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The present paper provides solution of Einstein’s field equations in charged elastic media in 
two different cases. In case- 1, the field equations have been solved by choosing a specific 
relation between metric potential 𝛾 and space charge density 𝜌𝑒  where as in case-II, the 
same has been done by choosing a particular choice of field tensor𝐹𝑖𝑗 . In both the cases we 

have assumed the density to be a variable quantity. Here we have also discussed the 
boundary conditions. 
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1. Introduction  

Researches relating to charged elastic media in general relativity has not been studied much.For example, the general elastic 

analogue of Schwarzschild’s interior solution is unknown, in contrast to the Talman-Oppenheimer-Volkoffintegrodifferential 

equation (Harrison et al. [2]). Roy and singh [6] found a general solution of an elastic sphere of constant density. They solved the 

equations under condition that the pressure is zero at the boundary of the sphere and the density is constant inside the boundary. 

As a matter of fact their investigation was an attempt to apply Rayner’s theory [5] of elasticity in general relativity for the 

construction of realistic models. Further the same authors [7]studied the field equations for a charged elastic fluid sphere of 

constant density and made an additional assumption about the elastic charge density which considerably simplifies the problem. 

Again, Nduka [4] tried to show that if the spherical body is elastic, equilibrium configuration implies that an extra condition must be 

imposed on the system. Krori and Pal [3] have solved the field equations of Roy and Singh [7] by working an assumption of a 

similar character on the electric field and have found that charge density and electric field both vanish at the center. In both the 

above works [3,7] the density has been taken as constant. Latter on Singh and Yadav [8] and Brito et.al [1] have extended their 

work by taking the density to be a variable quantity.  

 

In this communication we have studied the charged elastic fluid sphere in two different cases. In case- 1
st
, we have solved the 

field equations by taking a suitable relation between metric potential 𝛾 and space charge density 𝜌 where as in case 2
nd

  the same 

has been done by taking a particular choice of field tensor 𝐹𝑖𝑗  in both the cases we have assumed the density to be variable 

quantity. Here we have also discussed the boundary conditions.  

 

2. The Field Equations and their Solutions: 

We consider the case of a static, spherically symmetric distribution of charged fluid which forms a linear isotropic medium. The 

space-time representing the fluid is spherically symmetric. It’s line element can therefore be put in the form. 

d𝑠2 = 𝑒𝛾𝑑𝑟2 + 𝑟2 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑∅
 2 − 𝑒𝛿𝑑𝑡2                                            (1) 

Where 𝛾 and 𝛿 are functions of r only. For the field equations and symbols we follow related to krori and Pal [3] and Roy and 

Singh [7]. 

For the metric (1), the relevant field equations are [7] 

                     𝑒−𝛾  
𝛿 

𝑟
+

1

𝑟2 −
1

𝑟2 = 4𝜋  𝜗 + 2𝜇  𝑒−𝛾 − 1 + 4𝜋 𝜖  𝑒− 𝛾+𝛿 𝐹14
2   (2) 

 

              𝑒−𝛾  
1

2
𝛿 −

1

4
𝛾𝛿 +

1

4
𝛿 2 +

1

2𝑟
 𝛿 − 𝛾   = 4𝜋𝜗 1 − 𝑒𝛾 − 4𝜋𝜖 𝑒− 𝛾+𝛿 𝐹14

2  (3) 

 

                    𝑒−𝛾  
𝛾 

𝑟
−

1

𝑟2 +
𝑒𝛾

𝑟2 = 8𝜋𝜌 + 4𝜋𝜖  𝑒− 𝛾+𝛿 𝐹14
2   (4) 

 

              Also      𝐽1 = 𝐽2 = 𝐽3 = 0    (5) 

From Maxwell’s equations we have  
𝑑

𝑑𝑟
 𝜖  𝐹14𝑟

2𝑒− 𝛾+𝛿 /2 = 𝜌𝑒𝑟
2𝑒𝛾/2  (6) 

 

Case 1 : Here we assume that 

𝜌𝑒 = 3𝐴𝑒−𝛾/2                                                                                                           (7) 

Where A is a constant 

Then from (4) and (5) we get  
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𝜖 𝐹14𝑒
− 𝛾+𝛿 /2 = Ar + 

𝐵

𝑟2
                                (8) 

B being constant. Since we require that 𝐹14be regular every where we set B equal to zero. 

Hence 

𝜖  𝐹14𝑒
− 𝛾+𝛿 /2 = Ar                                                                                                     (9) 

The left has side is the physical component of the tensor 𝑀𝑖𝑗  and as in classical electromagnetic theory it varies as r. 

We further assume that 

𝜌 = 𝜌0 + 𝜌1𝑟
𝑛                                                                                                         (10) 

where𝜌0 , 𝜌1  and n are positive constants. 

Putting this values of 𝜌, 𝑓14  from (9) and (10) in 𝑒𝑞′
𝑛
 (4) we have 

e−γ = 1 − 8π 
𝜌0𝑟

2

3
+
𝜌1𝑟

𝑛+2

𝑛 + 3
 −

4

5
𝜋

 𝐴2

𝜖 
𝑟4 +

𝐵 

𝑟
 . 

However to avoid singularity we set 𝐵 = 0 so that we have 

 

e−γ = 1 − 8π  
𝜌0𝑟

2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 −

4𝜋𝐴2

∈ 
𝑟4.(11) 

Form equations (1) and (2) we have 

𝛿 =   𝑒𝛾  8𝜋  
𝜌0𝑟

3
+

𝜌1𝑟
𝑛+1

𝑛+3
 +

24𝜋𝐴2𝑟3

5𝜖 
+ 4𝜋𝑟 𝜗 + 2𝜇  1 − 𝑒𝛾    𝑑𝑟 + 𝑐(12) 

 

where𝜇 𝑎𝑛𝑑 𝜗 are elastic constants and c is constant of integration. 

Hence the spherically symmetric line element in charged elastic media is given by 

 𝑑𝑠2 = exp    8𝜋  
𝜌0𝑟

3
+

𝜌1𝑟
𝑛+1

𝑛+3
 +

24𝜋𝐴2𝑟3

5𝜖 
+ 4𝜋𝑟 𝜗 + 2𝜇  8𝜋  

𝜌0𝑟
2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 +

4𝜋𝐴2𝑟4

5𝜖 
   1 − 8𝜋  

𝜌0𝑟
2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 −

4𝜋𝐴2𝑟4

5𝜖 
 𝑑𝑟 +

𝑐 𝑑𝑡2 −  1 − 8𝜋  
𝜌0𝑟

2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 −

4𝜋𝐴2𝑟4

5𝜖 
 
−1

𝑑𝑟2 − 𝑟2 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃. 𝑑∅2 .  (13) 

Outside the fluid sphere the line element is that due to a spherically symmetric charged body of total charge 4𝜋𝑒,namely 

𝑑𝑠2 =  1 −
2𝑚

𝑟
+

4𝜋𝑒2

𝑟2  𝑑𝑡2 −  1 −
2𝑚

𝑟
+

4𝜋𝑒2

𝑟2  

−1

𝑑𝑡2 − 𝑟2 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑∅2 .       (14) 

The total charge 4𝜋𝑒 𝑤𝑖𝑡𝑕𝑖𝑛 the fluid sphere of radius 𝑟1is given by  

4𝜋𝜌 =    3𝐴𝑟22𝜋

0
𝑠𝑖𝑛𝜃𝑑𝑟 𝑑𝜃 𝑑∅.  

𝜋

0

𝑟1

0
                                                              (15) 

so that A=
𝑒

𝑟1
3. (16) 

The internal fluid (13) must fit at the boundary with the external field for which we require that 𝑔𝑖𝑗  and 𝜏1
1 be continuous at r = 

𝑟1. 

We thus have three conditions 

m= 4𝜋  
𝜌0𝑟3

3
+

𝜌1𝑟
𝑛+3

𝑟2   + 
2𝜋𝐴2𝑟1

3

5∈ 
(17) 

𝜗 𝑟1 + 2𝜇 𝑟1 = 0   (18) 

 1 − 8𝜋  
𝜌0𝑟2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 +

4𝜋𝐴2𝑟1
4

5𝜖 
  =  𝑒𝛿 

𝑟=𝑟1
      (19) 

Now since 𝑒−𝛾  is to be positive for all values of r, we require that 

 𝑟1
2 −

3

16𝜋𝜗0
 

2
+ 

3𝜌
1𝑟1

𝑛+1

𝜌0(𝑛+3)
<  

3

16𝜋𝜌0
 

2
−

3𝑒2

10𝜌0𝜖 
         (20) 

From (20) it follows that      

                      e <  
15𝜖 

128𝜋2𝜌
 

1/2
(21) 

Case- 2 :  Here in this case we assume that 

𝜖   𝐹14𝑒
−(𝛾+𝛿)/2= 𝐴𝑟2 +

𝐵

𝑟2                                                  (22) 

Where 𝐴and 𝐵 are constants. 

Then from (6) and (22) we get 

                     𝜌𝑒 = 4𝐴𝑟𝑒−𝛾/2                                                             (23) 

We choose the material density 𝜌 as in case 1 ie. 𝜌 = 𝜌0 + 𝜌1 𝑟
𝑛 .  

Putting this value of 𝜌 and 𝐹 14 from (22) in equation (4) we have  

𝑒−𝛾 = 1 − 8𝜋  
𝜌0𝑟

2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 −

4𝜋

𝜖 
 
𝐴 2𝑟6

7
+

2𝐴 𝐵𝑟2

2
−

2𝐵 2

𝑟4      (24) 

Here we have taken integration constant to be zero. 

 

Then from equation (24) and (2) we can find 𝛿as in case- 1 and thus using values of 𝛾 and 𝛿the spherically symmetric line 

element in charged elastic media can be written down. 

 

However, by the choice of 𝐹14 as in (22), the solution obtained in this case is singular. So we set 𝐵 = 0, in equation (22) so 

that 𝐹12  becomes regular everywhere and the solution also becomes non-singular. 
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Thus when  𝐵 = 0, we get 

𝜖  𝐹14𝑒
−(𝛾+𝛿)/2 = 𝐴𝑟2                         (25) 

                        𝑒−𝛾 = 1 − 8𝜋  
𝜌0𝑟

2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 −

4𝜋𝐴  𝑟6

7𝜖 
                       (26) 

           𝛿 =   𝑒𝛾  8𝜋  
𝜌0𝑟

3
+

𝜌1𝑟
𝑛+1

𝑛+3
 +  

32𝜋𝐴 2𝑟5

7𝜖 
 + 4𝜋 𝜗 + 2𝜇  1 − 𝑒𝛾   𝑑𝑟 + 𝑐 (27) 

where𝑐 is constant of integration. 

         Hence the spherically symmetric line element in charged elastic media in this case can be written as: 

 𝑑𝑠2 = 𝑒𝑥𝑝   .  8𝜋  
𝜌0𝑟

3
+

𝜌1𝑟
𝑛+1

𝑛+3
 +  

32𝜋𝐴 2𝑟5

7𝜖 
 + 4𝜋𝑟 𝜗 + 2𝜇  8𝜋  

𝜌0𝑟
2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 +

4𝜋𝐴 2𝑟6

7𝜖 
   1 − 8𝜋  

𝜌0𝑟
2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 −

4𝜋𝐴 2𝑟6

7𝜖 
 𝑑𝑟 +

𝑐 𝑑𝑡2 −  1 − 8𝜋  
𝜌0𝑟

2

3
+

𝜌1𝑟
𝑛+2

𝑛+3
 −

4𝜋𝐴 2𝑟6

7𝜖 
 
−1

d𝑟2 − 𝑟2 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑∅2      (28) 

 

The total charge 4𝜋𝑒 within the fluid sphere of radius r= r1 is given by  

4𝜋𝜌 =    4𝜋𝐴𝑟3𝑠𝑖𝑛𝜃𝑑𝑟𝑑𝜃𝑑∅
2𝜋

0

𝜋

0

𝑟1

0
                                              (29) 

 

So that  𝐴 =
𝑒

𝑟1
4.    (30) 

Again as in case 1, the boundary condition yield  

m= 4𝜋  
𝜌0𝑟1

3

3
+

𝜌1𝑟
𝑛+3

𝑛+3
 + 

2𝜋𝐴 2𝑟1
7

7𝜖 
        (31) 

 

 1 − 8𝜋  
𝜌0𝑟1

2

3
+

𝜌1𝑟1
𝑛+2

𝑛+3
 +

4𝜋𝐴1
2

7𝜖 
𝑟1

6 =  𝑒𝛿 𝑟 = 𝑟1      (32) 

The equation (18) remaining the same. 

In case II for𝑒−𝛾 to be positive for all values of r, we need  

 𝑟1
2 −

3

16𝜋𝜌0
 

2
+ 

3𝜌1𝑟
𝑛+1

𝜌0 𝑛+3 
<

9

256𝜋2𝜌0
2 - 

3𝑒2

14𝜌0∈ 
.     (33) 

 

which leads to  

e<  
21𝜖 

2𝜌
 

1/2 1

8𝜋
 . (34) 

3. Discussion & Conclusion: 

In case I, equation (21) shows that for a given denity, the total charge has an upper bound. Also equation (20) puts a limit on 

the radius of fluid sphere. If we put 𝜌0 = 0 in the results of this case, we get the results due to Roy and Singh [7]. Similarly in case 

II,  equation (34) shows that for a given density, the total charge has an upper bound where as equation (33) puts a limit on the 

radius of fluid sphere. 

 

Further our solutions presented in this paper are made non-singular &𝐹12also becomes regular everywhere by taking suitable 

choice of constant B (in case I) and B (in case II). 
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