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If A (@) is a purely transcendental set, then the set A (¢ ) is of Hausdorff
dimension at most one-half.

Let g n(® ) be n-th continuant of 6 in its continued fraction expansion. For any
irrational 8 € [0,1) .
Davenport and Roth show ed that if 6 satisfies

for, infinitely many n € N , for all ¢ > ,0 then 6 must be

loglog q,, > —_—

JTogn
transcendental.
We say a set A purely transcendental set, if all the elements in A are
transcendental.

1. Introduction

Diophantine approximation is intimated connected w ith continued fractions in the sense that, for any irrational 6 € [ 0,1) if

1
19—2 <—,
q 2q

then Zmust be a convergent of 8 in its continued fraction expansion.
q

It seems that the first result concerning the properties of continuants of transcendental number or equivalently algebraic numbers is
Liouville inequality [1], w hich show s that any algebraic number of degree d cannot be

approximated by rational numbers at an order greater than d. Using this result, one has

Theorem 1.1 ([1]). Let © be an irrational and q n(6 ) be the n-th continuants in its continued fraction expansion. If, forany c

loglog q,,(8) = cnfor infinitely many n€ N ..., (1.1)

then 8 is transcendental.

According to an estimation on the number of solutions to the inequality

= %] 7 IR (12)

when § is algebraic, Davenport and Roth [2] derived an improvement of (1.1). Theorem 1.2 ([2]). Let 6 be an irrational and g, (6)
be the n-th continuants in its continued fraction

expansion. If foranyc >0

loglogq, > ;Tngnfor, infinitely many ne€ N~ oo (1.3)

T

then 8 is transcendental.
An qualitative improvement of the number of solutions to inequality

(1.2), whichis given by Bombieri and van der Poorten [6], enable Adamczewski and Bugeaud [3] to obtain an improved one.
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Theorem 1.3 ([3]). Let 6 be an irrational andg, (6) be the n-th
continuants in its continued fraction expansion. If forany 0 >c,

loglogq, > cn%(logn)% for infinitely many ne N .....ccccoee e, (1.49)
then 8 must be transcendental.
We say a set A purely transcendental set, if all the elements in A are transcendental. In this paper, we intend to explain that if a
purely transcendental set is characterized merely by precise properties of the individual continuants, besides algebraic numbers,
most transcendental numbers are also excluded fromthis set.
Namely, let @ be a positive function defined on N and set
Alp) ={x €[0,1):q,(x) = ¢(n), infinitely many n},
We show that
Theorem 1.4. If A(¢ ) is a purely transcendental set, then the set A( @)
is of Hausdorff dimension at most one-half.
2. Preliminaries
We begin with some notations firstly. Let x€ [0,1 ) be an
irrational number and[a, (x),a, (x), ... ... ... Ibe its regular continued fraction
expansion. For any n21 denote by
p, (¥ /q,® = [a;(x),a,(x), e . ]

the n-th convergent of x. With the conventions that
po1() =1, q_1(x) =0, py(x) =0,q,(x) =1, 0ne has [4]
pn+l(x)=an+lX)pnx)+pn-1(x),nz0

gn+l(x)=an+1X)n(Xx)+gn—-1(X) N0 .coerriiiinennn. (2.1)

where{qgn}21 arecommonly called the continuants.

For any al, a2............... aneN, denote by In (al,a2..... ,a n) the n-th cylinder
In(@l,a2..... an)={xe[0l):al(x)=ala2..... ,,an(x)=an}
Lemma 2.1 ([4]). Foranyal ,a2....... aneN,

n n
1
I = | | . | | S+ 1
| n(al ,aZ ,........an,)| qn(qn + qn+1) ’ | aj <qn < . 1(07 + )
J= J=

wherel. | denotes the length of a subset in [0,1) and q,,, q,,.,are recursively defined by (2.1).
Let @ be a positive function on N Set

E(e)={x€e[0,1):an(x)z @ (n)forinfinitely many n}.
A complete result on the Hausdorff dimension of E (¢ ) was given in [5],
but only the needed part is cited here.

Lemma 2.2 ([5]). Write b = exp {lim inf

n— e

loglog (D(n)}. if

n

log®(n) .

lim inf

n—e
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then dim ,E (@) = blj

Recall that
A@)={x€[01)gn (x)2¢ (n) forinfinitely many n}.

Lemma 2.3. If A (¢ )is a purely transcendental set, then

logp (n) B

rl.l—I}}o inf
Proof:- For any integer B> 1 let xB =[B,B,........ . ]
Lagrange’s theorem asserts that x Bis quadratic irrational. Whence,
o(n) = q,(xp) = B™ for n ultimately .

3. Proof of Main Result

In this section, we give the exact Hausdorff dimension of the purely transcendental set A ().
Lemma 3.1. If A (@) is a purely transcendental set, then

loglog® (n)}

1
dimy A() = —— where b = exp {1111_{{10 inf -

Proof:-According to Lemma 2.3, the low er bound of dim H A (¢) is a direct consequence of Lemma 2.2.

Now weturn to the upper bound. Tw o cases will be distinguished accordingasb =1orb >1
()ff b=1,forany t> 1, we introduce a family of measures

Uy ut(ln (ay,a,, .. ..an)) = g W-tZjyloga6) 3.1
w 1
where p(t) = log Zn:1n7

Now, let | (n) be the family of all n-th order cylindersi(a,,a,, .....a,)

w hich satisfies gqn = ¢ (n). Then,

= =

= U nw@wa..a
N=1n=N 1, (ay,a,...a,)El)

For each N 2 1 weselect all those cylinders in U;,_, (1)

which are maximal

maximal(I € U, _y I(n))is maximal if there is no other I'in
suchthat | cl'and I#1").

We denote by J (N) the set of all maximal cylinders in U, _ I1(n)

It is evident that J (N ) is a cover of A (@) forany N =1
Fix t > 1and e > 0. Choose NOlarge enough suchthat for any

n >N, eloge(n) = np(t).
FixN > N, .Then foranyl, (a,,a,,....a,) € J(N), we have

i+ _g —t3} _q log aj—mp (©)
e~ ((+e)logan<p T 4 =1 J
a2

L, (ay,ay, .. =u,(1,(aj,a5,....a,)) < 1

1_

This implies dim A(p) < il
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(i f b > 1 ,By the definition of b, one has, for any € > 0,

7:1 e(bfg)jfl(b —¢e—1) <@(n),for n ultimately. .......... 3.2

So, it follows

A@efxel0D:a,® =[e? " (b-e—-1]-11.0.,n)

1

As a consequence of Lemma 2.2, one gets dim, A(¢) < ey
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