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1. Introduction 

Now a day the use of Fiber reinforced composite materials is very much in demand in almost all the disciplines of engineering 

like civil engineering, structural designing etc due to their high strength and stiffness and low weight. 

During earthquake multistory buildings, dams and over bridges etc are thrilled somewhat violent causing oscillating stresses 

that are governed by velocities of body waves as well as surface waves and physical properties of the materials. 

Knott (1899), Gutenberg(1944), Ewing et al. (1957), Richter(1958), Achenbach(1976), Tolstoy(1982), Norrise(1983), Sidhu and 

Singh (1984), Singh and Singh (1988,1989,1991) worked on propagation of plane wave and reflection challenges at the plane face 

among two semi-infinite media. 

Here we researched on the incidence of plane quasi-P and quasi-SV waves at a plane interface two homogeneous fiber-

reinforced elastic half spaces. This has also been proved that if the reinforcement coefficients are ignored then the expressions 

derived by us coincide with the known results. 

 

1.1 Basic equations 

Here we have taken Fiber-reinforced homogeneous elastic medium as H and . 

The interface between H and  is taken as the xy-plane, i.e., y=0 with reference to a rectangular Cartesian co-ordinate 

system (x, y,z) in which the positive y-axis directed towards the lower medium H.  

Motion’s expression in the lower medium H are given by Singh and Singh (2004, equations (5), (6)) 

 , 

,      ........................... (1.1) 

Where  

, 

.      .................................. (1.2) 

 ) are the reinforcement parameters 

 ( is referring to Lame’s parameters. 

And is the density of the lower medium. 

For the upper medium , we denote the displacements by ( ), the density by  and the elastic coefficients by 

( ), reinforcement parameters by (  ) and Lame’s parameters by ( ). 

Hence in the upper medium the motion’s equation can be written similar to that of equation (1.1) in the primes. 

’ 

.       ............... (1.3) 

At a plane x-axis i.e. at y=0 we have assumed that this plane and half spaces are in welded contact. Hence the displacements 

and boundary forces per unit area are continuous there, i.e. 

u=u’ and v=v’   

,      at y=0........................ (1.4) 

. 

Where [from equation (1.2)] 

, 
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 .                                                ............................. (1.5)          

In the lower media H the above result denotes the unit area boundary forces and  

, 

.                                                                    ................................ (1.6) 

Results shown in equation (1.6) refer to the unit area boundary forces in the upper media . Explicit expressions for 

are defined in equation (1.2) and with similar expression for as 

, 

And . 

Where 

’ 

. 

Are the stresses in the lower medium H and  

, 

.            ............................... (1.7) 

Are the stresses in the upper medium   .Explicit expressions for  are defined in equation (1.2) with. 

 

1.2 Propagation of plane waves 

We have assumed the transmission plane wave in the below medium having the following parameters: 

1.  is the circular frequency of the plane wave 

2. refers towave number  

3. stands for Phase velocity of the plane wave transmitting in the xy-plane 

4.  is the angle of incidence with y axis at the interface y=0  

 
Fig. 1.1 



Volume-03, Issue-06, June -2018                                                                         RESEARCH REVIEW International Journal of Multidisciplinary 

RRIJM 2015, All Rights Reserved                                                                                                                                     614 | Page 

It can be considered 

   ........................ (1.8) 

In the above expression the amplitude factors are referred as U and V 

    ................................... (1.9)  

It denotes the phase factor linked with the incident waves. From Singh and Singh (2004), U and V satisfy the equations 

, 

.                          ........................... (1.10) 

Where 

, 

.                .....................  (1.11) 

The phase factors for the reflected waves are as 

.                              .................................. (1.12) 

Where  

.                                       ................................ (1.13) 

Besides 

,  

.    ............................. (1.14) 

For transmitted waves we have  

.............................. (1.15) 

Where 

.   ................................ (1.16) 

The phase factor associated with the transmitted waves. Moreover, 

, 

.                                  ..................................  (1.17) 

Where 

, 

.                        ..............................  (1.18) 

As shown by Singh and Singh (2004), the set of Equations (1.17) or (1.18) have anon-trivial solution only if  

.           ...................................... (1.19) 

.          .........................................  (1.20) 

Therefore, in common, the Fiber-reinforced anisotropic medium in this two-dimensional model have2categories of plane 

waves. 

The phase velocity of these plane waves is governed angle of incidence θ. 

In equation (1.19) we have two type phase velocities which are C1 (θ) and C2 (θ) connected to above upper as well as lower 

symbols correspondingly. 

Similar to above in equation (1.20), we have two type phase velocities which are C1’ (θ) and C2’ (θ) connected to above upper 

as well as lower symbols correspondingly. C1 and C’1 are linked with quasi-p waves and C2 and C’2 are linked with quasi-s waves. 

 

1.3 Quasi-p waves incident on interface 

We have considered a scenario when quasi-p waves are inclined on interface y=0, below four types of waves are generated.  

1. reflected quasi P  

2. reflected quasi S and 

3. transmitted quasi-P and  

4. transmitted quasi-S  

Hence we can consider the whole displacement field as: 
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. 

. 

. 

.                                               .........................  (1.21) 

Where  

, 

, 

, 

, 

.  ............................. (1.22) 

In the above expressions the components are as: 

1.  P1is the phase factor linked to the incident quasi-p waves and 

2. Q1is the phase factors linked to the reflected quasi-p waves  

3. Q2 is the phase factor linked to the reflected quasi-s waves 

4. e and f are the angles made by waves with the y axis 

5. P1’is the phase factors linked to transmitted quasi-P waves and  

6. P2’ is the phase factors linked to the quasi-S waves 

7. e’ and f’ are the corresponding angles. 

8. ( is the AF for incident quasi-P waves 

9. ( is the AF for incident quasi-P waves 

10. (  is the AF for reflected quasi-P waves 

11. ( is the AF for reflected quasi-SV waves 

12.  is the AF for transmitted quasi-SV waves  

Here in above statements AF refers to the amplitude factor. 

Mean while in equation (1.14) all the three different type of wave reflected, incident, and transmitted must satisfy the equation 

of motion [equation (1.1)], we have from the first members in equation (1.10), (1.14) and (1.18) 

, 

, 

, 

, 

.   ............................ (1.23) 

Equation (1.23) may be written as 

, , , 

, .                                                             ........................ (1.24) 

Where 

, 

, 
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, 

.    ….............  (1.25) 

Making use of (1.4)-(1.6), (1.21) and (1.22), we obtained 

, .................. (1.26) 

,                     ...........  (1.27) 

    ..... (1.28) 

 

.                          ................................. (1.29) 

 

, , , .                       ..................................... (1.30) 

Here we can use the outcome 

.................................... (1.31) 

Meanwhile equation (1.20)-(1.29) should be true at every value of  

.                   ..................................  (1.32) 

This on using equation (1.22) implies; 

.                                                ...................................... (1.33) 

It is SNELL’S LAW for the Fiber-reinforced anisotropic media. 

, 

, 

. 

0.                                       ............................  (1.34) 
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Where 

; 

; 

; 

  ............................ (1.35) 

; 

; 

; 

;  ...........................  (1.36) 

Ratios of amplitude of reflected waves can be derived from (1.34) as 

,  ......................  (1.37) 

And 

, 

.                           ......................... (1.38) 

  ............................. (1.39) 

Where 

 

 
           .............................. (1.40) 

And  are obtained from D on placing the elements of its jth column by  respectively on 

simplification, we get 

 

                ……........... (1.41) 

...................... (1.42) 

 ..............  (1.43) 

   ................... (1.44) 

When quasi-P waves are inclined at a plane interface between two fiber-reinforced elastic media in welded contact the 

transmission and reflection coefficients can be derived from the for Equation (1.37),(1.38) and (1.39). 

If α=β=0 and |µT - µL|→0, results in equation (1.3) with similar results for the upper half –space are applicable. We obtained 

from equations (1.19), (1.20), (1.25), (1.34) and (1.35)  

C1= , C2 = , = , = , 

, , ,  ............. (1.45) 
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, , ,  

, , ,  

Using equations (1.45), we may express equation (1.34) in the form 

 

 ............ (1.46) 

 

 
Finally in the above formulated expression in equation (7.46) at the interface of two solid half spaces we have achieved a 

similar result as obtained by BEN-MENAHEM and SINGH (1981, p 102) for the propagation of incident P waves. 

1.4 Quasi-SV waves incident at the interface 

Let’s suppose that the wave incident and inclined at angle f with the interface, the displacement field can be expressed as 

below in the 2 half-spaces  

. 

. 

. 

.                     ..................... (1.47) 

Where  

,   .................... (1.48) 

And  are given by equation (1.22), we have 

, , , 

,         ..................... (1.49) 

Equation (1.4) and displacement filed mentioned in (1.47) should be true with each other 

,                       

,  
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.    

     ................. (1.50) 

Making use of equation (1.24) in equation (1.50), becomes 

, 

, 

. 

0.     ............................ (1.51) 

Solving equation (1.51) we get 

, 

 ,         ................... (1.52) 

And 

, 

.    

, ,     ........................ (1.53) 

Where D is given by equation (1.40) and  are obtained from D on placing the elements of its jth column by 

 respectively on simplification, we get 

               …........ (1.54) 

 

 +  ].                         .                                                                                                                    ……….... (1.55)                    
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............. (1.56) 

........ (1.57) 

When in a welded contact the quasi wave’s incident on plane interface, from equations (1.52) we can achieve the reflection 

coefficient and similarly from equation (1.53) we can achieve the transmission coefficients, among 2fiber-reinforced semi-infinite 

elastic medium. 

In case of incident SV waves, we get a set of equations similar to equation (1.46) from equation (1.45) and (1.51)  

, 

,   

 

 ................. (1.58) 

Finally at a solid-solid interface in the above formulated expression in equation (1.58) we have achieved a similar result as 

obtained by BEN-MENAHEM and SINGH (1981, p 103) for the propagation of incident SV waves. 

1.5 Discussion and the Numerical results 

For learning on wave propagation in reinforcement in equation (1.19) by using these numerical values we can find the velocity 

of P and S waves. 

 

 

 

 

 
Generally we have two types of plane waves in 2D model of FR anisotropic media; here the phase velocities are function of 

incidence angle θ.  

1. C1 (θ) and  

2. C2 (θ)  

These above two are the values of C related to above two (upper and lower) symbols, correspondingly in equation (1.19).  

Likewise, let suppose 2 values of the Phase velocity C’ linked with the upper as well as lower symbols, individually in equation 

(1.20) are.  

1.  C1’ (θ) and  

2. C2’ (θ)  

Whereas C1 and C’1 are linked with quasi-p waves and C2 and C’2 are linked with quasi-s waves. 

 

 

 

 

 

 
The below figure show the variation of P Waves in Reinforcement media with respect to the angle. 
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Fig. 1.2 Variation of P Waves in Reinforcement media with respect to angle 

 

The below Figure shows the Changes in P wave’s velocity with and without reinforcement media with respect to angle. 

 
Fig. 1.3 Changes in P wave’s velocity with and without reinforcement media with respect to angle. 

 

The below Figure displays the changes in S wave’s velocity versus incident angle. 

 
Fig. 1.4 Variation of velocity of S Waves Vs. angle of incidence 
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The below figure shows the changes in S wave’s velocity with and without reinforcement media with respect to angle. 

 
 

Fig.1.5Changes in S wave’ velocity with and without reinforcement media vs. incident angle. 

 

The below figure shows the Variation in the P wave’s Apparent Velocity in reinforcement media versus incident angle. 

 
Fig. 1.6Changes in the P wave’s Apparent Velocity in reinforcement media vs. incident angle. 

 

The below figure shows the changes in P wave’s Apparent Velocity in reinforcement without reinforcement media versus 

incident angle. 

 
Fig. 1.7Changes in P wave’s Apparent Velocity in reinforcement and without reinforcement media versus incident angle. 
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The below graph displays the changes in S wave’s Apparent Velocity in reinforcement media versus incident angle. 

 
Fig. 1.8Changes in S wave’s Apparent Velocity in reinforcement media versus incident angle. 

 

The below figure shows the Changes in the S wave’s Apparent Velocity in reinforcement and without reinforcement media 

versus incident angle. 

 
Fig.1.9Changes in the S wave’s Apparent Velocity in reinforcement and without reinforcement media versus incident angle. 

 

The below graph displays the changes in quasi P wave’s Velocity in reinforcement and without reinforcement with respect to 

incident angle. 

 
Fig. 1.10changes in quasi P wave’s Velocity in reinforcement and without reinforcement with respect to incident angle 
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The below graph displays the changes in the quasi S wave’s Velocity in reinforcement and without reinforcement media versus 

incident angle. 

 
Fig.1.11changes in the quasi S wave’s Velocity in reinforcement and without reinforcement media versus incident angle. 

 

The below figure shows the Changes in quasi P wave’s apparent velocity in reinforcement and without reinforcement media 

with respect to incident angle. 

 
Fig. 1.12Changes in quasi P wave’s apparent velocity in reinforcement and without reinforcement media with respect to incident angle. 

 

The below shows the Changes in quasi S wave’s apparent velocity in reinforcement and without reinforcement media versus 

incident angle. 

 
Fig. 1.13Changes in quasi S wave’s apparent velocity in reinforcement and without reinforcement media versus incident angle. 
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1.6 Conclusions 

When plane quasi SV and P waves are incident at a plane among 2 homogeneous fiber-reinforced elastic half spaces, after 

researching on the transmission coefficients and reflection coefficients it clearly show that they are highly affected by reinforced 

parameters.  

If the reinforcement coefficients are ignored the expressions derived by us coincide with the known results. 
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