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Published Online: 20 January 2019 for cases, scientific programming problems, complementary problems, variational disparity
problems, and saddle point problems, Nash equilibrium problems in non-cooperative
Keywords games, mini-max imbalance problems, minimization problems and fixed point problems.As
solutions, variational inequality, mixed of late, much consideration has been given for creating efficient and implementable iterative
equilibrium problem, equilibrium methods including projection method and its variation frames, extra-gradient method, linear
problems. approximation, auxiliary principle method, descent and Newton methods for VIPs and

EPs.Then again, numerous issues emerging in different zones of mathematics, for example,

optimization, variational analysis and differential equations, can be demonstrated by fixed
point issue (FPP) comprising of discovering x €C to such an extent that x = Tx, where T is
a nonlinear self-guide on C. Fix(T ) signifies the arrangement of fixed purposes of T . The
investigation of iterative strategies, viz. Helpern iterative strategy, Mann and Ishikawa
iterative strategies, and consistency estimate technique for FPP has yielded a large group
of works in the most recent decades.There is a substantial number of iterative strategies for
concentrate independently, the fixed point issues for nonlinear mappings, variational
inequalities, and equilibrium issues. It is of further enthusiasm to create and ponder the
iterative techniques to estimate the common arrangements of these issues.

1. Introduction

In 2008, Ceng et al. introduced the relaxed extra-gradient method for approximate a common solution of
system of variational inequality problems (SVIP): Find (x, y) € C x C such that

I (Biyy+zx—y,z2—a) >0, VzeC,

l (poBox +y—w,z—y) >0, VzeC, (1)

where, for every I =1, 2, ;> 0 and B;j : C — C is a nonlinear mapping, C is a nonempty, shut and
convex subset of Hilbert space H; and settled point issue (FPP) for a non-expansive mapping. Facilitate Yao
et al. extended the iterative technique given in for SVIP (1) and FPP for a pseudo contractive mapping.
Recently extended the methods given in to approximate a typical arrangement of SVIP; variational
inequality issue (VIP): Find x € C with the end goal that

(PDz,y —x) =0, Vy € C, )

Where D: C — H is a nonlinear mapping; and FPP for a prophylactic mapping. Next, we consider
blended equilibrium issue (MEP): Find x € C with the end goal that

F(z,y)+ (Az,y —z) > 0, Yy e C,

@)
Where F: C x C — R is bifunction and A: C — H is a nonlinear mapping. If A =0,
Then MEP (3) is reduced to the equilibrium problem (EP): Find x € C such that
F(x,y) = 0, Vye& C, @)
In 2008, Moudafi extended Mann sort iterative method to approximate a typical solution of MEP (3) and
FPP for a non-expansive mapping. He demonstrated some powerless convergence theorems for the
sequences generated by the proposed iterative method. Hide there,
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Takahashi and Takahashi extended crafted by Moudafi to an Ishikawa sort iterative method to
approximate a typical solution of MEP (3) and FPP for a non-expansive mapping. Recently, Yao et al.
extended the iterative methods given in to the viscosity approximation method.

Roused by crafted by Ceng et al. , Moudafi , Takahashi and Takahashi , Yao et al. and by the current
work going toward this path, we consolidate the casual extra-gradient method with viscosity approximation
method to presented another iterative method for approximating a typical solution of VIP(2), SVIP(1),
MEP(3) and FPP for an entirely pseudo contractive mapping in a genuine Hilbert space. We establish a solid
meeting theorem for the sequences generated by the proposed iterative method. Further, we get a few
consequences from the solid union theorem. The results presented here broaden and generalize.

Preliminaries

We recall a few results identified with SVIP (1) and EP (4) which are needed in the sequel. Initially, we
have the accompanying technical lemma which is the settled point formulation of SVIP (1):

Lemma2.2.1. For any (x*, y*) € C x C, (x*, y*) is a solution of SVIP (2.1.1) ifand only if x*is a fixed
point of the mapping Q:C—C defined by

Q(z) = FPo[Po(z — poBox) — py By Po(x — paBox)], Yz € C, (1)
Where
y*=Pc(x*—H12B2x*), Mi€(0,2p;i) and Bi: C—H is a Bj-inverse strongly monotone mapping for each i= 1,2.
Next, we have the following assumption:
Assumptionl. Let F: C x C — R be a bifunction satisfying the followingassumptions:
() F(x,x) =0, VeC;
(i) F is monotone, i.e., F(x, y) +F(y, x)<0, V€ C;
(i11) F is upper hemi-continuous, i.e., for each x, y, zeC,
limsup F(tz + (1 —t)r,y) < F(z,y);
t—0

(iv) For each xeC, y—F(x, y) is convex and lower semi-continuous.
We consider an auxiliary problem related to EP (4): Letr >0 and x € H, find z € C such that

- 1 ' ¥
Flz.y)+ ~{y—2,z—1) =0, WyeC.
.

The following lemma give the properties of solution set Sol (EP (4)) of EP(4).
Lemma 2.Assume that F: C x C — R satisfies Assumption 2. For r > 0 and for all xeH, define a
mapping T.:H—C as follows:

. L 1 i ,
Tz)={z€C:F(z,y)+ F{_r;—:.:—.r'} >0, WyeC}.

Then the following hold:
I.  T¢(X)is nonempty for each x € H;
ii.  Ts single-valued;
iii.  Tiis firmly non-expansive, i.e.,

Trx — Toy||* < (Trx — Ty, x —y), Vx,y € H;

iv.  Fix(T,) = Sol(EP(2.1.4));
v.  Sol (EP (4)) is closed and convex.

Iterative method
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We demonstrate a solid convergence theorem in light of viscosity approximation and loose additional
inclination method for computing an estimated basic arrangement of VIP (2), SVIP (1), MEP (3) and FPP
for an entirely pseudo contractive mapping in a genuine Hilbert space.

Theoreml. Give C a chance to be a nonempty, shut and convex subset of a genuine Hilbert space H. For
everyi=1,2 let A D, Br: C — H be 0, a, pi-converse emphatically monotone mappings, respectively. Let
F : C x C — R be a bi work satisfying the Assumption 1 and T : C — C be a k-strict pseudo contractive
mapping with the end goal that 8 : = Fix(T ) N Sol(SVIP(1)) N Sol(MEP(3)) N Sol(VIP(2.1.2)) 6= @. Give f

a chance to be a p-compression mapping with p € [0,%). For a given xo€ C arbitrarily, let the iterative
successions {un}, {xn}, {yn} and {z,} be generated by

( 1 .
Flun.y) + (Azp. y — upn) + —{y — tp, up — ) = 0, Vy € C,
.

m

in = F{"f”n - }LHDU‘H}‘
Yn = anf(zn) + (1 — an) Po[Pol(zn — paBazy) — py B1Po(zn — paBazy)],

In+l — jn-f:lt + Tnln + EﬂTyn-

\

1)
Where W,€(0,2p)), for each i= 1,2, {r,}<(0,20), {A}<(0,20a)), and {an}, {Bn}, {yn} and {o,} are the
sequences in (0, 1) satisfying the following conditions:
(1) Bn+ v+ 0 = 1 and (v, + )k < Y. for alln = 0;

(i) Im ay, =0 and 3 a, = oc;

—ro0 =0

(ii1) 0 < Iim mnf 8, < lim sup 3, < 1 and lim inf &, > 0;
T—ro0 TI—5 50 T—r 0

o0
(iv) lim inf r, > 0, 3 |rp — | < oo;
Ti—r 00 n—=1

) i ( Tnit __n ):U:
(v) m 1—Bp  1-5,

(vi) 0 < lm inf A, <lhmsup A, < 2a and hm | A,y — A, [= 0.

Ti—r 00 N—ro0

M—r 00
Then the sequence {xn} converges strongly to ze6 where z=P, ().
Proof. First, we show that the mapping (I-r,A) is non-expansive. For anyx, yeC,

(] g ’.,';-“J. - ':1 | "n-“.ll 4 — (J - [/} - I'“{.;‘J' - ~1.(/.) ‘\3
= [lz—y % — 2rp(z — y, Az — Ay) + I: |Az — Ayl|°

9

< |lz = yl? = ra(20 - r,)|| Az — Ay|)?

< flz-yl*.
)

Similarly, we can show that the mappings (I — A,D) and (I — p;iB;) are non-expansive
For each i = 1, 2. It follows from Lemma 2.2.2 that, U, = Tra(X, — rnAXy). Let X €60
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We have x* = Try(x* — rp,Ax*). Now, we estimate

”uﬂ - ---":1‘”2 — ||Trn (In - rn“'lirn} - T, [I* - Tﬂ—éxtjllz

||[In - rn‘q-irn] _ {:I:* _ rn‘f:]_;r*}llg

IA

I(&n — ) — ra(Azn — Az™)|?

< |lzn — z*|I? + r2|| Az, — Ax"||2 — 2rp(z, — =°, Az, — Ax")
< |lzn — z*||* + r2|| Az, — Ax”||® — 2r,.0|| Az, — A"

< |lzn — ¥ — ra(20 — ) || Az, — Az

< lzn — =%

3)
Since x*€0, we have
1* = Po[Po(z* — paBar®) — py By Po(z* — paBax®)).
Putting
y* = FPolr* — paBar®),
We see that

L

ot = Foly' —mbBuw’). (g

Since the mapping D : C — H is a-inverse strongly monotone, we have
|ze — =*||? | Polttn — AnDugn) — Po(z* — A Dx*)|

1A

”[u'n - -':!I'-r.|-;.-:":l-'::lz:I - '::I‘ - "'I"n-{-]I‘j"E

< |l(tn — =*) — Au(Dun — Dz*)|?
< |ltn — =*||* — An(2a — M) P, — Dz*|?
< un— 2| <€ |lza —=°|.

(%)
Setting tn: = Pc [Pc (zn — n2B2zn) — miB1Pc (zn — n2B2zn)] and vy, := Pc (2, — 12B2zy). It follows that
lon = 3" = 1Po(za — paBaza) — Polz* — paBaz®)|*
< (20 — m2Baza) — (x* — paBax®)|*
< lza — 2*|* — p2(2B2 — pa)|| Baza — Bor®|?
<z =2 < iz — 2|

(6)

Further, we have
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ltn — 2| = ||Pe|Po(za — p2Baza) — pi B1 Pol2a — paBaz,)]

—FPo|Pe(z* — paBar*) — py By Po(x* — pa Bar*)||I?

IA

”[P('(:n == l"lB‘.‘.':n) — 1 Bl I)l"(:n = l“.)B‘.’:n)]
—[Pe(z® — poBaz™) — py By Po(x® — paBax®)]||?

IA

I Pe(zn — poBazn) — Po(x®™ — paBox™)]
—I‘l[BlP(_'(-:n — poBsz,) — By Po(x™ — 112321")]”2

IA

| Pe(zn — paBazn) — Po(z® — paBax®)||?

—11(281 — p) || B1 Pe(2n — poBazn) — By Po(x® — paBox™)||*
< |(zn — paBaz,) — (z* — paBox™)||?

—11(261 — )| Brvn — Bay*|?

lzn — x*||* — u2(282 — p2)|| Bazn — Baz™||?

—p1(281 — )| Bron — Biy*|]?

< |lzn — =2 < ||l&n — |2 (7, 8)
Next, we estimate

lgn —=*|| = llem(f(zn) — %) + (1 — o) (tn — =)
anl|f(zn) — 2" + (1 — an)|[tn — 7

an(pllza — 27| + [[f(z") —27]) + (1 — an) ||z — 27|
1f(=*) — =7
L—p

I M

A TA

[1 —(1- P]ﬂ’n]”In —z*|| + (1 - play

| A

., U=l

max{”:r-n—:r-
l—p

©)

Since (yn + 0n) k <y, for all n > 0, utilizing Lemma 1. we have

”Iﬂ+1 - I*” = ”.Sﬂ(i"'n - I*) + Tﬂ{yn - I*} + EH(TE"H - I*]H

| A

Bullzn — 2|+ [y — %) + 6a(Tyn — =°)|

| A

Bullzn — = + (v + &n)llyn — 27|

1f(z") — 2"\
1—0p J

{

|

allzn — 21|+ (v + Sa)max{ [z — 27

s =iy

l—0n

[

max{ |z, — |

(10)

= I[f(z") — = ||}
1—0p for every n >

N . lzn — 2% < max{ ||z —
By induction on n, we obtain every

0 and xq€ C.
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Subsequently {xn} is bounded and consequently, we reason that {un}, {yn}, {z.}, {va} and {t.} are
bounded. Then again, from the non-expansivity of the mapping (I-A,D), we have

||3n+1 — Zn” = ||PC[U-R+1 - ;in+lD'un+lj - PC—’('”H - :‘nDUﬂ]‘”
< (U1 — Ans1Dunga) — (un — AnDuy ) ||
= ”('un-l-l — un] — )"ﬂ-l-l |[JD”'”'*H,+1 - Dun] + |[j"n+1 - )'ln]DunH
< |(wnt1 — un) — Ans1(Duntt — Dun)|| + |Ant1 — Anl|| Dual|
< ||'un+1 - uﬂ” + |)‘ﬂ+1 - )‘ﬂ|||Duﬂ||
(11)
We next estimate

ltns1 —tall? = ||Pc[Po(zns1 — paBazng1) — p1B1Pe(zny1 — paBaznit))]
—Po[Po(2zn — paBazy) — p1BiPo(zn — paBazy)|||?

< ||[Pe(znt1 — p2Bazni1) — p1B1Po(zns1 — poaBoznit)]
—[Po(zn — poBazyn) — p1B1Pe(za — paBoz, |||
< |[[Po(zns1 — paBazny1) — Polzn — paBazy)]
—p1[B1Pe(2ns1 — paBazns1) — BiPe(zn — paBoz)]||?
< |[Pe(zns1 — paBozni1) — Po(zn — paBaz)]||
—p1(281 — p1)|| Bi Pe(zns1 — paBazni1) — BiPe(za — poBaz, )|
< |IPe(zns1 — paBozni1) — Po(zn — paBoz) ||
< l(znt1 — 2zn) — pa(Bozns1 — Bazy)|
< lzns1 — znll® — pa(282 — pa) || Bazns1 — Boz|®
< |lznt1 — 2n||2- (12)
From (11) and (12), we have
ltn+1 — tall < [unt1 — wnll + [Ans1 — Anl|| Duxl|.
(13)
We observe that
|Yyns1 — yn”g = |ltns1 — C'-’n+1[f[i"'n+1]' - lF'n+1] — I — ‘In[f{l'n} - lF*ﬁ:]”

[/

ltn+1 — tal| + ans1|| f(Znt1) — 1| + am|| flzn) — tal|

= ”'un-l-l - rl:‘"ﬂ” + |}‘R+l - )"ﬂ| ”Du"n” + Qpyq ”.-dr{l'n+ljI —tn+1 ”

+an|| f(zn) — tal|-
(14)
On the other hand “n = Tr, (n — raAzn) and twni1 = Tr oy (Fnit — Toe1 ATnt1) e have
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- ] l % !
Flup,y) + (Azp, y — up) + —{y — up,up — ) >0, ¥y e C
T'n (15)

And

i L J' L L1
Pl‘l“n—]-yj + (‘4Iu+l- Y— Unyy)t __(,i',l' — Uny1,Un1 — Tny1) 2 0, Yy € C.

Tn+1 (16)
Take y = Up+1 In (15) and y = u, in (16), we have
i (] l 5
Flup, tneq) + (Azy, up g — uy) + —(Uni1 — Un, Up — Tp) = 0
Tn (17)
And
‘ 5 1
Flupg1,un) + (ATpy1, Un — Unga) + ——(Un — Uns1, Unp1 — Tny1) > 0.
Tn+1 (18)

Adding inequalities (17) and (18), we have the resultant inequality, after using the monotonicity of F,

Upil — Tntl  Up — T
A - A - 4 i Tl T T
(Azpy — Azp,up — upq) + <uﬂ — Upiq. - — > =0,
T'n+1 n

Which implies that

n \
0 = {“‘ﬂ — Up+1, ?Jt{ 'J“n—] — Ax 1]_ {“‘ﬂ—l -Tn+11] “n - 'I'n:]f
Tn+1
i‘: {“‘ﬂ—l — Up, Uy — Upyy + ( - ) Up41 T -rn 1 — ?ﬂn-fq-rﬂ—lj
n+1
_'[-I'ﬂ — '-T"n-':l-'f':ltj:| Tn+1l + 1n—]}
T+l
= {“ﬂ—l — Up, Uy — U1 T+ ( - {uﬂ+| T+ IJ'
n+

+{-—T-'n+1 — ?'Jt;l'f-n—]} — '[-T'ﬂ Tn ’1-1"1 J')

r T
Pt =l < B =l { s =l + |1 = 2 i = 2
n+
And hence
. r
s =l < s = 3l + 1= 72 s = 2
4

< ”'I'ﬂ—] — I'n ” + ” |'I‘ﬂ+| - T'Jt| ||"”-'n—] — -'fﬂ—IH-

n+1
Without loss of generality, let us assume that there exists a genuine number c to such an extent that r,> ¢
> 0, for every positive whole number n. At that point the previous inequality implies.

CONCLUSION

This study is to create and consider some iterative techniques for approximating the normal
arrangements of variational inequality issues, arrangement of variational disparities, split equilibrium issues,
split variational consideration issues and fixed point issues for a (family of) nonlinear mapping(s). we build
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up an lterative technique in view of relaxed extra-gradient and viscosity approximation strategies for
approximating a common arrangement of VIP(1), SVIP(2), MEP(4) and FPP for an entirely pseudo
contractive mapping in a genuine Hilbert space. We build up a strong convergence theorem for the grouping
produced by the proposed iterative strategy. Further, we get a few results from the strong convergence
theorem. As of late, much consideration has been given for creating efficient and implementable iterative
methods including projection method and its variation frames, extra-gradient method, linear approximation,
auxiliary principle method, descent and Newton methods for VIPs and EPs.Then again, numerous issues
emerging in different zones of mathematics, for example, optimization, variational analysis and differential
equations, can be demonstrated by fixed point issue (FPP) comprising of discovering x €C to such an extent
that x = Ty, where T is a nonlinear self-guide on C. Fix(T ) signifies the arrangement of fixed purposes of T .
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