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function, metric space, fixed point. where (X, d) is a complete metric space, x & X, y ¢ Y but not a contraction.

1. Introduction

Several authors such as Ishikawa [2], Kuhfitting [3] have obtained results concerning common fixed points of finite family of non-
expansive mappings by iteration using optional condition. Kuhfitting [3] proved a fixed point theorem with a iteration scheme which
converges weakly to a common fixed point of a finite family of non-expansive mappings as a closed convex subset of a uniformly
convex Banach space. Reich [4] obtained a result as : Let K be a closed convex subset of a uniformly convex Banach space E with
a Frechet differentiable norm T : K — K a non expansive mapping with a fixed points and {C,} a real sequence such that
0<C,<land ZCn (1-C,) = if ¢ K and X,,, =C,TX, +(1—C,)X, for N >1, then {x,} converges weakly to a

fixed point of T. We have also obtained a similar result under a weaker assumption that space is uniformly convex Banach space
with Frechet differentiable norm. thus we have generalised the theorem of Reich [4]. llic and Rakocavic [1] have discussed about
common fixed f maps on cone metric space. Also we have discussed an application of the iteration scheme to obtain an
approximate solution of the system of equation. We have also investigated mappings which are not necessarily contraction but give
fixed point. We have also given an example of continuous function f which satisfy the condition

@ [d( ) 0] <kd(y,%)
where (X, d) is a complete metric space, x ¢ X, y € Y but not a contraction.

2. Basic definition and theorems

Definition 1:
Let (X, d) be a metric space and f: x—>X a mapping. If f satisfies the condition

d[f (x), f(y)]<K d(x,y)

For all x, y € X and for some K < 1 then fis called a contraction.

Definition 2:

Let (X, d) be a complete metric space. T a self map of X. Let XO&‘X, Xn+l =1 (I', Xn) denote an iteration procedure
which yields a sequence of points {X»}. Suppose that {x,} converges to a fixed point p of T.

Let{y,}Jc X, ¢,,;=d [ym f(T, yn)l If lim &, = 0 implies that lim y, = p, then the iteration procedure is said to be T-

stable.

The contractive definition we shall use is the following. Suppose there exists a constant ¢, 0 < ¢ <1 such that, for each x, y
e X.

1T =T, 1<c max fx=y I I x=T 1+ 0y =T, 172 - Ix=T, I Ily=T,Ii}
Theorem 1:

Let K be a closed convex subset of a uniformly convex Banach space E with a Frechet differentiable norm {T; : i=1, 2,
...... k } a family of non-expansive self-mappings of K with a non-empty set of common fixed points and {C.} a real sequence such

that 0<C, <1 and ZC” (1-C))=w. 1 XeKand X,,=@0-C)x,+C T, U X, for n>1, then {xo}
n=1
converges weakly to a common fixed point of {T; : =1, 2, ...... k}.
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Proof:
Ujand TjUi1,j=1,2, ...... k are non-expansive and map k into itself and the families
{U, Uz, o , Uk}
and {Tl,Tz, ........... ,Tk}

have the same set of common fixed points. Since Tk Uk.1is a non-expansive self-mapping of k and the sequence {xn} defined by
Xp =(@—C,)X, +C, T, U, X, is of the same form as X,,; = (1—C,)X, —C,T,X, where k = 1, so it converges weakly to a

fixed point V of T, U, , by the theorem of Reich [4] we shall next show that V is a common fixed point of Ty and U, (K > 2).
To this end we first show that T, ; U, , V(k>2). Suppose not, let z=U, ,V =(1-a)v+aT,, U, ,V. Thenz=v.

By hypothesis, there exists a point w such that
T,w=T,w=..... T, W=W. Since {T} and {U} have the same common fixed points, it follows that

T,U ,w=w.
By non-expansiveness
MU v-w <|v-w|, .. @)
and [T, z-w| <[ z-w|
AgainT, z=T, U, v=V.
Since uniformly convex Banach space is strictly convey, it follows that
[v-w]<]z-w]
=|@-a)V+aT T ,v-w|
=|@-a) v-W) +a (T, U, v-w|
< max {[v-w|,| T U, v-w|}
which contradicts (1). T,, U, ,V =V. as U, =1-a)l +al,,U, ,, we have U, , v=(~1-a)v+av=V

and V=TU, , Vv=T,V. Thus v is a common fixed point of T, and U, ; . Since T, ;U, , V=V, we repeat the above

argument to show that T, , U, 5 V=V and consequently v must be a common foxed point of T, ; and U, , . Continuing in

this manner, we can prove that T1 U0 V =V and that v is a common fixed point of T2 and Ul . Hence v is a common fixed point

of {Ti :i=1,2,.....k).
REMARK 1 : As an application of the above theorem we have the following:
Suppose we have a system of equations of the form

x—Fx=f,1=12....k, )

where Fi is a non expansive self mapping of E and each fi is a given element of E. Consider the family mappings

defined by T;X=f, + F X, 1=12,....k.

Each Ti is a non-expansive self mapping of E. Again x is a solution of (2) if x is a common fixed point of {Ti } . Since our

theorem 1 remains valid for K=E, the iteration scheme can be applied to obtain an approximate solution of the above system of
equations.
THEOREM 2:

Let (X,d) be a complete metric space, and f: X = X acontinuous mapping satisfying the condition : there exists a k <

1 such that for each X & X, there is a positive integer n(x) such that for all ye X
@ d(f(y), F00) < kd (v, %)
Then f has a unique fixed point u and fr (Xo) — U foreach X, & X.
LEMMA: If f: X —> X bpe any mapping satisfying the condition of the above theorem then for each Xe X,

r(x)=sup, d(f "(X), x) is finite.
PROOF OF THE THEOREM :
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Let X, &€ X be arbitrary. Let My =N (XO), X = f (Xo) and inductively M, =N (Xi), X = fml(Xi) we show
that the sequence {Xn } is a convergent sequence. By routine calculation we have
006 %) =d(F™ ™ 000 ™ (x,))
<kd (™ (%,1), %)
<o < K (F™ (%), %)

Therefore, it follows by lemma that d(Xn+l ) Xn)S k"r (ko)- Thus, form >n

d(x, . x,) < zd (%1 %)

n

<
1-k

The sequence {Xn} is therefore Cauchy. Let X, = U& X If f(u)#U, then there exists a pair of disjoint closed

r(x,) >0 as n-—oo.

neighbourhoods U and V suchthat U £ U, f(u) &V and
p=Inf {d(x,y) :xeU, ysV} > 0. 3)

Since fis continuous, X, €U and f(X,) &V forall n sufficiently large. However,

A (%), %,)=d(F™ F(x,0), £™0,)
<kd (f (X)) » Xog) < oo
<k"d (f (%), Xo) — 0 as n—> o, contradiction (3). Thus f(u)=u
The uniqueness of the fixed point follows immediately from (A).
To show that fn(XO) —> U, set
po=max {d (f™ (x,),u) : m=012,..., (n(u)-1)}

If n is a sufficiently large integer, then
n=r.n(u)+q,0<g<n(), r >0 and

d (£(), u)=d(F " () (W)
<kd (f (r-1).n(u)+q(x,), u)
< < KA (F9 (%), U) < K'q
Since N — o© implies I' — o0, we have

d (f (%) U)—) 0 as N — oo, This establishes the theorem.

Here we give an example of a continuous function f which satisfies (A) but is not a contraction.

EXAMPLE :
Let X be the closed unit interval [0, 1] with the usual metric. Write

and let f : X — X be defined as follows.
Foreachn=1,2,...... , let

f-[i i} N {L i}
) 2n’ 2n—1 2n+11’ 2n

be defined by
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e 3n+5 1
2n+l(n+2) ! 2n—l
1 . 1 3n+5
=— f Xe| oot
2 2" 2" (n+2)

and let f(0) =0.
It is obvious that f is a non-decreasing, continuous function on (0,1) with 0 as the only fixed point, and that f is not

1
a contraction. If X& , and Y ¢ X, then by a routine examination of cases ye ) form>n and
2I’1 2n n1 2m 2m m-1
m < n, it is easy to verify that f satisfies
n+3 ,
|f(X)— f(y)| |X y| for all y &€ X. Therefore, if we choose k = % in (A), then for each

1
X& {5, F ) I"I(X) may be taken as n+3, whereas n(0) may be taken as any integer greater than one.
To show that the condition in [A] is stronger than (A), let 0 < k <1, and N (a natural number) be given ; it will be

Nk
shown that there exists x and y such that ‘f N(x)— N (y)‘ > K |X— y|. Choose and fix N > (— — 2. Since

fl is uniformly continuous on [0,1] for i= 1,2,...,N, there is some & > 0 such that
i i n+N+3
|x—ﬂ<<5:ﬂf%ﬂ—f%yﬂ<( N Zﬂm”“m”=1& ...... N. Setting X =
n+N+

2n 't
{ 3(n+i)+5 1 }

1 1
| suchthat 0 < | x—y | <8, it can be shown that f'(X) and f'(Y) are both members of

2n+i+l(n +i + 2) ' 2n+i—1
fori=1,2,.....,N. Thus

n+2
FO0-f = [x=)
n+2
11200 = F2(Y)] = [x= Yo [T ) = £ ()
n+2
=————|x-y| > k|x-y|
n+2+N
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