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Article History It is known fact that statistical constants play an extensive role in the field of Statistics. On
Published Online: 20 January 2019 the other hand, measures of information are used to study uncertainty, diversity,
randomness etc. present in different phenomenon. These two fields which are used
Keywords independent of each other can be clubbed together. In this communication, we have
Entropy; concavity; symmetry; standard developed the link between the two and proved that the well known standard statistical
deviation; arithmetic mean; harmonic - . . .
mean. measures like measures of central tendency can be used as information theoretic
measures.

1. Introduction

It is well known that the most successful measure of information is certainly Shannon’s [6] entropy, which is
interpreted as the uncertainty content of a random experiment ruled by the probability distribution P . Shannon [6]
introduced the concept of information theoretic entropy associated with every probability distribution

P=(p1,p2,.., Pn) Where p1, p2, ..., Pn ., are the probabilities of n outcomes. He laid down certain very

plausible postulates which this measure should possess and found that the only function which satisfies these
postulates is given by
L

H(P)=->" pinp;
i=1

(1.1)
After Shannon’s [6] measure of entropy, Renyi [5] introduced entropy of order a, given by the
following expression:

1 n n

H(P)= —In|Z pif 2 pi.a#1.a>0
1-CL i=l =1
(1.2)
Havrada and Charvat [2] introduced another measure called the non-additive measure of entropy,

given by:

n
> Pi| axlas0
1l —a |[=1

H*(P) =

(1.3)
Burg [1] developed his non-parametric measure of entropy, given by

n
HU'(P)=>logp;

=1 (1.4)

Many other probabilistic measures of entropy have been discussed by Kapur [4], Herremoes [3],
Sharma and Taneja [7], Zadeh [10] etc.

In Biological systems, there exist many well-known measures of information which are frequently used for
measuring diversity in different communities. Some of these measures are due to Shannon [6], Renyi [5], Simpson [8],
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Weiner [9] etc. Of course Shannon’s [6] measure is most widely applicable and possesses many interesting properties.
But, it has a limitation that it deals with exponential families only. In actual practice, there are distributions which are
non-exponential. Thus, there is a need for developing new measures to extend the scope of their applications. Such

measures have been developed in this paper.

2. New Information Measures Via Measures of Central Tendency and Dispersion

In this section, we develop the following information theoretic measures:
(1) Information Measure in terms of Arithmetic Mean, Harmonic Mean and Standard Deviation

Let a random variable X takes values x1 , X2 , X3 ,..., Xn . Then, geometric mean G, arithmetic mean M

and harmonic mean H of these n observations are given by:

1
G=(x1.x2 x3.2)" %20
1 =
M=1n Dy
—
=1
n n
H: =
11 1 a L
—+—+_+— —
X X, X, > X

=1

Equations (2.1), (2.2) and (2.3) can be rewritten as
Il n

X.

]

where p,=—
H
Ny

—r !
=1

i

From(2.2), nM =) x,

=1

From(2.2)and (2.3). =

n_
2 Pi

We know that the variance of discrete distribution of n observations x1 , X2 , X3 ,..., X is defined as (2.7)

RRIJM 2015, All Rights Reserved

2.1)

2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2016 | Page



Volume-04, Issue-01, January-2019 RESEARCH REVIEW International Journal of Multidisciplinary

n 1
2= — S xi—
n 1=1 1l
1 2 1 |n 2
7 7 - Z
= n (p1“+pﬂ“+ ‘|‘pn“) ZI n2 X
=1
This can be rewritten as
1 1 |
R
G°=— |2 PP~ —| @My
n |i=1 il
Thus, we have (2.8)
o2+ M?
Z P
nM? =1
With simple calculations, equations (2.6) and (2.8) give the following result:
H c 2 +M?2 n oI
n
Log — =—log Zp;i -pr:
e M nM2 1 1

(2.9)
We shall prove that the R.H.S.of (2.9) is an information measure. Thus, we consider the following function

n 1 | n
Vha(P)=-logy > pf 2p/
= =1

We have

(2.10)

1 n i Ll i
W ()= —7E 1-zpi__zl; p;|-2<0since [-2p; I_lepe

pi Z?ﬁ
=1

Thus\y (P)< 0, which shows that \,, (P) is a cor
Thus, we have the following properties:

iy, (P) is permutationaly symmetric as it does not changes if Py, P;, Ps ...., P,are rearranged among

themselves. This property is desirable since the labeling of the outcomes should not affect the entropy.
1

(ii) Since — 1S continuous function of D1.Dys D3Py for 0 <py< 1w, (P) is also continuous everywhere

i

. [
(iv) Sn (P ) is a concave function of P1, P2, P3 ..., Pn . This is very useful property since a local maximum will also
be the global maximum for a concave function.
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(V) For maximum value, we consider the following Lagrangian:

L
L 1 1 ¢L 1 1 L 1 1
Thus ;we have — = 2pi-A—="" — P-A, ... — —— — __Zpl-}\,,
cp,  n1 P2 ¢py nl pis cpp nl  p2
pi _Zpi 2
i=1 i=1 i=1
oL aL aL aL
Now, =0givesthat — =—— . .=
p; pi op2 op:

This is possible if and only if

R

1
Also Tpé:]_:}n_pé :1:};}‘&:”—

Fa—)

=1
l
Thus, the maximum value of Y/, (P) will existat p; =  _ andisgiven by
1
1
E,rnuﬂ = _zlogn-

Hence, we see that y  (P) introduced in equation (2.10) satisfies all the essential properties of an

information measure, it is a new measure of information. It is thus concluded that for the given values of
arithmetic mean, harmonic mean and the standard deviation, the information content of the probability
distribution can be obtained. Next, with the help of the data, we have presented the measure (2.10)
graphically. For this purpose, we have fixed n =2, then for different probabilities, we have computed
different values of v, (P) as shown in table- 2.1.

Table-2.1
P: P2 En (P )
0.05 0.95 -5.3009
0.15 0.85 -3.7164
0.30 0.70 -2.8315
0.40 0.60 -2.5789
0.50 0.50 -2.5000
0.60 0.40 -2.5789
0.70 0.30 -2.8315
0.80 0.20 -3.3239
0.90 0.10 -4.2939
0.95 0.05 -5.3009

Next, we have presented the values of v n (P) graphically and obtained the following Fig.-2.2 which
shows that the measure introduced in equation (2.10) is a concave function.
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(1) Information Measure in terms of Arithmetic Mean, Harmonic Mean, Geometric Mean and Standard Deviation
From equations (2.1) and (2.2), we have

G =n (p1P2P3-- P_):
o

1 . : nlog ¢

= SNlogpi=— —

S ;——} gp1 2?‘! nM

- (2.11)
Adding equations (2.6), (2.8) and (2.11), we get

s +M2 H 1 G 1 « 0 1

—+ - nlog+ = a Pit ——~ > log Pi

2'n M- M v nM 2" i=1 % 1 20 =1

= Pi
=1 (2.12)

Now, we introduce an information theoretic measure depending upon arithmetic mean M, harmonic mean
H, geometric mean G and variance o *. This measure is given by

7 1
by, O !
E(P)= > j_;pr+n T+ om IT_ilogp-l; n=2 0<p<l
1= _ 1=
> b
i=1

(2.13)
We shall prove that the R.H.S. of equation (2.13) is an information measure. To prove this, we study its
following properties:

(i) &n (P) is continuous function of p' v0 < p'<1

(i) &, (P) is permutationally symmetric function of p' V0 < p' <1

(iii) &, (P) may be positive or negative. Usually an information measure is supposed to be non- negative

but Burg’s [1] measure of entropy gives negative value. The measure (2.13) includes Burg’s [1] measure of
entropy, thus it can take both values.

(iv) Maximum Value: To obtain, the maximum value of the entropy measure (2.13), we consider the following Lagrange’s
function:
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" n’ 1 Z i
_ Y pi+ +— > logp,-A | 2pi-]
I=pgh = nl S| =1
1=1
) 1
S ;
Thus ,we have ~ = . + S = P M DI
oo 2" (po) |l -
Similarly,
oL 2p2 112 n _I 1-' ]_ . aL, 2p1 - n l -2 Jr B ;'
— T T P =B | 7
p, 2 @) J o P oo 2 (p)|F P
For maximum value, we put
&L éL &L &L
= - - =which gives p; =p>=....= |
op, op, O, p,
il 1

Also using > pi= 1, we get p; = — Thus, the maximum value arises when the distribution is
i=1 ) ¥

uniform. Further, the maximum value is

1, !
n=—+n4 —nlogn
J(n) o p g
Also
1 I+n
f(n)=2n- ; — +logn(n-1)-1{>0 vn =2
2 1

Hence, the maximum value is an increasing function of n.
(v) Concavity: To study its concavity, we have

" p-‘?ﬁl— 1 : .y 0
i . ) - - 2
Su=-2 | p 13 = o 2'p;
2. P
1=1

which shows that &,(P) is concave. Thus, we see that the measure introduced in equation (2.13) satisfies all
the essential properties of being an information measure. Hence, we conclude that &,(P) is another new
measure of information. It is thus concluded that for the given values of arithmetic mean, harmonic mean,
geometric mean and the standard deviation, the information content of the probability distribution can be
obtained. Next, with the help of the data, we have presented the measure (2.13) graphically and obtained the
following Fig.-2.2 which shows that the measure introduced in equation (2.13) is a concave function.
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