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The exact expressions for stress-intensity factors at crack tips the and crack shape are
obtained by using finite and integral Fourier transforms method while cracks are opened by
symmetrical system of body forces in an infinite stress-free orthotropic strip. It is found that
normal stress components possess Cauchy type singularity at crack tips while displacement

is smooth.

1. Introduction

Now-a-days composite materials are replacing the natural
found materials from use. It is found analytically [1] that
composite materials can be assumed as orthotropic
continuum. The body forces in the medium are simulated by

rivets or stiffeners used in structures.

Sneddon and Tweed [2, 3] and Tweed [4, 5] had solved the
problems of crack opening in isotropic infinite medium due
to body forces. Parihar and Kushwaha [6] had extended to

rigidly lubricated strip.
rectangular domain. Singh et.at.

Kushwaha
[8] had extended the

extended to

(7]

problem to stress-free infinite orthotropic strip for an interior

=0,0<y<oo

o, (-a,y)

o, (-a,y)

/\
!

Griffith crack. Kushwaha and Jha [9] extended the problem
of [8] to two interior Griffith cracks.

It is difficult to make interior cracks and then perform
experiment. Therefore it is the need for further work. In the
present research endeavour it is done for two similar
exterior Griffith-cracks. It is easy to make exterior cracks by
wedging.

Physically the cracks occupy the region y = 0,b<|x|<a,

while the strip is of width 2a and the cracks lie over x-axis. y-
axis passes through the middle of the strip. The cracks are of

length (a—D), see figure 1.
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Figure 1. Stress-free orthotropic strip in the presence of Body Forces (X, Y).

It is assumed that plain-strain conditions prevail. The axes of material symmetry coincides with co-ordinate axes. The over all

symmetry of problem reduces to solution domain as [0,a]\W[0,%). The physical problem is reduced to all following mixed-

boundary value problem.
o (@ y)=0,(ay)=0, asy<wo

O, (x,00=0, 0<x<a
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oy (%0)=0, b<x<a (1.3)

uy,(x,00=0, 0<x<b (1.4)

The problem of finding the components of stress and of displacement at general point (X, Y) is divided into two. Namely (a) Body
Force Problems (b) Elasticity Problem. Therefore,

(%, y) =P (x y) +c (x, y).i, j=xy

Where super scripts (b) or (e) over quantities refere to body force problem or elasticity problem, respectively.
It is being checked through out the analysis, see Burniston [10],

u,(x,0)>0, b<x<a (1.6)

The plan of the paper is as follows : In section 2 the problem is formulated. The section 3 will reduce the problem to dual series
equation. Solution of this series equation will be reduced to Fredholm integral equation of second kind in section 4. The physical
quantities will be reported, in terms of solution of Fredholm integral equation, in section 5. A special case of body force will be given
in section 6. There will be graphs of stress-intensity factors and of crack shape. Discussion and conclusion will be in section 7. The
references will be in the last.

2. Formulation

The body forces in the medium are producing stresses in the medium and specially at Y =0, the normal stress produced will
cause the cracks toopen. Thus the body force problem is done first.

Body Force Problem
The equations of equilibrium in the presence of body forces and no crack in the medium, is solved by taking appropriate finite
Fourier transform with respect to x and Fourier integral transform w.r.t. y.
The equations of equilibrium
ds,, 0o oc,, 0o
a—xx+—xy+pX =0, 2+ 1pY=0
X y X y 2.1)

When (X, Y) are body force components and p is mass density of the medium. The stress-strain relations are

exx a11 a12 0 O xx
i i (2.2)

When a;; ~ a4 are elastic constants &exx etc, are strain components. Taking finite sine transform w.r.f. x and cosine integral
transform w.r.t. y of Ist of (2.1), and finite cosine & integral sine transfer of 2" of (2.1), then obtain the values of c,, cxy,cyyfrom

(2.2) we after Fourier inversion

raul (x,y) = 4szin(anx)I;O cos(sy)(wW; X i —W,Y,)ds
n=1 (2-3)

raul® (x,y) = maulY (a,y) +4p>_ cos(o, x)ul (ot y)

n=1 (2.4)
©
Uyo (0t ) = [ SIN(SY)(Wo X o0 = WaYes)ds -
with
2 2 4 2 2 4
WW, = ay1866S° + Booty, W= (8" +2B;s%ay; +Bray)
2 2
WW, = SatnBy, WW3 = B0S” + 8850t
)
Br=Bo —a12866,B0 = 3132, — &,
22, + 34 B _ Ay
B=—=—>B;,=
Ay apy 2.6)

Elasticity Problem
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The problem of crack opening in the medium is obtained by solving equations of equilibrium (2.1) with the absence of body forces.
The method of Kushwaha [11] is used and thus the displacement components are given as

1 - _ ©
U§/e) (x,y)= Euyc 0, y)+ Zcos(ocn X)ou,’ [, H ryyy —(2805 + agg)oinH, y]+ jo 57 cos(sy)

n=1

2
[825G 10 —1257S,x 10,

2.7
u® (x,y) = 3_sin(oy X)oty*[ag; Hyy —0thag H]
n=1
+IO SiN(Sy)s 2[ax,G, +5° (28, + 865 )G1ds 28
with,
(rl - rZ)H (O('n’ y) = [(rl - rZ)Ah - Bn]e_mnrly + Bne_anrQy
(r; —1,)G(x,8) =[(r; — 1, )C — D] cos(sr;X) + D cos(sr,X) 2.9)
where "' "2 and "3: 4 are roots of
r*—2Br?+B,=0, r*—2B{r> +B; =0 (2.10)

respectively. And

r | _1
Bl = (2ay;, +ag5)/ 82, B; =B, (2.12)
while B, and B, are defined in last of (2.6).

3. Reduction to dual series
The geometrical symmetry and symmetrical system of body force will give
o) (x,0)=0, u’(x,00=0, 0<x<a

(3.1)
0 (ay)=0, 0<y<oo 62
Then using (1.5) and (3.1) — (3.2) in second of (1.1), (1.2), (1.4) it reduce to
5 (x,0) =0, 0<x<a 53
5 (a,y)=0, 0<y<oo e
ul(x,0)=0, 0<x<b )
and (1.3) gives

(e) — _~M

oy (X,0)=—0,/(x,0), b<x<a 3.6)

Thus the series equations (3.5) and (3.6) constitutes the mixed-boundary value problem. Now making one of (2.7) — (2.8) and the
relations (2.2) the boundary conditions (3.3) - (3.4) gives,

nA, =B, (3.7)
D= [Cr;(r; —1,)sinh(ar;s)]

A(on) (3.8)
R (a,) = 1z sinh(arss) + r, sinh(ar,s) (3.8)a
The boundary condition first of (1.1) gives
C =[o,B, + P (at, )I-D"/ P(ar,) 9
Pla,) = a2ry[cosh(ara, ) — 13(r¥ — rZ) cosh(aa,r,)]

Ran) (3.10)

Thus out of four constants A, B,;C(s), D(S), we obtained three relations (3.7) — (3.10) which will determine three constants

interms of one constants i.e., B.
Thus the mixed-boundary conditions (3.5) — (3.6) will reduce to
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d)2°+2¢ncos(oc x)=0, 0<x<b,
~ (3.11)

D and, cos(a,X) =P(x), b<x<a,
n=1 (3.12)
with ®n =Bnotn, &g =A/d, (3.13)

d=d, —dy(r+1r)/[nn-1)]
(L —1r)dy =nl(n+1r)(a; +ag - a122r12)]

(r = 1)d, = (1 + )8y, +8gs — gy (1 + 17 —11,)] (3.14)

P(x)=—c)(x,0)+ icbn cos(o., X)M (o, X)

n=1 (3.15)
M (o, X) = (—1)“a§[: f4(sot,,, X)ds
fy(soun, X) = f; (o, S)Fy (o, X)/ Fi(sa)

(K — 1, )F (sa) = 2(r, +1,)s% cosh(sar,)

f,(a,8) = W ry
2\Mne/) a2r2 2.2 2

alrf +s? anly +5 3.16)
F, (sa,, X) = [r7 cosh(sr,x) + (rf + r, — r3) cosh(sr,x)]F, (sa)
F,(sa) = sa r; cosh(sar,) — r, cosh(sary) _[ o® (a, y) cos(sy)dy

r;(r; —r,) cosh(sar;)
o (x,y) = {2 s(0,y) - Zcos(a x)o &) (an)}
Sk (0, Y) = [ coS(y)[W, Vs + W, X o 1
(3.15)b

Thus the physical problem is reduced to dual series equations (3.11) — (3.15).

4. Solution of Dual Series

The solution of dual series equation is obtained by the method of Parihar [12] we assume the trial solution as

o b, = 2j:g(t)sin(ant)dt

(4.1)
a
=2| (t—a)g(t)dt
9o =2] (t-a)g(t) .
and then using the series
. n/2, X>Yy
§+ Zsm(nx?}cosny _lnia x>y
n=1
0. x<y 4.3)
Then using (4.1) — (4.3) into (3.11) which satisfies it identically. Now it is assumed that
9(a)=0 (4.4)
There is no loss of generality. The substitution of (4.1) into (3.12) and using
(x-y)
Zsin(anx)sinany —ilog sing 2
o 20 g V)
2 (4.5)

and then using [12] to invert this
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_ 2 cos(qt/2) a
00 B 8000+ [ 99K (5,005 |

(4.6)
with
A1) = JAasin(qXIZ)a/G(b,x)c(yt;)(x,O)dx
’ b G(x,1) 4.7)
G(b,t) = |cos(qgb) —cos(qt)| 4.8)
K(x.0) =J-a sin(qx/2)‘/G(b,x) N (s, x)dx
i G(x.1) (4.9)
Where
N(s, X) = i(—l)”ocn sin(ct, ) cos(ot, X) jj f5(Bat,, X)dp
n=1 (4-10)

While f; is given in (3.15). The equation (4.6) is Fredholm integral equation of second kind. Thus the physical problem is reduced
to solution (4.6).

5. Physical Quantities
The physical quantities which are important in fracture mechanics are normal stress and then stress-intensity factor and the crack
shape.

CRACK SHAPE

The crack shape or crack opening displacement is obtained through the value of left hand side of (3.11) for b<x <a. Using (4.1)
-(4.3)in (3.11) itis given as

u® (x,0)=d [— [Todt+ Ibag(t)dt}

where d is given by (3.14).

(5.1)

NORMAL STRESS
The normal stress GE;;)(X,O) aty = 0 for 0< x<b is obtained through the values of series in left hand side of (3.12) after

transforming P(X) on left hand side, and it is given as

@ _ 2| g(t)sin(o,t)dt
o' (x,0) = - Db T + F(x)}oswb o
F(x) =0 (x,0)+2[ g@®F(t, x)dt, 9

Fy(t,X) =Y sin(o,t) cos(ou, X)M (ct,, X)
n=l (5.4)
Where in M (a.,,, X) is given in (3.15). Now using the value of g(t) from (4.6) into (5.2) and evaluating the integrals it is given as

o) (x,0)= [nrlS(x)]‘l[Ao(x) + jca g(y)K(y,x)dy + F(x)],o <x<b

500 = JG(x.b)

" cos(gx/2)

(5.5)

(5.6)
Ao(X) s defined in (4.7).

STRESS-INTENSITY FACTORS
The stress-intensity factor at crack tip is defined as

K, = lim Jb—x G,y (%,0)
x—0"

(5.7)

The component Gy (X, 0) does not possess square root singularity, therefore (5.7) will reduce to
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Ko = lim Vb —xc{? (x,0)
x—0"

Now using (5.8) in (5.5) we get,

N
_1 &, (b) = {Zq tan (q—ﬂ
Ky =13, (0)]A4(b), 2 (5.9)

Ay(b) = Ay (b) + [ 9 (Y)K (¥, b)dly

where the function F(X) does not possess singularity at crack tips.

(5.8)

(5.10)

6. A special type of body force
The point body force is assumed as see figure 2.

8 A 1
\Y : 8
= Point Body Force v
i X(Y ) =0 (O, 17) =
Vi %) .
= Y(0, + h) = %5(.\')[6@ —hy-sx+ N L
[ (=b, 0) b, 0) =3
L, 1
j i L :
o 7] stress-free cracks =
©
Ly [
~ N
|a° (0, —h) g
% Y =
o y o
¥
/—\L/

Figure 2 : Special point body forces are acting at (0,%h) is positive and negative
y-directions, respectively.
X(x,y)=0, Y(x,y) =%8(X)[8(y—h)1 —8(y +h)]

(6.1)
where p is mass-density of the medium.

The point force is acting at points (0,£h) and of intensity Q. Now, making use of (6.1) into (2.3) — (2.4) and then using (2.2), it is

easy to evaluate the value of G(yt;,) (X,O). Therefore, it is easy to evaluate A, (t) which is given as,

Ag(t) = aQ[el sinh(ghe, /2)ajR(qhe3,b . e, sinh(ghe, /2)Q/R(qhe4,b) },b “t<a

R(ghe, 1) R(ahe,. 1) o

R(a,B) = cosha —cosp
The value of A, (t) will be used for crack shape through the evaluation of g(t) .

A0 zg{elsinh(qheg) {SW JR{ahe,.b) }

R(ghes, x) cosh(ghe; /2)

e, Sinh(ghe, {5(x)+—VR(qhe4’b) H,osx<b

3
R(ghe,, X cosh(ghe, /2
( 4 ) ( 4 ) ( . )

RRIJM 2015, All Rights Reserved 861 | Page



Volume-04, Issue-01, January-2019 RESEARCH REVIEW International Journal of Multidisciplinary

The value of Ay(x) will be used in normal stress component. Thus K, is given as
Kp, =[8, (b)mr] Ay (b)
e, sinh(ghe;/2) e, sinh(ghe,/2)

a

A,(b)=a + + K(y,b)dy |,

,(b) Ao Rhe D) [, 9K (y.b)dy

(6.5)

e = (&, + agg — 3185 )[ay; (€5 —ef)] ™
e, =[ay; +ej —ay, —agellay (€5 —ef)™"

_ 2 L2\U2 o _ o _(p2 _ 2\1/2
&=n+( —1r;) g=n-("-1y) ©5)

SOLUTION OF FREDHOLM INTEGRAL EQUATION
The solution of Fredholm integral equation, for special point force body force is obtained numerically by the method of fox and
Goodwin [13] In the equation (. ), the following substitution is made

cos(qt/2) = pcos(qb/2)

(6.7)
1 .
where p; = pi4 +§’ i=1,-10,
with  py =0, py=1. (6.8)
The limit of integration (b, a) is changed to (0, 1).
Thus a system of ten linear equations as
Aj(pl):dj’ |,J:1,2,3 ..... 10, (69)
with
2 -
Al(pl) :_z{s(pl)}Blv Il J :112’3 ----- 101 B| :1_ K(p|1t|)
a (6.10)
2 1 2 -1
A === {8(p)} " K(pjt), d; =—5(8(t;))  Aq(t;),
a a (6.11)

Where Ao(tj) is given by (6.2) — (6.3) and (6.6) the variation of stress-intensity with respect to h, the distance of point of

application of point body force.

7. Discussion and conclusion
Discussion
The crack shapes for different (h/a) are shown in figures 3 and 4. The stress-intensity factors are plotted in figures 5 and 6.

a o
L
a i
. ho -7
%uﬂ_)(x, 0| o~ .6
3 4 6
x/a

Figure 3a: Crack shape for different values of h/a with crack length = 0.3
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h _,
a
B 4 o
a
a (e
—u.’(x,0) B 2 oo
d™ 4 .6
2
2 ' 6
x/a
Figure 3b : Crack shape for different values of h/a for crack length = 0.2
h _,
a
By
a
a (e
r L] - pe——
a
2
A
3 5 79 sl
Figure 3c : Crack shape for different values of h/a for crack length = 0.2
h
i R,
li /1 — ———— -
a ; =
+.8 h
a
i, 0) — ho_ o
+6 a
+.4
<2
1. 7 8 9 1.0
xla — xXla —»

. a : . a (e . .
Figure 4a : Euy is plotted against x/a for | Figure 4b : auy (x,0) is plotted against x/a

different values of h/awhen grains or a;; are | when grains or ai;x are parallel to y-axis for
parallel to x-axis. different values of h/a.
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hla —»

Figure 5 : Ky is plotted against h/a for different values of b/a when grains or ajjare parallel tox-axis.
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25T //’ \\\\
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le £ < ~ ~ a

nr K,/

| 1 I | | I | I I
©0) >, 4 6 8 10 12 16 18 2
hla —»

Figure 6 : Ky is plotted against h/a for different values of b/a when grains or a1 are paralleltoy-axis.
The elastic constants for wood of Oak and given as

By =Sy — S{3/ S33,890 =Sy — Sh3/Sa3

3, =S1 —S135,3/ S33, 365 = S

where

5;; =1040, s,, =175, Sy = 468, Sgz =1320
5, = —88.4, 53 =—303, S,5 = —50.4

The principle of cross-linear super position is being used in obtaining the solution of elasticity problem, see [19]

8. Conclusion

[1] From figures 3 it is observed that as point of application of point force goes away from the crack axis, crack opening becomes
less.

[2] It is also observed that when crack length is less than crack opening is also small.

[3] From Figures 4 it is observed that when crack axis is along x-axis and elastic constant a;; has greater value than that of a,,,
then crack opening is more.

[4] If grains i.e. @, is along y-axis than crack opening is less.

[5] From figures 5 and 6 it is observed that when crack length is less K, is also less.

[6] It is also observed from figure 5 & 6 that when a,; is along crack axis then K, is smaller then that of k, when &, lies along

perpendicular to crack axis.
[7] This method can be extended for multiple cracks ie. n-cracks in strip or rectangle.
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