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INTRODUCTION

Analogous to the concepts of projection, Trijection, Pentajection, we introduce the concept of(3, 2)-jection operator, which is a
suitable generalization of projection. We now turn our attention to (3, 2)-jection operator with positive integral power of index and
we give a complete discussion of the relationship among projection, Trijection, and (3, 2)-jection operator.

IMPORTANT DEFINITIONS :
(1) Linear operator: It isan operator E on a linear space L such that E(ax + by) =a E(x) + bE(y) Vv x,y e L and for scalars

aandb.
(2) Projection operator: It is an operator E on some subspace M of a linear space L such that E* = E.
(3) Trijection operator: It is the linear operator E on a linear space L such that E3 = E.
(4) (3, 2)-jection operator: It is the linear operator E on a linear space L such thatE® = E2,

MAIN RESULTS :
Theorem 1:
Let p and g be any two scalars such that p + g = 1 and E be a (3, 2)-jection then

(PE+QE®)" =E? for 1<neN

Proof : We denote the statement (pE +qE2)n =E? by P(n).
For n = 2, we have
(PE +qE?)

pZE2 +q2E4 +2pqE3

= p?E2 +q’E% +2pgE?  {~E*-E2&E*-E?}
= (p* +4° +2pg)E?

= (p+0)?E?

= E2 (putting p+q=1)

Hence P(2) is true
Now, we suppose that P(k) be true Vv 2<k <N

ie. (PE +qE2)X = E2 (LD
For n =k + 1, we have
(PE+qE?)* = (PE +qE?)¥ (pE +qE?)
= E2(pE+qE?)  {from (1.1)}
= pE3+qE4
= pE? +qE? {since E® =E2 E* =E?}
= (p+0)E?

= E2 (puttingp +q=1)
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Hence P(k) is true = P(k + 1) is true. Thus by induction P(n) istrue v2<neN

Theorem 2:
I E be a trijection then

{%(E+E2)}n =%(E+E2) vneN.

Proof : Since E is a trijection then from the definition, we have
= =E e 21)

=EE {from (2.1)}

Here, we prove the theorem by the method of induction, so for convenience we denote the statement

"{%(E + EZ)}n = %(E + EZ)" by P(n).

Forn =1, we have
1 2 by 2 L
E(E+ ES); = §(E+ E“)which is clearly true.

= P(1) is true.
For n =2, we have

2
{%(a EZ)} - %(E+ E2)2

:%(E2+E4+2E3)
1.2 2
:Z(E +E“ +2E)
1.2
= (E?+E) .. 23)

= P(2) is true.
Now, we suppose P(k) be true V1<k<ne N then

k
{%(E+E2)} —JE4E) .4

For n=k + 1, we have

1 ) k+l_ 1 ) k 1 )
{E(E+E )} _{E(E +E)} {§(E+E )}

= %(E2 + E)%(E +E?) {from (2.4)}
2

= {% (E+ Ez)}

_ %(E +E?) {from (2.3)}

Hence, P(k) is true = P(k+1) is true.
So by the use of principal of induction P(n) istrue V ne N

1 "1
Thus, {E(E+E2)} :§(E+EZ)
In particular,

Forn=2, %(E+ Ez) is a projection
Forn =3, %(E+ Ez) is a trijection.

3
Also, [%(E+E2)1 :%(E+E2)f0r n=3
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1 21
And [E(E+E2)2} :E(E+E2)forn=2
3 2
1 2y2 1 212
= |Z(E+E =|Z(E+E
SEE | < ErEn?)
= %(E+E2) is a (3, 2) jection.

Theorem 3 :
1 "1
If E be a trijection then [E(EZ - E)} = E(EZ —E) vn

Proof :
Since E is a trijection then from the definition,
we have

= = E
and g = ESE
= EE
= E2

Now, we prove the theorem by the method of induction.

Here for convenience, we denote the statement E (E2
For n =1, we have
%(E2 ~E)= %(E2 —E) which is trivial.

Hence P(1) is true.
For n =2, we have

2
B(EZ - E)} - %(E"’ +E2 263

%(E2+E2—2E)

1

eN.

...

{from (3.1)}
...(3.2)

—E)T =%(E2 —E) VneN, byP(n).

{from (3.1) and (3.2)}

— - 2
=  (2E% ~2E)
= %(E2 ~E) .. (3.3)

= P(2) is true.

Now, we suppose that P(k) be true V1<k <neN then

1 k
[z@ ‘Eﬂ

For n=k + 1, we have

1 5 k+1
[E(E ‘E)}

1.2
E(E -E)

N~

So, P(k) is true = P(k + 1) is true

. (3.4)

1., 1.,
[E(E —E)} [E(E —E)}

1
[E(E -

(E2-E)

{from (3.4)}

E)}B(E2 - E)}

{from (3.3)}

Hence by the use of method of induction P(n) istrue vn eN .

ie. E(E2 —E)T :%(EZ —E)

In particular,

Forn=2, %(E2 —E) isaprojection

Forn =3, %(E2 —E) isatrijection
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1, 3_1 2 2
Also, [E(E —E)} _[Z(E E)}

So, %(EZ —E) isa (3, 2)-jection.

Theorem 4. :
If E be a trijction then (I —E)" = 1 —E*Vn eN..
Proof :
Since E is a trijection then from the definition, we have
E? = E .. (41

and E* = E*E

= EE {from (4.1)}

= E? ... (42)

Now, we prove the theorem by the method of induction.
So, for convenience, we denote the statement
“(I-E)"=1-E*Vn eN, by P(n).
Forn =1, we have
I-E? = | —E®> which is trivial
= P(1) is true
For n =2, we have
(1-E»? = | + E* - 2E2
| + E? - 2E2 {from (4.2)}
| - E? ... (4.3)

= P(2) is true
Now, we suppose P(k) be true 1<k <n e N then

(1-E)=1-E2 .. (4.4)
Forn=k + 1, we have
(I _ EZ)k+ 1 — (I _ EZ)k(I _ EZ)
= (1-E% (1-E? {from (4.4)}
= (1-E%?
= | - E? {from (4.3)}

Thus,  P(k) is true
= P(k+1)istrue
So by applying the principle of induction
P(n) istrue Vn eN
This means,
(1-E)"= |-E*YneN
In particular,
For n =2, | — E? is a projection
For n =3, | — E? is a trijection

Also, (I-E»= (1-E??
= | —E%isa (3, 2)-jection
Theorem 5 :
If E be a trijection then
n
(|+1E—3E2] = 1+2e-1E2 vnen
2 2 2 2
Proof :
Since E is a trijection, then from the definition, we have
E? = E ..(5.D)

and E* = E'E

= EE {from (5.1)}

= E? ...(5.2)

Now, we prove the theorem by the method of induction.
So for convenience, we denote the statement

" n "
(I+1E—1E2j _ielplee by P(n).
2 2 2 2

For n =1, we have

vie-tpzogd
2 2 2

= P(1) is true

E—%EZ which is trivial.
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For n =2, we have

2
(I+1E—£E2] —ieleziletelps g
2 2 4- 4 2

1 1 1

1_ 1,
l+-E-=E .33
573 (5.3)

From (5.3), P(2) is true
Now, we suppose that P(k) be true for k e N suchthat 1<k<neN

then
k
(I+1E—£E2] = 1+ 1g_lg2 (54
2 2 2 2
Forn=k+1,
we have
k+1 k
(I+1E—1E2] :(|+3E—1E2) [|+1E—1E2)
2 2 2 2 2 2
1_ 1 2][ 1_ 1 2]
=|l+-E-=E I+-E-—-E from (5.4
[ 2 2 2 2 { G4
2
—(|+1E—1E2j
2 2
= I+%E—%E2 {from 5.3}
Thus, P(k) istrue = P(k + 1) is true
i.e. P(n)istrue ¥n eN by the use of induction
Hence,
n
(I+£E—£Ezj = (|+1E—3EZ] vn eN
2 2 2 2
In particular,
1_ 1 5. .
Forn =2, I+§E—EE is a projection
Forn =3, I+%E—%E2 is trijection
Also,
3 2
(|+1E—1Ez) =[I+1E—£E2]
2 2 2 2
= |+%E—%E2 isa (3, 2)-jection
Theorem 6 :
If E be a trijection then
n
~le_le2) ol lezggen
2 2 2 2
Proof : Since E is a trijection then
E? =E .. (6.1)
and E* = E'E
= E-E {from (6.1)}
= E? ...(6.2)

Here, we prove the theorem by the use of method of induction.

" N "
Now for the convenience, we denote the statement (I —%E —% EZJ = —% E- % E2VneN by P(n)

It is obvious that P(1) is true
For n =2, we have
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2
mleolez| o lpzi et piled g2
2 2 4 4 2

=ieiez tp g le g2
4- 4 2
1_ 1,

= 1-ZE-ZE .. (63
2E=5 (6.3)

From (6.3), it is clear that P(2) is true
Now, we suppose that P(k) be true for k e N such that 1<k <nV¥vn eN

then
k
b—iE—lEﬂ Sotp_lp2 .. (6.4)
2 2 2 2
Forn=k + 1, we have

k+1 Kk
1.1 _
(I——E——Ezj = (|—1E—1Ezj (l—lE—EEzj
2 2 2° 2 2° 2

{from (6.4)}

2
@—EE—EEq
2 2

1 1
I-=—E-=E“ {from (6.3
53 { (6.3)

Hence, P(k) is true = P(k + 1) is true
So, by the use of methodof induction that P(n) is true ¥n eN

n
Thm,@—lE—lEﬂ = lg lg2
2 2 2 2

In particular,

Forn=2, I—%E—%E2 is a projection

Forn =3, I—%E—%E2 is a trijcetion

3 2
Also, (I—EE—lEzj = [|_EE_EE2)
2 2

2 2

= I—lE—lE2 is a (3,2)-jection.
2 2
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