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1. Introduction

Let K be a non-empty Banach space E, which is also a non-expansive retract of E. Let T : K — E be a non-expansive
mapping. The following iteration scheme is studied.

X1 = PA—0,)X, + 4, TP[A= 5)X, + BT ] D)
with X, € K, n>1,{e, },{B,} are sequences in [0, 1] and P is a non-expansive retraction of E and K.

Theorem - 1:

(Tan and Xum), Suppose E be a uniformly convex Banach space which satisfies Opial's condition or has a Frechet
differentiable norm and K, a non-empty closed convex bounded subset of E. Let T : K — K be a non-expansive mapping. Let {an}
and {Bn} be real sequences in [0, 1] such that

Z::lan(l—an) =00, Z?zlﬂn(l—an)zoo<oo,
Iim Supn—>oo ﬂn <l

Then the sequence {X,} generated from arbitrary X, € K by

Xn+1:(1_an)xn+an T[(l_ﬂn)xn-'_ﬂn Txn]’ nZl’ (2)
converges weakly to some fixed point of T.
Definition - 1

Let E be a real Banach space; A subset K of E is said to be a retract of E if there exists a continuous map P:E —K such
that

Px=x foral XxeK.
Definition — 2:

P : E — E is said to be retraction if

P> =P.
It follows that if a map P is a retraction then,

Py=y for all y in the range of P.

Definition — 3 : A set K is said to be optimal if each point outside K can be moved closer to all points of K.

Definition — 4 : If E is a separable, strictly convex, smooth, reflexive Banach space, and if K=E is an optimal set with interior, then
K is a non-expansive retract of E.

Definition — 5 : A subset of I, with | < P < o0, is a non-expansive retract iff it is optimal.

Note: Every non-expansive retract is optimal. In strictly convex Banach spaces, optimal sets are closed and convex. However,
every closed convex subset of a Hilbert space is optimal and also a non-expansive retract.

Definition — 6 : A function T is said to be demiclosed at p if whenever {X,} is a sequence in D(T) such that {Xn} converges weakly to
x*e D(T) and {Txn} converges strongly to p, then Tx*=p, where D(T) and R(T) is the domain and range of T.

Definition — 7 : A Banach space E is said to have the Kadec — Klee property if for every sequence {Xn} in E, X, — x weakly and

I X, || = || X|| strongly together implying
| x, — x| —0.

A function T : K — E be a non-expansive mapping and K be a non-empty closed convex subset of a real uniformly convex Banach
space E, which is also a non-expansive retract of E.
The following iteration scheme is studied
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Xo = P(A—a, ), + o, T P[1- B )%, + B, Tx,)) 3)

with Xne K, n >1 where {an} and {Bn} are sequences in [0, 1] and P is a non-expansive retraction of E onto K.
Lemma—-1:

(Xu[3]) Suppose R > 1 and p > 1 be two fixed number and E a Banach space. Then |E is uniformly convex iff 3 a
continuous, strictly increasing, and convex function g : [0, o) — [0, o) with g(0)=0 s.t.

lax+@-2)y|" <l x|I°
+ (1—A)||y||P ~W,(A)g(x—y[) foralix,y e Br(0)
=xeE:|{<R} and 2e[0]]
where W, (1) = A(L— 2)P + P(L— A).

Theorem — 2 :

Suppose non-expansive mapping T : K — K with x*e F(T) where F(T) = {x € K: Tx = x}. Suppose E be a real uniformly
convex Banach space and K a non-empty closed convex subset of E which is also a non-expansive retract of E. Suppose {an} and
{Bn} be sequences in [, 1 —<] for some T, € (0,1). And define the sequence {X} by the iteration

Xn+1 = P((l_an)xn : o, T P[(l_ﬁn )Xn +ﬂn Txn])
where X, € K, n> 1 where {an} and {Bn} are sequences in [0,1] and P is a non-expansive retraction of E onto K.

Then we have to prove that
Proof: We observe that

lim

e X, — x| exists

%, —xH =[|P(@— et )X, + &, TP[L— B, )%, + B.T%,])— Px*
<|@- e, )%, + @, TP[L- B, )%, + B,Tx,]— x|
<@-a, )%, —xH &, [TPL- B, )%, + B, Tx, |- Tx*
(L—a, )%, —x*| + e, [PlA- B, )X, + B, T%, ]— %
L-a, )%, —x*| +e, [(1—,6’n)||xn —x* + B,[[Tx, —Tx"1|]
W-a,) = x*+a, [0 ), = x4 + 8%, = x|
=[x, =%

and we have

IA
IA

IA

Yo = X< =
= {X,} is bounded.

Lemma - 2:
(Tan and Xum): Suppose {’n} and {on} be sequences of non-negative real numbers s. t.
A <A +0,.V, 21 and Op < ©

Then |ImrHo0 ﬂ,n exists. Moreover, if there exists a subsequence

{Ani} of {An} such that

Anj— 0as joo, then

m— 0 as n—ooo,
guarantees that

lim,_,., [, —x*| exists.

This is the required proof.
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