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1. Introduction

An EOQ model is most favorite and smart research attention. For number of years, researchers extend the deterministic EOQ
model with various conditions and combustions. The quantity plays a main role in inventory management. It happen sometimes
the requisitioned quantity and ordered quantity does not matches and lose it future demand. The stringent and simple assumption
taken in this model is that shortages planned and stock out are permitted.

Silver (1976) has derive an inventory EOQ model, in which the quantity ordered and received are uncertain and hence a
random variable which traditionally known as random input with defined mean and variance. Karlo and Gohil (1982) have extended
these results with shortages. Noori and Keller (1992) developed a probabilistic model under random input. Yano (1995) gave
review of article on the inventory model when quantity received by random input. An EOQ for planned shortages model seen in
many few books - Anderson 2009; Gupta 2008; to construct this model both terms carry the meaning but back ordering is more
suitable as it deal with the cost of back ordering, hence in the paper shortage cost (C,) is used. Some author use term “back
ordering” while many author use “planned shortages” . Hu W. S. Kim, and A. Banerjee (2009) define model of shortages cost with
the waiting time. Kharde B., G. VkhePatil and K Nandukar (2011) clarify alternative carrying cost which appropriate for the different
inventory classical EOQ model.

In traditional EOQ model, inventory holding cost is important. In the past many researches have carried out their research on
holding cost with different situations. An attempt is made to developed an EOQ model using equivalent holding and shortages cost
while shortages have planned when quantity received is uncertain, which is supported by a hypothetical numerical example.

2. Assumptions AND Notations

1. The demand for the item is certain, constant and continuous

Lead time is fixed

Holding cost (C1) per unit per unit is constant and does not change for different order quantity.

Shortages cost (C,) is also known and constant.

Ordering cost (Cgz) per order is constant for any number of quantity orders

Discount is not permitted

The replenishment for order quantity (Q) is conclusion variable and when shortages level reaches planned shortages level
in one lot.

8. The unit cost C does not depend upon the quantity order or received.

9. The quantity requisitioned does not necessity match with the quantity received.

Nookrwd

Here, quantity requisitioned Q and Y is the quantity received the Y as random variable
= E)=bQand Q)
= V)= 02+ (0.2 +bI)Q? (2)
=  Where, b > 0 is the bias factor and 0,2, 0,2 > 0 are constant.
10. Shortages are permissible and backordering cost per unit is known and is constant.
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Notations

Q = the order quantity; per order

Q* = Economic order quantity; per order

T (Q) = Annual inventory Cost

R = Inventory fix rate

tp = Period of positive Inventory

tn = Period of negative Inventory

LT = Lead time

Fb = Factor of equivalent holding cost and backorder or shortages cost per unit per year
EC1C2 = Equivalent Holding and shortages cost when Backorder are Permitted under random input
M = maximum Inventory Level; units

S = maximum shortages level or maximum backorder quantity units.

Y= Actual received quantity between two successive order

D = Annual demand in units

N = Number of quantity received per unit

Q-S = Shortages before quantity added.

3. Mathematical model
The basic model can be described by using the following diagram.

y Shortages

We analyze one cycle, an EOQ is an uncertainty, we take the quantity interval between two successive orders for Planned
Shortages.

3.1 Holding cost:-
Inventory decreases at the rate of R units per time unit and the Order quantity is Q during the time interval t,

Maximum Inventory = bQ —S = Rt;

Average Inventory with uncertain quantity (Y) during t; = Ry _ 50-9)Y

2 2
M=Rty, bQ =RYT, here, T =ty + t,
M Rty t;
bQ ~ RYT YT
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_MYT _ Y(Q-S)T
17 T Bo

®3)

N—l—NT—l
=7= =

C1(Q) = (Average Inventory) x(Inventory holding cost per unit per year)
_[(bQ—S)Y] Cit
- 2 1t1

Annual Holding cost:
C;: (Q) = (Holding cost per year) x(Expected quantity)
3 [(bQ —-9S)Y

2
Y2(bQ-S)%C,
o (4)

]Cltl

_ | Q-5)Y Y(BQ=ST] py _
_l 2 Jcl[ bQ ]N_
3.2 Shortages cost:
Quantity under shortages (y.), during these time the interval t, the demand occurs at the rate R.
Maximum shortages= S = Rt,
Rt,Y SY

Average shortages with uncertain quant during t, = =

2
S =Rt,, bQ =RYT, here, T =t; + t,

S _Rtx _ta, _SYT

bQ ~ RYT _ YT''?2 7 'bo

Shortages during back order:
C. (Q) = (Average shortages cost) x(shortages cost/expected back order quantity)

S
C.(Q) = 5 Cat>
Here, C, is shortages cost per unit per year, expected quantity y,

Annual shortages cost:
C. (Q) = (shortages cost/expected received quantity) x(expected received quantity/per year)

S
= ECztzN
_ S c [SYT] N
“27%0bo
_SYC,
=Sre (5)

3.3 Ordering cost:
D

Quantity order per year = ml

Annual ordering cost:

C; (Q) = (Order/quantity) x(ordering cost/quantity)
D
= EC3 (6)
Hence the total cost K(Y) for the system of planned shortages when quantity received uncertain is given as:
K(y) = 0La oy De, )
2bQ 2bQ  bQ
Now, assuming Y to be normally distributed with
E(Y) =bQand V(Y) =0.2 + (0,2 +b?)Q2

Using equation 1 & 2,

E(Y b
E(T(V)) = % =2 @8)
_ C1(bQ=8)%(0.,4+(3:>+b*)Q?) | C25%hQ | C3D
E (K(Y)) - 2bQ + 2bQ + bQ ©)
Total expected cost is given by
EK())
TEC =
@ E(T(Y))

= % [€10,2(bQ — $)% + C3DR] + C1(01% + b2)Q + €82 - (10)
For optimization Q=Q* is obtained by

ATEC (Q) _ . « _  |C1(bQ=8)2%5 2+C,5%4+2C3DR
2o = 0givesQ —\/ RIS (11)

Here, suppose shortages are constant
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« _ [C1(bQ—S)%5 2+2C5DR
N (12)

Then total expected cost TEC (Q*) equation is decreased to Zero

C1(012—b?)(C10,%(bQ —S)?)+C,524+2C3DR

TEC(Q*) = J b (13)

The total expected cost obtained by equation is minimum iff,

ATEC(Q") _ 1 ’ C13(0,2+b?)?
0" b+ (C10.2)+2CsDR >0 (14)

3.4 Particular cases:

When variance is directly proportional to quantity order ie. g, =0, ;>0

Here equation (12) Q* = ’C f(iazlibz) (15)

And optimality completion equation (13) reduces,

TEC(Q") ,c252+bzc3[>R ) (16)

Now, to minimize the total cost, partial derivative with Q and S should be Zero.
Taking derivatives of T (Q) with respect to S and equating it to Zero.
aT(Q) 9 (Ci(bQ —S)? C;8% CsD
a5 _$< 260 | 25Q +W>
2(bQ —S)C1  C(29)
TT 200 T 260

+0

Equating it to Zero,
bQ bQ
0 = — (bQ—S)Cy + C,S
= bQC1 + C15 + CzS
bQC1 = Cls + Czs =S (C1 + Cz)

__(b0-9C1, G5

bQ Ci+ C;
ST G
« _ bQ7Cy
S* = T a7
This is the optimum condition of S, when quantity received uncertain:
Hence, S is replaced by optimum S*
Now, we have bs—? = % (18)
S* Cy
bQ  Cit+Cs 19)
Equation (18) isdefined as new factor of back order,
Cs
F, = cac (20)

Factor of back order is depends uponC;&C-. It is physically constant for this EOQ Model.

Equation (19) substituting LHS and RHS from 1,
1-F=1--—2=_4 (21)
Ci+C, Ci+C,

From Equation (18) and (20),

A U
bTC.+ C, bQ
S* = (1—F,)bQ
_be=$* _ M
F, = b0 = bQ (22)

~ M* =F,bQ
Equivalent holding & shortages cost: (E C,C5)
Here, Take total annual holding shortages cost,
— 2, 2
C1(Q) +C2(Q) = (WTZ)Q %
Substituting for S*
(bQ — (1 - Fb)bQ)*C; | C2((1 — Fb)bQ)?

C1(Q +C(Q =

2bQ 250
(OQ) — (1 - Fb)2C;,  C(bQYA(1 — Fb?

C1(Q +C(Q = 2bQ T
CA(Q) + Ca(Q) = 22 (1~ (1~ F0))2C, + Ca(bQ)(1 — Fb)?
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C:(Q+C(Q = [(Fb)2C1 + Cz(1 — Fb)?]

Putting the value of Fb & 1-Fb from equation (20) & (21),

Q) + C2(Q) = bTQ [<C1 iz Cz) Gt (c1 il Cz) 2]

bQ C1Cx2 4+ C42C,
C(Q +C(Q) = W]
~ bQ C1C2(Cy + C2)
C1(Q +C(Q) =— W]
C,C,
G+ 6@ = 2 [ 2]
Cz
C1(Q) + Co(Q) = 7ch <l
C1(Q) + C2(Q) = - CaFb (23)
If Fb=1,
bQ

C1(Q) + CZ(Q) = 7C1

Now, this EOQ model has no shortages cost. So, we defined by analogy equivalent holding cost E C,C, for this EOQ model.
EC,C,for EOQ model is product of holding cost and factor of back ordering.

Here, C;.eb nots equivalent holding cost E C,C, for EOQ model. So,

Ci.€b =Fb.Cy (24)

C;. eb Is cost, which is having combined cost effect of from Equation (23) & (24). We get equation (25)

C1(Q) + C2(Q) = 22 Cy.eb (25)

Total annual Inventory cost for EC;C, model:
T(Q) = C1(Q) + C2(Q) + C3(Q)

1@ = (3) Coeby + 22

For minimization of total cost, the partial derivative of the total cost with respect to (Q) it should be Zero.

"0~ al(7) €rew + 57

Q- bQ.
Cyeb
=+ (- 1)b—Q2
—ﬂ_csD
T2 bQ2

Equating it to Zero,

_Cieb CsD
T2 b
Ci.eb  Cs5D

2 bQ

| 2¢sD
Q= b Cy.eb

The value of Q is optimum but to confirm for global minimum second derivative must be positive,

(26)

?9222(32)) Q [(Cl eb) (1 )bQZ]
sz _2C3D
=5

Here, all values of RHS are positive.
LHS = 2(D >0
o (55)
Hence, the quantity Q found is the minimum cost point optimum quantity, denoting as Q*

For E C,C, model
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« _ [2c0
Q= b Cy.eb @7

Comparing this with traditional EOQ model

. [2csD
Q"= Cy.

T(Q") = C1(Q") + C2(Q") + C5(Q")

3.5 Total optimum annual Inventory cost:

. (bQ" CsD
Q") = ( 2CsD )1/2 (Cl.eb) CsD
Q) = bC,.eb 2 b ( 205D )1/2
bCi.eb

1
= (2)—1/2 (C3D b C1. eb)1/2 + (2)—1/2 (C3D b C1. eb)l/z

1 1
= [C3D b Cl. eb]l/z [(2)—1/2 + (2)—1/2]

=./CsDb Cy.ebV2
=4/ 263D b Cl.eb
Annual holding cost:
o Ca(bQ" —57)2
Cl(Q ) - ZbQ*
[(bQ* - S*)] [(bQ* - S*)]
2 bQ*

C(@)=0C

*

- Cl[ 2 ] [FE]
C:(Q) =[] Cueb (28)
Annual shortages cost:
C,S*
C2(Q") = TQ*
S 11 S8”
sl

-]

=[£]cieb (29)

4. Hypothetical Example
It solved by simple inventory formulas which obtain in mathematical model.

1 D 2000 units per order

2 Cy 25% of Inventory Value per unit per order
3 C 15% of Inventory Value per unit per order
4 Cs 10 rs. Per order

5 20 rs. Per Unit per order

6 S 30 rs. Per order when shortages maximum
7 b 0.75

8 WD 30 work day in year

1. Holding Cost:-C1 = (C) (C1) =(20)(0.25)=5rs. Per unit per year
2. Shortages costC, = (C) (Cz) = (20)(0.15) = 3rs. Per unit per year

2
C,+C,
4. Equivalent Holding and shortage cost:C;.eb = (Fb)(C;) = (0.375)(5) = 1.875 rs unit year

_ _ 2CsD ] _ 120000 _ .
5. EOQ =(Q*) = I[b.cl.eb] = /1_40625 = 292.11 unit per order

6. Optimal back order quantity or optimum maximum shortages:

3. Factor for shortages: Fb = =0.375
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S* = (1—Fb)bQ* = 136.92Unit per order
Optimum maximum inventory level:M* = FbQ* = 110 unit per order

Totaloptimum Inventorylevel:T(Q*) = /2C3Db.Cy.eb = 237.17
9. Optimumholdingcost: (C1) = MT*Cl. eb =103.12

10. Optimumshortagescost: sz%* C,.eb = 128.43 rs per year

11. Optimumorderingcost: C3(Q*) = % = 91.32 rs per year

12. Inventory fix rate per day: R = % = 66.66 units/day
13. Timefor positive Inventory: t;= M?* = 2 days

14. Timeforshortages: t,= % = 2 days

15. Timebetweentwosuccessiveorder: T:% = 4 days
As equal to t;+t,

5. Conclusion

In this paper the optimal policy deal with uncertain quantity andthe equivalent holding and shortages cost with planned
shortages. It shows that the total cost is minimized and the values may be changed over quantity due to uncertainty. However the
profit depends upon the reliable situation and the estimation of quantity.

The below table shows that the effect of the backorder:

. Ordering Holding
Quantity Cost Cost Total Cost 25000
250 10240 657 10897
20000 ¢
500 5120 1921 7041 f
750 3413 3567 6980 /
15000 ’ —=&—ordering cost
1,000 2560 5520 8080
1,250 2048 7739 9787 10000 \ ——holdong cost
1,500 1707 10194 11900 TOTAL COST
1,750 1463 12864 14327 =000
2,000 1280 15734 17014 0
T T T 1
2,250 1138 18790 19928
0 1,000 2,000 3,000
2,500 1024 22022 23046
Sensitivity Analysis:
Demand rate: - D=2000 and units per year
Inventory fix rate: - R=100 units per year
Holding cost: - C; =25 per unit per year
Shortages cost: - C, =15 per unit per year
Ordering cost: - C3= 30 per unit
Maximum Shortages: - S= 30 per unit
Variation into Q* and TEC(Q*) with 0,2 and b:
o2\b 0.75 0.80 0.85 0.90 0.95
239.85 238.19 236.47 234.68 232.84
5
3268.74 3164.94 3070.44 2983.93 2904.35
174.04 173.42 172.77 172.13 171.49
10
3268.74 3164.94 3070.44 2983.93 2904.35
143.39 143.03 142.67 142.26 141.85
15
3268.74 3164.94 3070.44 2983.93 2904.35
124.74 124.51 124.26 124.00 123.73
20
3268.74 3164.94 3070.44 2983.93 2904.35
25 111.88 111.71 111.53 111.34 111.14
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3268.74 3164.94 3070.44 2983.93 2904.35

Interpretation:
When b and 0,2 are increase for any given value, the optimum order quantity Q* decreases and correspondingTEC(Q¥)
decrease and remains same any given value.
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