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The paper proposes a new covariance estimator for large covariance matrices when the 

variables have a natural ordering. Using the Cholesky decomposition of the inverse, we 

impose a banded structure on the Cholesky factor, and select the bandwidth adaptively for 

each row of the Cholesky factor, using a novel penalty we call nested Lasso. This structure 

has more flexibility than regular banding, but, unlike regular Lasso applied to the entries of 

the Cholesky factor, results in a sparse estimator for the inverse of the covariance matrix. 

An iterative algorithm for solving the optimization problem is developed. The estimator is 

compared to a number of other covariance estimators and is shown to do best, both in 

simulations and on a real data example. Simulations show that the margin by which the 

estimator outperforms its competitors tends to increase with dimension.  
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1. Introduction 

Estimating covariance matrices has always been an important part of multivariate analysis, and estimating large covariance 

matrices (where the dimension of the data p is comparable to or larger than the sample size n) has gained particular attention 

recently, since high-dimensional data are so common in modern applications (gene arrays, fMRI, spectroscopic imaging, and many 

others). There are many statistical methods that require an estimate of a covariance matrix. They include principal component 

analysis (PCA), linear and quadratic discriminant analysis (LDA and QDA) for classification, regression for multivariate normal data, 

inference about functions of the means of the components (e.g., about the mean response curve in longitudinal studies), and 

analysis of independence and conditional independence relationships between components in graphical models. Note that in many 

of these applications (LDA, regression, conditional independence analysis) it is not the population covariance itself that needs 

estimating, but its inverse , also known as the precision or concentration matrix. When p is small, an estimate of one of these 

matrices can easily be inverted to obtain an estimate of the other one; but when p is large, inversion is problematic, and it may 

make more sense to estimate the needed matrix directly. 

Sparsity in the inverse is particularly useful in graphical models, since zeroes in the inverse imply a graph structure. Banerjee 

et al. (2006) and Yuan and Lin (2007), using different semi-definite programming algorithms, both achieve sparsity by penalizing 

the normal likelihood with an L1 penalty imposed directly on the elements of the inverse. This approach is computationally very 

intensive and does not scale well with dimension, but it is invariant under variable permutations. When a natural ordering of the 

variables is available, sparsity in the inverse is usually introduced via the modified Cholesky decomposition 

 
Here T is a lower triangular matrix with ones on the diagonal, D is a diagonal matrix, and the elements below diagonal in the ith 

row of T can be interpreted as regression coefficients of the ith component on its predecessors; the elements of D give the 

corresponding prediction variances. 

 
FIG. 1. The placement of zeros in the Cholesky factor T : (a) Banding; (b) Lasso penalty of Huang et al.; (c) Adaptive banding 
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2. Methods for penalized estimation of the Cholesky factor  

For the sake of completeness, we start from a brief summary of the formal derivation of the Cholesky decomposition of . 

Suppose we have a random vector X = , with mean 0 and covariance .

 

       (1) 

 

         (2) 

where I is the identity matrix. It follows from standard regression theory that the residuals are uncorrelated, so taking 

covariance of both sides of (2) gives 

 

Letting  we can now write down the modified Cholesky decompositions  

  (3) 

Note that the only assumption on X was mean 0; normality is not required to derive the Cholesky decomposition. 

The natural question is how to estimate the matrices T and D from data. The standard regression estimates can be computed 

as long as p ≤ n, but in high dimensional situations one expects to do better by regularizing the coefficients in T in some way, for 

the same reasons one achieves better prediction from regularized regression [Hastie et al. (2001)]. If p>n, the regression problem 

becomes singular, and some regularization is necessary for the estimator to be well defined. 

The negative log-likelihood of the data, up to a constant, is given by 

   (4) 

The negative log-likelihood can be decomposed into 

      
Where, 

   (5) 
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Minimizing (4) is equivalent to minimizing each of the functions in (5), which is in turn equivalent to computing the best least 

squares, fit for each of the regressions (1). 

Huang et al. (2006) proposed adding a penalty to (4) and minimizing 

      (6) 

where the penalty P on the entries of  is 

         (7) 

and  is the Ld vector norm with d = 1 or 2. The L2 penalty (d = 2) does not result in a sparse estimate of the covariance, 

so we will not focus on it here. The L1 penalty (d = 1), that is, the Lasso penalty, results in zeros irregularly placed in T as shown in 

Figure 1(b), which also does not produce a sparse estimate of . Again, minimizing (6) is equivalent to separately minimizing 

      (8) 

With  

We propose replacing the  with a new nested Lasso penalty, 

   (9) 

where we define  The effect of this penalty is that if the  variable is not included in the  regression 

, then all the subsequent variables (l − 1 through 1) are also excluded, since giving them nonzero coefficients would 

result in an infinite penalty. Hence, the j th regression only uses  closest predecessors of the coordinate, and 

each regression has a different order kj . 

However, the nested Lasso penalty is of independent interest and may be used in other contexts, for example, for group 

variable selection. To address the scaling issue in general, we propose two easy modifications of the penalty (9): 

„   (10) 

     (11) 

3. Numerical results  

In this section we compare adaptive banding to other methods of regularizing the inverse. Our primary comparison is with the 

Lasso method of Huang et al. (2006) and with nonadaptive banding of Bickel and Levina (2007); these methods are closest to ours 

and also provide a sparse estimate of the Cholesky factor. As a benchmark, we also include the shrinkage estimator of Ledoit and 

Wolf (2003), which does not depend on the order of variables. 

Simulation data: Simulations were carried out for three different covariance models. The first one has a tri-diagonal Cholesky 

factor and, hence, a tridiagonal inverse: 

 
The second one has entries of the Cholesky factor exponentially decaying as one moves away from the diagonal. Its inverse is 

not sparse, but instead has many small entries: 
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Both these models were considered by Huang et al. (2006), and similar models were also considered by Bickel and Levina 

(2007). In both , all the rows have the same structure, which favors regular non-adaptive banding. 

To test the ability of our algorithm to adapt, we also considered the following structure: 

 

Here  denotes an integer selected at random from all integers from k1 to k2. For moderate values of p, this 

structure is stable, and this is what we generate for p = 30 in the simulations below. For larger p, some realizations can generate a 

poorly conditioned true covariance matrix, which is not a problem in principle, but makes computing performance measures 

awkward. To avoid this problem, we divided the variables for p = 100 and p = 200 into 3 and 6 independent blocks, respectively, 

and generated a random structure from the model described above for each of the blocks. We will refer to all these models as . 

The structure of  should benefit more from adaptive banding. 

For each of the covariance models, we generated n = 100 training observations, along with a separate set of 100 validation 

observations. We considered three different values of p: 30, 100 and 200, and two different distributions: normal and multivariate t 

with 3 degrees of freedom, to test the behavior of the estimator on heavy-tailed data. The estimators were computed on the training 

data, with tuning parameters for all methods selected by maximizing the likelihood on the validation data. Using these values of the 

tuning parameters, we then computed the estimated covariance matrix on the training data and compared it to the true covariance 

matrix. 

There are many criteria one can use to evaluate covariance matrix estimation, for example, any one of the matrix norms can 

be calculated for the difference (L1, L2, L∞, or Frobenius norm). There is no general agreement on which loss to use in which 

situation. 

     (12) 

Another popular loss is the entropy loss for the covariance matrix, which was used by Huang et al. (2006). The entropy loss is 

the same as the Kullback–Leibler loss except the roles of the covariance matrix and its inverse are switched. 

The results for the normal data and the three models are summarized in Table 1, which gives the average losses and the 

corresponding standard errors over 50 replications. The NA values for the sample appear when the matrix is singular. The J0 

penalty has been omitted because it is dominated by J1 and J2. 

In general, we see that banding and adaptive banding perform better on all three models than the sample, Ledoit–Wolf‟s 

estimator and Lasso. On , as expected, banding and adaptive banding are very similar (particularly once standard 

errors are taken into account); but on , adaptive banding does better, and the larger p, the bigger the difference. Also, for 

normal data the J2 penalty always dominates J1, though they are quite close. 

TABLE 1 Multivariate normal simulations for models  (banded Cholesky factor),  (nonsparseCholesky factor with 

elements decaying exponentially as one moves away from the diagonal) and  (sparse Cholesky factor with variable 

length rows). 

 
To test the behavior of the methods with heavy-tailed data, we also performed simulations for the same three covariance 

models under the multivariate t3 distribution (the heaviest-tail t distribution with finite variance). These results are given in Table 2. 

All methods perform worse than they do for normal data, but banding and adaptive banding still do better than other methods. 
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Because the standard errors are larger, it is harder to establish a uniform winner among J1, J2 and banding, but generally these 

results are consistent with results obtained for normal data. 

TABLE 2 Multivariate t3 simulations for models  

 
 

4. Conclusion 

The study presented a new covariance estimator for ordered variables with a banded structure, which, by selecting the 

bandwidth adaptively for each row of the Cholesky factor, achieves more flexibility than regular banding but still preserves sparsity 

in the inverse. Adaptive banding is achieved using a novel nested Lasso penalty, which takes into account the ordering structure 

among the variables. The estimator has been shown to do well both in simulations and a real data example. Zhao et al.  (2006) 

proposed a related penalty, the composite absolute penalty (CAP), for handling hierarchical structures in variables. However, Zhao 

et al. (2006) only considered a hierarchy with two levels, while,in our setting, there are essentially p − 1 hierarchical levels; hence, it 

is not clear how to directly apply CAP without dramatically increasing the number of tuning parameters.The theoretical properties of 

the estimator are a subject for future work. The nested Lasso penalty is not convex in the parameters; it is likely that the theory 

developed by Fan and Li (2001) for non-convex penalized maximum likelihood estimation can be extended to cover the nested 

Lasso (it is not directly applicable since our penalty cannot be decomposed into a sum of identical penalties on the individual 

coefficients). However, that theory was developed only for the case offixed p, n → ∞, and the more relevant analysis for estimation 

of large covariance matrices would be under the assumption p → ∞, n → ∞, with p growing at a rate equal to or possibly faster than 

that of n, as was done for the banded estimator by Bickel and Levina (2007). Another interesting question for future work is 

extending this idea to estimators invariable under variable permutations. 
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