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1. Introduction:

The concept of cone metric space was introduced by Huang and Zhang [1] in 2007 and some fixed point theorems was proved.
Initially Branciari [2] introduced the contractive condition of integral type and extended Banach fixed point theorem. Later on F.
Khojasteh, Z. Goodarzi and A. Razani [3] gave the concept of cone integrable function and proved Branciari’'s theorem in cone
metric space. The aim of this paper is to extend the concept of [3], to some new contractive conditions of integral type in cone
metric space.

The following definitions and lemmas are useful for us to prove the main results.

Definition 1.1[1]: Let E be a real Banach space and P a subset of E.Pis called a cone if the following hold.

1) P is closed, non-empty and P # {0}
) fa,beRanda b>0,then ax+byeP, VX, yeP.
3) X e P and —X € P implies x=0.

Let P ¢ E be a cone. We define a partial ordering with respectto P as X < Yy ifand only if Y —X € P and x < Y will imply
that X < Y but X # Y, while X << Y will mean that Y — X € Iint P, where iNt P denotes the interior of P.

The cone P is called normal if there is a number M > 0 such that 0 < X < Y implies ||X|| < M||y|| V X, Y €E. The least
positive number M is called the normal constant.
Example: Suppose E=R? , P= {(X, y)e E| X,y = O} . X=R . Let d:XxX —>E be defined as

d(X, y):(b|x— y|, |X— y|) where b € R and b > 0. Then (X, d) is cone metric space.

Definition 1.2[1]: Let (X ) d) be a cone metric space and let {Xn} be a sequence in X. Then

(1) {Xn} is said to converges to some X € X if for every C € E with 0 << C, 3 a natural number N such that
vnxN,d(x, x)<<c.
2) {Xn} is said to be Cauchy sequence if for every C € E with 0 << C, 3 a natural number N such that V. m, n > N,

d(x,, x,)<<cC. Vx,yeP
3) A cone metric space (X , d) is complete if every Cauchy sequence is convergent.
Definition 1.3[3]: Let P be a normal cone in E and «, 2 € E where & < 3. Then we define
[or, Bl={x €E:sB+(1—-5s)a, s [0, 1]},
[, B)={x €E:sp+(1-5)a, s [0, 1)}.

Definition 1.4[3]: The set Pl={0{=X0, DD SN & =,3} is called a partition of [a,ﬂ] if and only if the sets

{[Xj_l, Xj)}r;=l are pairwise disjoint and [a, ﬂ]z {Urj‘:l [Xj:l, X; )}U {,B}
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Definition 1.5[3]: Let P, ={a=XO, Xis Koy veny X, :ﬂ} be a partition of [a,ﬂ] and ¢=[0{, ,6’] —> P be an increasing

function. We define cone lower sum and cone upper sum as

L7 (4. R) Z #06,) s =%,

U (g P)=. dx) %, ;.0

i

3 |
o
iR

, respectively.

n
o

The function ¢ is called cone integrable function on [a,ﬁ] if and only if for all partitions P, of [a,ﬁ]
lim L (¢, B)=S""=limU*" (¢, R),

where  S®" is unique. We shall write S®" = J.ﬁ ¢ dp or J.ﬂ ¢(t) dp(t).
Lemma 1.1[3]: If [, 8] < &, ] then Iﬂ g dp< r ¢ dp for ¢ € (X, P)

I'B (a¢l+b¢2)dp=ajﬂ ¢ldp+bjﬂ ¢,dp for ¢, g, (X, P)and @, b e R

where fl(X, P) denotes the set all cone integrable functions.

Definition 1.6[3]: A function ¢: P — E is said to be subadditive cone integrable function if and only if V «, ﬂ eP
a+ff a B
[ sdp<[ gdp+][" gdp.

2. Main Results:
Theorem 2.1: Let (X, d) be a complete cone metric space with normal cone P. Let ¢Z P — P be a nonvanishing and

&
subadditive cone integrable map on each [a, ,B] < P for which .[) ¢pdp>>0, &>>0.Let T: X — X be a mapping

such that
(y)d(y.T(x

[ pasc [

Then T has a unique fixed point in X.
Proof: Let X € X, choose X, € X such that X, :T(X). Let X, € X be such that X, :T(X). Continuing in this way we can

define X, :T(xn )=T"(X) forn=1,2,3, ...
Xn+1s X0 (T )T (%00))
[ gap= $ dp
< de(xn,xn)-#d(xn,l,xnﬂ) ¢ dp

0

< cjd( ) ¢ dp

0

¢dp foreach X, y € X, CE(O ;j

But d(X, 4, X,.,) < d(X, 4, %, )+d(X,,X,,, ). therefore

J‘O Xns1: %) ¢dp < Id(n1 X A (X Xn41) ¢d

Since ¢ is cone subadditive, so
d (%1% ) d (%11 %) d (% Xn41)
L ¢dp£cj ¢dp+cj ¢ dp

= Id o) ¢dp<— ) ¢ dp —kj dp, wherek:lL

0
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d (Xn41.%) n (4(T(x).x)
[ gdo<k"[" gdp

0

Since 0 <k <1, and J:‘ ¢dp >> 0 foreach £ >>0, so
- d(XrHl!Xn)
Ilgnj'o $dp =0,

n+1? *n

which implies, that limd(x, ,,x,)=0.
n

To show {Xn } is Cauchy sequence, we shall show that limd (T (me ),T(Xn ))z O for each positive integer O .

n—oo

Let p > O be any integer. By triangular inequality
d(xn+p’ Xn) = d (Xn+p' Xn+p—1)+ d(Xn+p—1’ Xn+p—2)+ e d(xn+1' Xn)

d(xmp' Xn) d (Xn+pv Xn+p—1)+--'+d (Xn+1v Xn)
[ pdp<[ pdp

d (T (Xﬂ+p+l )'T (Xn )) d (Xn+p » Xn ) d (Xn+pv Xn+pfl)+'"+d (Xn+1v Xn )
[ pdp = | pdp < | $dp

0 0
Since ¢ is cone subadditive

(Xn+p ) Xn+p71) d (Xn+p71 Xnip-2 ) d (Xns1.% )
< ¢dp+'f0 gzﬁdp+...+J.0 ¢dp

X1, %o )

d
)
(et sk k)[4 pdp
(k

IN

< n+kn+l+m+kn+p—2+kn+p—1)J‘0d(T(X)rX) ¢dp

=~

n J~d(T(x),x)

IA

(T (Xn+p+1 )’

. _pd T(x))
Letting N — oo, lim ¢dp=0.

n—o J0

Which implies that lim d (T (XMP ),T(Xn ))= 0 for each positive integer p .
n—o

Hence {Xn} is a Cauchy sequence. Since X is complete cone metric space so {Xn} is convergent to some Z € X . ie.

limx, =z.
n

d(T(2).Xn41) d(T(2).T(x,))
[ pdp= | ¢dp

d(z, X Hd (X, T(z
SCI( Jrd (%,,T(2))

0

¢dp

d(2x,) 40,.7(2)
<c| pdp+c | $dp
As N — ©

d(T(2).2) d(z,7(2))
IO gdp <c L ¢dp

which implies that d(T(z),z)=0 ie. T(z)=z.
Thus z is a fixed point of T.
Uniqueness: Let T has two fixed point z and w i.e. T(Z): Z and T(W): W,

d(z,w) d(T (2)T (w)) d(z,T(w))d (w,T(2))
[ gdp=] pdp<c [ $dp

<c Ld(z'w) pdp+c J.Od(w’z) $dp

d(z,w) ( d(z,w) d(z,w) C
= ,[0 ¢dp§E b ¢dp=k.[) ¢dp where k:E
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Which implies that d(z, W)=0ie. Z=W.

This shows that T has a unique fixed point in X.

Theorem 2.2: Let (X, d) be a complete cone metric space with normal cone P. Let ¢: P — P be a nonvanishing and
&

subadditive cone integrable map on each [a, ,3] < P for which J; ¢pdp>>0, £>>0.Let T : X — X be a mapping

such that

Ld(T(X)YT(y)) gdp<a J‘Od(xvy) gdp+b J;d(y'T(X)) ¢dp. For a,beR st a<l-2band 0<b < % Then T has

unique fixed point.
Proof: Let X € X , choose X, € X such that X =T(X). Let X, € X be such that X, =T(X). Continuing in this way we can

define X, =T(x, ,)=T"(X) for n=1,2,3, ...
d(%p,2.%) d(T (%)) T (%14))
[ pdp = | dp

0 0

< aJ-Od(Xannq) ¢dp i bjod(xn—llxml) ¢dp

Using triangle inequality and cone subadditivity,

sajo““ Sdp + bj ¢dp+bj 0 b dp
[ gap < BER ) g gp i [ gp, wherek=%+s

0 1-p %

Iod(w,xn) sdp < knLd(xl,xo) sdp knLd(T() )

dxn+1vxn
Since k:a—+b<lthenas n—>w,|imj( ) ¢pdp=0
1-b n Jo

Which implies that limd(x,.,, X, )=0.
n

n+1?

It is easy to show that {Xn} is a Cauchy sequence (See previous theorem). Since X is complete cone metric space so there is

some Z € X suchthat lim x, =z.
n

d(T(z), Xps1 d(T(z),T(x,
Now. J-O(T() )¢dp: J-O(T()T( )

< a.[od(l,xn) ¢dp i bJ‘Od(Xn’T(Z)) ¢dp

ps Nsen. Ld(T(zxz) sdp Sbjodm(z» sdp

d(T(2).2)

since 0 < b < % then L ¢dp =0 which implies that d(T(z), 2)=0 = T(z)=

Uniqueness: Let T has two fixed point zand w i.e. T(Z)z Z and T(W)= W.
d(z,w) d(T(2).T(w)
o ed=
d(z,w) d(w,T(z))
< ajo odp + b.L ¢dp
d(z,w)
= (a+b)J'O $dp.

since 0 < a+b <1 therefore

J«Od(z,w) ¢dp 0
= d(z,w)=0
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= Z=W.

It shows that T has a unique fixed point.

Theorem 2.3: Let (X, d) be a complete cone metric space with normal cone P. Let ¢Z P — P be a nonvanishing and
&

subadditive cone integrable map on each [a, ,3] < P for which J; ¢pdp>>0, £>>0.Let T: X — X be a mapping

such that
F g <e [

Proof: Let X € X, choose X, € X such that X, =T(X). Let X, € X be such that X, =T(X). Continuing in this way we can
define X, =T(x,_,)=T"(x )for n=123,..

J‘ Xna11%n ) ¢d J‘ ()T (%p1)) ¢dp < CJ‘Od(Xn’XnA)'*'d(anvxn) ¢dp

< ch o) #dp + C J‘(X"'X"’l) $dp

Xxnl

L gdp < LS LT gdp—k [ o

As in theorems (2.1), it is easy to prove that {Xn} is a Cauchy sequence and completeness of X implies that there is some

() (y.T(y 1
¢dp For ce| 0, = > then T has a unique fixed point in X.

Z € X such that Iim X, =2.

Now, J' Ly #dp J' (T(2) T (%)) #dp
< CJ:( T(2)Hd (% Xnu1) #dp
<c j ¢dp +CI ot $dp

d(T(z),z )z
As N—>, L(T( " 4dp < CL " $dp which implies that d(T(2), 2) = T(z)=
UniqueneSS' Let T has two fixed point zandw i.e. T(Z)z Z and T(W)=W.
< CI d(z,T(2)hd(w.T(w)) 4dp
d(z,T(z)) d(w, T (w))
SCL ¢dp+cI0 gdp=0 = d(z,w)=0 = z=w.
Theorem 2.4: Let (X, d) be a complete cone metric space with normal cone P. Let ¢Z P — P be a nonvanishing and

&
subadditive cone integrable map on each [a, ,B] < P for which J:) ¢pdp>>0, &>>0.Let T: X — X be a mapping

such that
.[)d( ¢dp <c I (o) ¢dp . For some C € (0, %j than T has a unique fixed point in X.
Proof: Let X € X, define X, ,; =T(Xn) for n>1 and X =T(XO)=T(X).
d(xn+1'xn) d(T(Xn)’T(Xn—l))
[, " gdo= pop

S CJ'Od(xnvxn)+d(xnflvxn+1)+d(xnvxn—1) ¢dp

S CJ‘Od(anleml) ¢dp + CJ‘Od(Xann—l) ¢dp

Using triangular inequality and cone subadditivity.
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0

< de(xn_l,xn) ¢dp N CJ«Od(xn,xM) ¢dp N CJAOd(xn,xn_l) ¢dp

J'd n+1X 2C anan

0

20 Xlxo) . ﬁ "
(1 CMO ¢dp_(1—cj

$dp <—C $dp

If0<£<li.e.c<1then
1-c 3

which implies that lim d(x
n

|imj0d(x”“‘x“) $dp=0,
x,)=0.

n+1?

It is easy to prove that {Xn} is Cauchy sequence. Since X is complete cone metric space so there is some Z € X such that

I|£n X, =Z.

Now,

d(T(2),%0.1) d(T(2).T(x,))
[ pdp = | $dp

0

<CJ~ (200 1 d (%, T (2) e (2,%,) #dp

SCL o) $dp + C.L ) pdp + CJ:(Z )

As N—®, Ld(T(Z)'Z) gdp < ch(Z
Which implies that d(T (z),z)=0.ie. T(z)=

Hence z is a fixed point of T.
Uniqueness: Let z and w are two fixed points of T. i.e. T(Z): Z and T(W): W.

d(z,w) d(T(z),T(w))
[ gdp=| ¢dp

0 0
J~d (z, T (W)hd(w,T(z))d(z,w)

0

J-Od(z,w) ¢dp < CJ-;d(z,w) ¢dp

<cC

¢dp

Which is possible if d(z,w)=0ie. Z=W.
Thus fixed point of T is unique.
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