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transformation of Laplace is applied. In so many areas, the Laplace transformation applies.

The transformation of the position is implemented by converting to the frequency domain to
solve the time domain function. This is where Laplace transformation has been applied in
linear ordinary differential equations with constant coefficient and several ordinary equations
with varying coefficients. The transformation of the slot simplifies solving problems in
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engineering applications and facilitates resolution of differential equations. This article
discusses Laplace Transform and Differential Equations applications.

1. Introduction

Laplace transformation is a mathematical tool used for the resolution and conversion of differential equations. It is generally
efficient to solve either ordinary or partial linear differential equations. It reduces to algebraic an ordinary difference equation. The
Laplace Transformation method can easily be used to solve regular linear differential equations with constant coefficients and
variable coefficients without finding the overall solution and the arbitrary constant. It is used to solve physical difficulties. This
involves an integral and normal equation of differences. It can also be used as an simple and fast way to transform the signal
network into a frequency domain. It has wide applications, as well as basic sciences and mathematics, in various fields of
engineering and technology.

2. Definition

Let F (t) is a well-defined function of t for all t = 0. The Laplace transformation of F (t), denoted by f (p) or L {F ()}, is defined as

L {F (1)} =, e P F(t)dt = f(p)

Provided that the integral exists, i.e. convergent. If the integral is convergent for some value of p, then the Laplace
transformation of F (t) exists otherwise not.

Where p the parameter which may be real or complex number and L is the Laplace transformation operator. The Laplace
lim {e ™" F(t)}
transformation of if F (t) is continuous and™ is finite. It should however, be
keep in mind that above condition are sufficient and not necessary.

Motivation.In several fields of science and engineering, the transformation methods are commonly used. In signal processing,
circuit analysis and in probability theory applications , for instance, transform methods are applied. The fundamental idea is to turn
a function from its original domain into a transformable domain where such operations can be carried out more efficiently, carried
out in the transfer domain and the output (from the transform domain into the original domain) can then be reverse-transformed.

For example, the convolution operation of two functions of time t, f(t) and g(t) is defined as:

F(t)ie [, e P F(t)dt exists for p=a,

f(t) ’-_rn'f]=} f(7) - alt —-‘:-rF-‘=[ flt —7)-g(r)dr

A real figure with p. In the Laplace or Fourier domain, the confusion in the time domain becomes multiplication. As an
application, the pulse response h(t) and signal x(t) are the input of a linear circuit. The output is then y(t) = x(t) to return the linear
circuit. If H(s), X(s) and Y(s) are the impulse response, input, and output transformations in Laplace, then Y(s) = H(s)*X(s) are
shown in Figure 1. Once we know Y (s), we can use the inversely transformed laplace to obtain the circuit response, y(t), time t
function.

Transform techniques provide a bridge between the common method of variables separation and numerical methods for
resolving linear partial differential equations. Although transformational methods may be effective in a wider range of problems in a
certain way similar to the separation of variables. Though analytically, numerical and asymptotic techniques can not be found even
when the opposite of the transform.

3. Laplace Transform.

Let R be the field of real numbers and C the field of complex numbers. Consider a function f: R 7— R such that f(t), t e R, t =
0. Then the Laplace Transform of f(t) is denoted as L[f(t)] and it is defined as F(s) with s € C:
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F(s) = LIf(0)] = [;~ e~* f(t)dt.

The Laplace transform F(s) typically exists for all complex numbers s such that Re(s) > a where a € R is a constant which
depends on the behavior of f(t).
The Inverse Laplace Transform is given by the following complex integral:

flt) = ﬁ_L[F[.-.-]] = z.l-.f' lim7r_.ac J__Jl;r e*t F(s)ds

Time domain

x(t) ——» h(t) F— y(i) = h(t)*x(t)

| | 1

Inverse

‘4’ aplace ‘f aplace Jap!ace

l ¢ |

X(s) —»| H(s) —> Y(s)= H(s)-X(s)

Frequency domain

Figure 1: A circuit with the impulse response h(t) and x(t) as input. Then the output is y(t) = x(t) * h(t). If H(s), X(s) and Y (s) are
respectively the Laplace transforms of the impulse response, the input, and the output, then Y (s) = H(s) - X(s)

where y is a real number so that the contour path of integration is in the region of convergence of F(s) normally requiring sp>
Re(sp) for every singularity sp of F(s) and with i = v —1. If all singularities are in the left half-plane (in this case Re(sp) < 0 for every
sp), then y can be set to zero and the above inverse integral formula becomes identical to the inverse Fourier transform. This
integral is known as the Fourier-Mellin integral.
The Bilateral Laplace Transform is defined as:
0
F(s) = L[f(t)] = / e % f(t)dt.

o — D0

In probability theory, the Laplace transform is defined by means of an expectation value. If X is a random variable with
probability density function fx, then the Laplace transform of fx is given by the expectation:

(Lfx)(s) = E[e~*X].

Instead, it was often referred to as a random variable X transformation of Laplace through abuse of language. The variable s
replaced with —t provides an X function for generating the moment. The transformation of Laplace applies to the entire probability
theory, including the first transition of stochastic processes such as Markov 's chains and renewal theory.

Laplace transformation of elementary function:

1) L{l}::—), p=0

n!

2) L{t"}==—, wheren=10,1,23.........
i

:Ir.H-J
3) L{e*}=—, p=a
p—a

4) L{sinat} = ——,
pe+a

p=0

5) L{sinhat}=——, p>|al

=
P

6) L{cosatj=——, p=0

pi+a’

) L {coshat} = “:iﬁ . P = |al
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Proof: By the definition of Laplace transformation, we know that
1) L{F()}=["e P F(t)dt then
L{1}=[, e P 1dt

: 1-§ (e = e™)=2(0-1)
=;=f{iﬂ} p =1

2) L{F(t)}=[ e P F(t)dt then.
L { sinhat !} =j'um e P! sinhat dt

o gl _ p—at
[ (€2 )
fm (E—{p—rﬂt _ E—Ep+u|r
dt
=)
o

i

= _Efp—ﬂ'l' {E_m - E'_n’
- (e — e

1

20p-a)  2(p+a)

+

2(p+a)
1

R pE-a?
. _ [1]
Therefore, L {sinhat} = mai P = |al
Solution of Ordinary Differential Equations with Variable Coefficients
Laplace Transformation of derivatives: Let F is an exponential order, and that F is a continuous and F is piecewise continuous

on any interval, thanL Fo} = J.D e M F(t)dt
= [0—F(0)] — [["—pe ' F(t)dt =—F(0)+p [," e P F(t)dt
= pL{F(t)} - F(0)
= pf(p) — F(0)
MNow, since L [F'(t)} = pL{F(t)} — F({0)
Therefore, L {F"(t)} = pL{F'(t)} — F'(0)
L {F"(t)} = p {pL{F ()} — F(0)} — F'(0)
L {F"(t)} = p*L{F (£)} — F(0) — F'(0)
L{F"(t)} = p*f(p) — F(0) — F'(0)
Similarly L {F™ ()} = p*f(p) — p*F(0) — pF'(0) — F"'(0)
and S0 0N
It is an important part for the solution of differential equation s, it is very helpful.
Now the Laplace transformation of derivatives, linearity property, T propagation and reverse layout transformation will be the
solution to resolve the difference equation with the Variable Coefficient.
1) Example-1: Solve
d2x dx

t—+ 2— 4+ tx = cost with condition x(0) =1
di? dt ©

Solution: Given equation is
t x" + 2x" + tx = cost

RRIJM 2015, All Rights Reserved 2459 | Page



Volume-04, Issue-03, March-2019 RESEARCH REVIEW International Journal of Multidisciplinary

Taking Laplace Transformation on both sides
L{tx"} 4 2L{x"} + L{tx} = L{cost}
ﬂTI.

Using If L{F(O)} = f(p), then = L{"[FO)]} = [S={F@)}]
MNow
P

pLx(p) —px(0) ~¥'(0) +9x(p) = "
Using condition x{0) =1, r(%) =-1
R

T4
p+A p
= +
S T e+ 9)
p+A p
x(p) =

+
p*+9 (p*+4)(p*+9)

By partial fraction

x(p) = P_, A P p
p2+9 p2+9 G5(p2+4) 5(p24+9)
P A r r

Lz} =

+ + -
pP+9 p?+9 5(p?+4) 5(p2+9)

P P P
= ]+ -1{ ]+L-1 ]_ - ]
* pE+ 9 5% + 9 S(p? + 4) S(pZ +9)
1 1
x = cosdt +=—sindt + EE‘DSEI — EmsEt

A 1
X = EsinSt +Em.52t +Era.53t
Sinccx(%) =—-1
A

_l R —

3 5
12

5
Hence the required solution is

—4'3+1 2+4 3
x = sin t z oS t s cos t

21 Example-2: Solve
tx"+(1—-2t)x"—2x =10, if

Solution: t x" + (1 =2t)x" = 2x =0

Taking Laplace Transformation on both sides
L{tx"}+ L[(1 —2t){x'}] — 2Lf{x} =0
L{tx"} + L{x"} — 2L{tx"} — 2L{x} = O

d d

_ d—pL[x }+L{x'} + 2—L{x'} — 2L{x} = 0
d d

- E[PEI(P} — px(0) — x"(0)] + [px(p) — x(0)] + 2—=Ipx(p) — x(0)] - 2x(p) = 0
d d

- E[PEI(P} —p—2]+ [px(p) — 1] + Zd—p [px(p) — 1] — 2x(p) = 0

_ |p? d;;p}-l—pr(p}—l + [px(p) — 1] + 2

d x(p)

+ x{p)] —2x(p) =0
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da
-2 = 1)
dx(p) 1
o +—P_2dp—ﬂ

Integration on both sides with respect to p
log x(p) + logip — 2) = logk
k
x@}—p_z
Taking inverse Laplace transformations on both sides
- 1, kK
L x(p)} = L7 ==
x(t) = ke?!
But x(0) = 1 putting in above
thenk =1
x(t) = et
This is the required solution.

Laplace Transforms of a few functions f(t).
In each case we start from the definition. For example, f(t) = k:

F{‘J] . [{.m':l _ /If_"!fnff!;f _ 1 [{I_H_n”]h—x _ 1

Ja s —a t=0 §— o

Properties of the Laplace Transform.
The properties of the Laplace Transform summarized in Table 1 can be derived easily starting from the definition.
Table 1: Properties of the Laplace Transform. The function f(t) is assumed to be n-times differentiable, with n-th

= L[f(t)], G(s) = Llg(t)]. £™
= f _t'l' T}ff;

derivative of exponential type. Notations:

(o
'“” F ('H} is the n-th derivative of F(s), u(t) is the Heaviside step function,
delta function, (f #g)(t) is the convolution of f(t) and g(t). o, 3 € R.

is the n-th derivative of

with & the Dirac

Property Time-domain s-domain

Linearity af(t)+ 3g(t) al(s)+ 0G(s)
Scaling flat) 1F(2)

Frequency shifting e f(t) Fi(s —a)

Time shifting flt —oult — o) c‘“*F{ )
Frequency differentiation " f(t) (=1)"F\"}(s)
Frequency integration f()/t Ll F(r ‘Jrh
Differentiation fim(t ]l s"F(s) — s"1f(0) — ... — fin—1)(0O})
Integration f” flr)dr (u= f)(t)1F(s)
Convolution (f =+ g]l[ ) F(s)+Gl(s)
Periodic function f(t) = f(t + T) | f(t) ﬁr _jf:-""ff{f]ldl‘

For example, to prove linearity consider two functions f(t) and g(t) and their Laplace Transforms:
F(s)=L[f(t)] = [ e f(t)dt and G(s)=Lg(t) = [ e~ g(t)dt.
1 S

From the definition of the Laplace Transform it follows that

L[f(t)+g(t) = / e " [f(t) + g(t)| dt = [x:-""ff{fjfff-l— /.xf‘*'g{a‘]rh‘=F{.s-]I+G{.s-]I.

<) S <

It is also easy to see that F(0) represents the area under the curve f(t):

) F(t)dt

The Laplace Transform can be expressed as:
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Frim) Fro)

a3

i

&

Cifw) =12+ [

5=

Proof: This important property of the Laplace Transform is a consequence of the following equality:

/ ; —-:u-lfllrli”:h:lllli‘I _ _( [j.i..ﬂ':l n Jf ':_-l"_l + ,.f [.-Ir":' ,|II I.-J |

e o ”1

This is easy to prove by applying the derivation operator of both sides; then the left hand side becomes *
The right hand side is the sum of two terms B and C:

—iE

o— T
fal o a

—T "'-I ,-I ] .i‘":l -m--lJ |
B=n lj'i_.r] + ) + f (_, + 1 l.E —]
L [ K= [
e f'(x)  f"(z) | fr(x)
C=—— l,f’(.r-u ' + — 4+ 4.
h ¥ [0 [0S
Then
B+C = _“J.Iff.a':l.
Thus A = B + C and this equality allows us to express the Laplace Transform as:
— gt STy " L =
e\ e t) t i)
L[f(t) = - “ﬂ+jk'+fﬁ}—jﬁ'+.. .
' 5 & 52 gd 0
But,
) — 5 o .!I":I I”Ifll |'H-if-|
Inn{—1 [j.i_fj_jf -I-j II f li— =10
00 5 5 5= 5

After we subtract the value of the expression for t = 0 we obtain the result enounced:
g FCO) 0y f0) o F(0)
Lf(t)] = +j'_, + — L0

5 5= 54 sl

4, Conclusion

_|'|.|'j'|:. .-II:I.

Here we have used Laplace transformations to solve the differential equations in different areas of differential equations which
have a variable coefficient with limits. Laplace 's primary use is to transform the time domain functions into frequency domain
features. Laplace basic function transformation and Laplace transformation derivatives have been studied in depth and are highly

effective instruments to simplify differential equations.
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