y € LP[0,1], D"* y(z)|z—0 =0, k=1,--- ,n},

endowed with the norm
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T
[yllzene =D D%yl Le.

k=0

We notice that here Dok y E L p [0, 1] means that Dok-1y €ACJ0, 1], and its derivative which exists almost everywhere on [0
1] belongs to L p [0, 1].

T Pf
Theorem 4. The space E'D [D‘ 1] is a Banach space for1 <sp <

Proof. Let {y;} be a Cauchy sequence in Eg"¥[0, 1], thr_-l'.L {y;} and {D7*y;};_, are Cauchy
sequences in LP[0, 1]. Tt follows that

Yj L, y, Dy, E}y*"“. k=1,---

As {D7y;}¢_, € LP, using Proposition 4 we deduce that for any je Nand k=1, ---

D7 y(x) |r—p 1
[* D y;(x) = DTe-y;(x gz
LI'_;I( ]I LI'_]{ ] r{ﬂ*]

therefore, for any j € M. we have
yi(x) = I"*" D7 y;(x).

D7y, (x) = I**D"?y;(x).

(5)
Dn-tyi(x) = [ Dy;(x).

In view of (5) and the continuity of Riemann-Liouville fractional integral operator from L p to L p, we deduce

YT Lr g ]

D7ty (x) — [Tey'™),  k=12...
Therefore, we have

y[E'L-_ﬁI:fnky[Uk}‘ L=1.2.....n
almost everywhere on [0, 1]. Finally, using Proposition 3, we immediately get that for k = Lo n, ylo) =Dy, ooy

hence the result.

Definition 6. We define the following order relation for E on,p[0, 1],

y.y eE™P0.1], y=§ <=  D™*y(z) <D™y(z), aexel0l], k=01,

TP
Lemma 2.. [ ] is a partially ordered set and every pair of elements has a lower bound and an upper bound.

Proof. It is easy to see that Ej"”[0,1] is a partially ordered set. Now we prove that every

pair of elements in ES**[0. 1] has a lower bound and an upper bound. Let y. § € ES**[0,1] and
define 2(x) = Io" mm{D""y(I).'D""g)(I } and Z(x) = 17" max{D7"y(z). D™ _t}(,z)} Then from
Propositions 1 and 3, we have {D%z(x)}}_, € L »[0.1] and {D7*=(x)};_, € L,[0.1]. On the
other hand, from Propositions 2 and 3. we get

D lz(x) = I'[7" "¢ min{D""y(x), D™ §(x)},

and
D7~ 13(z) = M7~ max{D""y(x), D" ij(x)}.
for k = 1,---,n. This shows that D™ 1z(z)(z) |,_0 = [l and D7~ 12(x)(x) |, = 0 for
k=1, -+ ,n Thus z,7 € E;™7[0,1]. Finally, from Proposition 3, we have
D7 z(x) = min{D " y(x), D™ y(x)},
and

D™ Z(x) = max{D""y(x), D""y(x)}.
almost everywhere on [0, 1]. Therefore, we get

D™3(z) < D™y(z).  D™z(x) < D™j(a). (6)
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and
D™z(x) = D"y(x), D™z(x) = D™ y(x). (7)
Now since Riemann-Liouville fractional integral I7™ is a monotone operator. we apply the frac-
tional integral I on both sides of inequalities (6) and (7). and by Proposition 4, we have
Dr-lz(x) < DT ly(x), Dm-lz(x) < DT ly(x),
and
D™-1%(z) > D" y(z), Dm-13(z) > Dy(x).

Lemma 3. Every non-decreasing sequence {y;} — y in Ej"?[0, 1] has a convergent subse-
quence such that every term is comparable to y.

Proof. Let {y;} € Ej"”[0,1] be a non-decreasing sequence such that y; — y. Then, D%y; —
D%y in L?[0,1] for k =0,1,--- ,n. Therefore, there exists a subsequence (still denoted by {y;})

so that
Y = Y, a.e. in [0,1],

! D7'y; - D%y, in L,[0,1],
| D7"y; = D™y, in Ly[0,1].

By repeating this process n times, we get a subsequence (still denoted by {y;}) so that

f y; — Y, a.e. in [0.1],

! D7y =Dy, ae. in0,1], (8)

| D7"y; = D7y, ae.in [0.1].

Therefore, since the original sequence is non-decreasing. the relation (8) shows that for every
JEN y; <.

4. Existence and uniqueness

In this section, we intend to give existence and uniqueness results for the initial value problem (1)-(2).

Definition 7. A function yO € E on,p[0, T] is called a lower solution of the initial value problem (1)-(2), if it satisfies the initial
conditions (2) and

D7 yo(z) < flz.yo(z). D" yo(x). D™ yo(z).- - . D7 'yo(x)),

almost everywhere on [0, 1].
To prove the main results, we need the following assumptions:

(H1) f:[0,1] x B" — R be a function such that f(z,y(z), D™ y(z),--- , D™ 1y(zx)) € LP[0,1]
for every y € E™[0, 1].

(H2) f is non-decreasing in all its arpuments except for the first argument and there exists
L = 0 such that

-

flayr-un) = fl@gne - Gn) S LY (0 —G): Yk 2 e

k=1
For simplicity, we first confine our attention to the following initial value problem
D7y(x) = f(x.y(x) + g(x), D" (y(z) + g(x)).--- . D7 (y(x) + g(x))), (9)
D7 ly(z) |, =0, (k=1,---.n), (10)

where g € E on,p[0, 1] is a given function.
Theorem 5. Assume that (H1)-(H2) hold. Then there exists 0 < T < 1 such that the existence of a lower solution for (9)-(10) in

E on,p[0, T] provides the existence of a unique solution y € E an,p[0, T] for (9)-(10).
Proof. We choose T > 0 such that the inequality
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n LI—‘JR—JJ( ) 1
Z F ET" 0 =+ 1]
holds. Now we define S : Eg"*[0, T — Eg"*[0.T] by
Sy(x) = I f(x. y(x) + g(x). D7 (y(x) + g(x)).--- . D7 (y(x) + g(x))).
First, by Propositions 2 and 3, it is clear that if y € Ef""[0.T], then
DokSy =I7"""kf, D l§y =[]k,

for £ =0,1,--- ,n. This shows that Sy € E;"*[0.T.

Now let y.y € Eg"?[0,1] with y = §. From the non-decreasing assumption of f in all
its arguments except for the first and using the monotonicity of Riemann-Liouville fractional
integral operator, for k=10.1.--- , n. we obtain

D7 Sy(x) = DI flx y(x) + g(x), D7 (y(x) + Q{F]} o DT y(x) + g(x))
[7n=7% f(z,y(x) + g(x). D7 (y(x) + g(x)),--- . D" (y(x) + g(x)))
< I f(x,y(x) + g(x), D7 (y(x) + g(x)), - - . DT (y(x) + g(x)))

= D" Sy(x).

almost everywhere on [0, T]. This proves that S is a hon-decreasing operator. Also, for "y <y, we have

ISy(x) - Si(@)llemme = I f(z,y(x) + g(x).,- - , D" (y(z) + g(x)))
H(3(5) 4 (@) D1 ((2) + 9 e

< LI [(y(x) — §(z) + -+ (D1 y(x) = D1 i(2))] | zons

= L7 [(y(x) - §(z)) + -+ + D" (y(x) — §(2))] lleons

= LY 7% [(y(x) — §(x)) +- - + D7 (y(x) — §(x))] o
k=0
T TG-” Ty i

< Lzrg,,_mﬂ | [(y(x) = () +--- + D™ (y(x) — §(x))] || o
n T‘._-(r” o

=———— 5 lv(z) —y(z)lee + - - + 1D (y(x) — y(x))|| e

(P
]
|_-|
9
I
E
_|_
—_—

= LZ l" Ura — T+ 1} |_[.|'f3_-} - .ﬁ'{f}llz"’:l-f-'-

On the other hand, we have Yo € [Eﬁ" -P[D‘ T] such that
D™yo(x) < flz.yol(x) + g(x). D (yo(x) + g(z)),- - . D™ ' (wolz) + g(x))).
almost everywhere on [0, T|. Therefore, by Proposition 3, we have
D™yo(x) <= D™ f(z.yolx) + g(x), D7 (yo(x) + g(x)).- - . D" '(wolx) + g(x)))
= D Syn(x).

almost everywhere on [0, T]. Since Riemann-Liouville fractional integral operator is a monotone operator, we apply the
fractional integral | an on both sides of inequality (11) and by Proposition 4, we deduce

D tyo(z) < D71 Syo(x),

almost everywhere on [0, T]. We note that Sy0 € E on,p 0 [0, T]. By repeating this process n times, we deduce y0 < Sy0. Thus
an application of the Theorem 3, together with Lemmas 2 and 3, yield the existence and uniqueness of the solution of (9) on E on,p
0 [0, T]. Moreover, the unique solution of (9)-(10) can be obtained as limn—« S n (y) for every y € E on,p 0 [0, T].

We are now ready to prove the existence result for Problem (1)-(2).

Theorem 6. Let (H1)-(H2) hold. Assume that y0 is a lower solution of (1)-(2) in E on,1 [0, 1]. Then there exists a unique
solutiony € E on,1 [0, T] of (1)-(2) forsome 0 < T < 1.
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Proof. Let g(x) = *il rl'lf:—'u.r'”*"] where the coefficients by, are given as initial conditions (2).
From the fact that D*z*-! = 0. we have D7"g(x) = 0, and utilizing [*z7-! =
and D*z-1 ]'.].1"-1..'5-"1_”_1
employing the transformation z(x) = y(z) — g(x) in the problem (1)-(2), we obtain

D™ z(x) = flx, z(x) + g(x). D" (z(xz) + g(x)),--- . D™ z(x) + g(x))), (12)

D z(z) ;g =0, (k=1,---,n),

B8 _fia_1
T{A+a)”

. we get D™ g(x)| _, = bi for every k = 1,2,--- ,n. Now

On the other hand, let z5(x) = yy(x) — g(x). where yy(x) is a lower solution of (1)- (2). Then,
we have

Drr;l _-_“[.-!..:I = 'Drr”_l'jlﬂ:-!':l fHJ
fle.wol(z), D™ yolx), - -- , D" yplx))
flz, zo(x) + g(x), D" (z0(x) + g(z)),--- . D™ (20(z) + g(x))).

Fa

Therefore, zg(x) is a lower solution of (12}-(13). So in view of Theorem 5 there exists a unique
solution = & E”"'][(I_T: of (12)-(13). Thus g{x) = Z(x) + g(x) is a unique solution of (1)-(2).
Moreover, the unique solution z € E™ -1_[l. T| of (1)-(2) can be obtained as limy, o Ym(x) where

n
by, . \ ; - -
UYm(x) = E 1-.r—r_:_|l:lni"rr'l"_] + I°m fl_-'f‘- g!,l'”,._1':_.i"].'Dﬂ'_n'(,l_.”_[l_.-!‘_:'. coe DIty ().
k=1

5. Conclusion

In this paper, we have presented some results dealing with the existence, uniqueness and smoothness of solutions for
nonlinear sequential fractional differential equations. As a first step, we constructed appropriate fractional Sobolev spaces and
equipped them with a suitable partial order. The existence and uniqueness of solutions of these equations are obtained using
partially fixed point theorems. The advantage of this method arises from the fact that it is a constructive method that yields an
analytic approximate solution of problem (1)-(2). Our approach is simple and is applicable to a variety of real world problems. For

the illustration of the results, we have considered some examples.
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