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1. Introduction 

A mapping T : C  C is said to be non-expansive if 

 yxTyTx 
 

  

for all X, Y in C, where C be a non-empty closed bounded convex subset of a Banach space. X. Ishikawa [ 3 ]  introduced a new 

iteration procedure for approximating fixed points of pseudo-contractive compact mappings in Hilbert spaces as  

   ,.....2,1,0n,x)t1(x)s1(TxsTtX nnnnnnn1n    ….  (A) 

where }t{ n
 

and }s{ n
 

are sequence in [0,1] satisfying certain restrictions. 

Banach space X is said to have a Frechet differentiable norm if for each x  S(X), the unit sphere of X, the limit 

 

t

xtyx

t

lim 


 exists and is attained uniformly in y  S(X). In this case we have  

 )h(g)x(J,hx
2

1
hx

2

1
)x(J,hx

2

1 222
  (1.1) 

For all bounded x, h  X, where 
2

x
2

1
)x(J   is the Frechet derivative of the functional  

2
.

2

1
 at x  X, < . , . > is the 

pairing between X and X* , and g(*) is a function defined on [0,  ) such that .0
t

)t(g

0t

lim



 Suppose T : C C is a non 

expansive mapping where C be a bounded closed convex subset of a uniformly convex Banach space X. Then we write for each 

integer n  0, 

   ,Cx,x)t1(x)s1(TxsTt)x(T nnnnn     (1.2) 

Then Tn : C C is also non expansive and the Ishikawa iteration { xn } defined by (A) can be written as 

 ,.....2,1,0n,xTX nn1n        (1.3) 

We obtain  ,0nfor)T(F)T(F n   where F(T) denotes the set of fixed point of T. 

2. THEOREMS AND LEMMA  

Lemma 1 : Let }x{ n
 

and }y{ n
 

are two sequences of non negative members such that nn1n yxx   for all n  1. If 

nny converges then 

n

lim
 can exists.  

Lemma 2 : Let  

 (i)  ;1slim nn 
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 (ii)  and)t1(s
0n

nn 


   

 (iii)  .)t1(t
0n

nn 


  

Then prove that 

 

.0xTxlim nnn 
  

Lemma 3 : Let X be Banach space and in addition such that X has a Frechet differentiable norm. Then for every 

,1t0and)T(Finf,f 21 
 

21n f)f1(tx
n

lim
  exists.  

Lemma 4 : 

 

 

fxlim nn 
  

exists for every f belong in F (T). 

THEOREM  1 :  Let T : C  C a non-expansive mapping where C be a bounded closed convex subset of X uniformly convex 

Banach space X which satisfies Opial’s conditions or whose norm is Frechet differentiable. Then for any initial guess xo in C. The 

Ishikawa iteration process { xn } defined by (A) with the restrictions that 





0n

nn )t1(t  diverges,  





0n

nn )t1(s

converges, and nn slim is less than one, converges weakly to a fixed point of T. 

 PROOF:  By applying the article of F.E. Browder [ 2 ] , we obtain that if X is uniformly conved, then T has a fixed 

point and I  T is semiclosed at the origin that is for any sequence { yn } in C, the conditions yn  y weakly and   yn  Tyn  0 

strongly imply y  Ty =0. It thus follows from Lemma 2 that ).T(F)x(W nw    Here )x(W nw
 

denotes the weak w  lim 

set of the sequence  { xn } that is the set { u  X : u = weak  }x
k

lim
nk


for some .nk 

 

 To show that { xn } converges 

weakly to a fixed point of T, it suffices to show that )x(W nw  consists of exactly one point. To this end, we first suppose that X 

satisfies Opial’s condition and suppose p  q are in nkx
k

lim


. Then p = weak  nkx

k

lim

  

and q = weak  

mjx
j

lim


 for some kn  and jm  . By Lemma 4 and Opial’s condition of X, we then have 

 qx
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,px
n

lim
n   

 

arriving at a contradiction. This proves the theorem in the case in which X satisfies Opial’s condition. We now assume that X has a 

Frechet differentiable norm. Substituting 21 ff   and  1n fxt   for x and h, respectively, in (1), where f1, f2    F (T) and 0 < t 

< 1, we have 

  )ff(J,fxtff
2

1
211n

2
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2

21n ff)t1(tx
2

1
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 1n211n

2

21 fxtg)ff(J,fxtff
2

1
   

Applying lemma 2, we have 

  )ff(J,fx
n

lim
.tff

2

1
211n

2

21  

  
2

21n ff)t1(tx
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1

n

lim


 

  

).t(0)f,f(J,fx
n

lim
.tff

2

1
211n

2

21   

Therefore 

 .t/)t(0)ff(J,fx
n

lim
)ff(J,fx

n

lim
211n211n   

 Let t  0
+
, we note that 

  )ff(J,fx
n

lim
211n  exists. 

 This implies that 

 ,0)ff(J,qp 21    (1.1) 

for all p, q in 21nw f,fin,qp)x(W    in F(T). Since )T(F)x(W nw   for any p, q in ),x(W nw by replacing 

21 f,f  in (1.1) by p, q, respectively, we have 

 0)qp(J,qpqp
2

   

This means  )x(W nw must be singleton. 

Again we define a mapping T : E  E such that 

   ,TyyTxx
2

1
,yxmaxTyTx   

  

  TxyTyx
2

1


 

…(A1) 

 



  X, y belong in E, where E be a non-empty bounded closed convex subset of a Banach space X. The Ishikawa 

type iterative process is defined by 

 

  nnnnnnn1n Txx)1(Tx)1(X      …(I1) 

and xo  E, where }{ n
 

and }{ n
 

are sequences of non-negagive numbers such that 

  ,10,10 nnn        …(I1.i) 

 

1sup
n

lim
n 

         

…(I1.ii)

  

 

Rhoades [  4 ] and (A1) but he considered the Menn iterative process, which is defined by 

 nnnn1n Txx)1(X   

 xo    E,

  

…(M1) 

where }{ n
 

and }{ n
 

satisfies; (i) ,1o   (ii) 10 n   and (iii) .n   Bandyopadhyay and Ganguly [ 1 ] 

used the following contractive definition: 

 TyyqTxxqyxqTyTx 321   
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TxyqTYxq 54 
 

  




5

1i

ii ,1q,0q,Einy,x
 

…(B1) 

THEOREM  2 :  Suppose T : E  E satisfying (A1). And Let {xn} be a sequence in E defined by (I1). If {xn} converges then it 

converges to a fixed point of T, where E be a non-empty bounded closed convex subset of a Banach space X. 

PROOF:  Let lim xn = p. Now  

  nnnnnnn1n Txx)1(Tx)1(X   

that is   nnnnnnn1n xTxx)1(TxX   

since pXn 
 

and therefore 

 

   0xTxx)1(T
n

lim
nnnnn 


  

and     0TxTxx)1(T nnnnn 
 

 

 ,xTxx)1(max nnnnn   

    nnnnnnnn Txx)1(TTxx)1(
2

1

 

                                            

nn Txx    

 

  nnnnnnnnnn Txx)1(TxTxTxx)1(
2

1


 

  

   nnnnnn Txx
2

1
,Txxmax  

   nnnnn Txx)1(Tx 
 

 

  nnnnnn TxxTxx
2

1
,Txx   

    nnnnn Txx)1(Tx  . 

Now, 

  nnnnnnn Txx)1(TxTxx   

   nnnnn TxTxx)1(T   

    nnnnnnnn TxxmaxTxx)1(Tx   

  nnnnnnnn Txx)1(TxTxx)1(
2

1
  

which yields 

 

0Txx
n

lim
nn 

  

 

and so .nas0Txx nn   

Now, 

   ,TpTxx
2

1
,pxmaxTTx pnnnpn   
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  .TxpTx
2

1
npn    

But 

 pTxTxxxpTpp nnnn   

  TpTxTxxTpx nnnn   

and 

 .TxxxpTxp nnnn   

Hence, 

   nnnn Txx2,pxmaxTpTx  

  ,pxTxx2,Tpx nnnn   

and  

 

0TpTx
n

lim
n 


  

Also 

 .TpTxTxxxpTpp nnnn   

Therefore 

 .pTpthen,nas0Tpp   
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