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1. Introduction

In this paper we have some new results on fixed points by Cebysev — Centre method applied to bounded sequence in
normed linear space. We have got fixed point theorems under boundary conditions of inwardness type for non-expansive
mappings and generalized contractions Kirk [2,3,4] having domains which are not necessarily convex. We have also done a fixed
point theorem for a generalized contraction map developed by Altman [1]. This theorem improves a result due to Horris and

Sehgal [5].

2. Definitions And Results
Definition 1:

Let (E,| |) bean.ls. for bounded sequence (U,),,x & E" . We define the map R(( un)ngN): E—>R" by

R((Uwon) (0 s=Tim (U, = X[
If X is a nonvoid subset of E we call

C(X’(un)neN) L= {Xl Xe X R ((un)ngN)(X)

inf
= R((un)neN)(Y)
yeX
The Cebysev-center of ( un)n ¢ N With respect to X.
Definition 2 :
Let (E,|] |) beanls,¢ #X cEandf: E-E.

\
(i) fis said to be nonexpansive : <~ H f (X) —f (y)”
X,ye X

< Jx=y

(i) fis said to be a generalized contraction : <=

= A4

| [£09- f () ax) [x-v]
a:Xx—>[01) xyeX

Definition 3 :

et (E, ) beanls, and X c E. X is said to be shrinkable : <> [0,1) X Cint (X). A convex
neighborhood of the origin is a shrinkable set (but converse is not true). A non-void shrinkable set is a star shaped neighborhood
of the origin (but the converse is not true).
Definition 4:

Let X be a complete metric space and f : x —x a generalized contraction, i.e.,

d(fx, fy) <Q(d(x,y)) foral xye x,
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where Q satisfies the following :

@ 0<Q(t) <t, foral t & (0],

t
® g(t) = ———— is non-increasing,

(t-Q(t))

by
© Ig(t) dt <oo
0

and
(d) Q is non-decreasing.

Then f has unique fixed point.
LEMMA 1:

Let (E,| [)) beanls,¢ #X cE f:x>Eand (Uy),.NE EN be a bounded sequence.

Then

0 Either C(X,(un)nsN) CC(E,(Un)ngN) or

ClX, (Up)nen ) €@ X

(i) X being boundedly weakly compact (i.e., the intersection of X with every closed ball about the origin is weakly
compact) implies C(X, (Un )n eN )75 (I)
(iii) If une X forn e N and thereiske Z°

Such that
lim (d(U g 0off (u,)| veN v =n})) =0

Then for every z ¢ X and A ¢ [0,1] such that

" -t < Hy-7
yex TV < Ay

We have

R(Unnex) (F@) < R(Unnen )@
(iv) (E,] |) being uniformly convex in every direction (u.c.e.d)
\v4 \v4 3 \v \v4
e X, [y <M Az =1

" zeE M,2>0 8¢(0]1) x,yeE teR
1
AX—Yy=1tZA HtH >y = 5 Hx + yH <(1-9) max{HxH, Hy\[}

and X being convex implies card C(X, (U n )n eN ) <1l

LEMMA 2 :

Let (E,| [)) be anls., X < E be weakly compact u e X, (U,),.nE XN andf:x > Ebea generalized
contraction such that

lim (un)n eN = U (weakly) *)

lim (U n f (Un ))n eN = O (strongly) (**)
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Let furthermore one of the following conditions be satisfied:

f[oX] < X, o

f is weakly sequentially continuous, 2

(E,JI D) is uniformly convex and

X is convex, )
’ [im(x,)o. = x(weakly)
im(x = x(weakly
N N
(Xn)naNgE SX,ySE none
=i (x, =), < m (x, )., g
(f (4)holds, (E,|| ||) is said to be satisfy a weak OPIAL — condition). Then T (U n )n <N = U strongly.
Theorem 1:
Let (E,|| |) bean.ls. whichisu.c.e.d. Let X c E be weakly compact and f: X — E be non-expansive such that
v =
AX+(@-2)f(x) e X,
xeoX A €(0]) (1.1)
dom(f") = ¢ ,
neN () =6 12)
Then Fix (f) # ¢.
PROOF: We remark first that ( E,||  ||) being u.c.e.d. implies.
A v A 3 A
* 1 Iyl <[zl =1

zeE Ae(0,) M,e>0 d6¢(01) x,yeE teR
<MAX-y=tz |t] 2 =
=[x+ @-2)y| < @-8)max {|x, |yp]

as is easily seen by the inequality

1
x +@-2)y| < 2 XE I+ y]| HL—2x) max {|x], [y}

1 M
where x, y € E and A€ (O, E] (without loss of generality). Choose X € N dom (f n ) and then fixy € C (x, " (X)n
ne

<N ). Assume now f(y) #y.
By (1.1) there is A € (0,1) such that

Ay + (-1 fiy) e X. If we set ¢: = HX —f (y) H
z:= ¢ (y-f(y)) and M:= diam (f[ X] U X), there is by the remark above a & ¢ (0,1) such that for ne N

V- f”“(x)H = [y = £ + (L= W) (F () — £ ()
<@-d)max {y ~ £ , [y~ "]

Vv

This implies

R D) ) < @) " R(E0), 0 )0)

a contradiction to f(y) #y.
Theorem 2 :

Let (E,|| |) be an.s. which is u.c.e.d. Let X be a non-void weakly compact subset of E and f : X — E be non-

expansive such that f [ 6X] < int (x). Then Fix (f) # ¢.
PROOF: Let u, € X. A simple observation yields the existence of a sequence
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(un)nsN8 XN such that

\Y

{ (f(u,y) eX =u, =Ff(u4)) A(f(uy) ¢ X=u, ¢
neN

oX v cofu,y, F(u,y 1) }
It is easy to see that we have for

neZ':u,, € co {f(u,,f(u,,)})

which yields — by lemma 1 (iii) — for every

z eX :R((un)ng N) f(z) <R ((un)ns N) (2). This implies — observing f[ & X] < int (X) — That (X,
¢ (Uy)en ) @. This implies — observing

f[oX] < int(X)—that C (X, C (U, ), ) is nota subset of X. Therefore by lemma 1 (i)

C (X, (U)nen) = CIE (Uy)nen) Choosenow

X e C (X, (un)ngN) We have shown that

{x,f()} < C(E, (Up)n.n) andhence f(d =

(by lemma 1 (iv)).

Theorem 3 :
Let (E,||] |) beanls, X c E be boundedly weakly compactand f: X — E be a generalized contraction such
that
\v
AX+(@-2)f(x) e X, a1
xeoX A €[0]] (3.1)
dom(f") = ¢ ,
M
n
Then there is a unique x ¢ X with f(x) = x and for ye neN dom (f ) we have
lim (f n (y))n e N = X (strongly).
M n
PROOF: Let ye N dom (f ) . Because for n & N the inequality
ne

f" (y) - yH < (1— Ot(y))_1 Hf (y) - yH is satisfied, the sequence (f " (y)n eN ) is bounded and therefore — by

lemma 1(ii) - C (X, f" Whien )7& )
Choose x& C (X, f" (y)n eN ) and then ¢ [0,1)

suchthat AX + (1-A) F(X) € X. weimmediately find — using lemma 1 (i)
R((E" (0D sn) %) <R(E" (X)), on) (x + A= 0)F (X))
<AR((F () n ) ()
F Q=) R(E W)en) (FO)
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<[+ @=2) a00] R(E"M)non) )
ence R((F"(Y))n o ) () =0 ic.

lim ((f A (y))n eN )= X (strongly) and f(x) = x. The uniqueness of the fixed point is trivial.

Theorem 4 :

Let (E,|| |) bean.ls. whichisu.ce.d., ¢#XcE be boundedly weakly compactand f: X — E be a generalizer

M
contraction such that foX] = X. Then there is exactly one fixed point of f and for Y € N dom (f n) the successive
n

approximants ((f (%) e ) converge strongly to this fixed point.

PROOF: Let u, ¢ X and choose a sequence (U,),, €X' as in the proof of theorem 2. Using
U,., €CO{f(u,)) (U, )}, weimmediately find the estimation

Jlu, —us| <@—a(ug)) ™| F(ug) U  Hence (Up)yen is  bounded, which yields
C(X, (un)nSN);td) . Let z eC (X, (un)nSN) be fixed. By lemma 1 (i) we get

R( U dnen )f(Z) <a(z) R((un)nsN )(Z) This yields — observing lemma 1 (i) and
[X]c X=R((Uy)n.n )(@) =0. Hence

R ( (Un )n eN ) (f (Z)) = 0, too, and therefore f(z) = z. The remaining part of the assertion is evident.

Theorem 5:

Let (E,| |) be a Banach space which is center — point complete (i.e., for every bounded sequence

N
(U n )n eN© E” we have C (E, (U n )n e N )-‘,é (1) andf: E — Ebe a generalizer contraction. Then there is a unique x ¢

E such that f(x) =x and for every y & E we have

im ((F" ())non ) =X (stronai

PROOF: Lety ¢ E. Since (F"(Y)),.n is bounded by theorem 3 we have C (E, " (), SN);t ¢ . Fix
xeC (E, "), .~ ) Using lemma 1 (jii) we get

R(E"WDnan )OO <R(E W)yon ) (FX)

<a(OR((F"()nsn )(X).
ence R((F"(¥))y, )(X) =0
e im ((F"(y))n o x )=X (stionghy)

and f(x) =x.
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