RESEARCH Volume-03
REVIEW [ssue-12
JOURNALS

December-2018

ISSN: 2455-3085 (Online)

RESEARCH REVIEW International Journal of Multidisciplinary

www.rrjournals.com[UGC Listed Journal]

Common Fixed Point Theorem in Generalization of Partial Metric Spaces for Set

Valued Mappings

"IA.Sebastian Selvaraj&?®J. Maria Joseph

12p G. and Research Department of Mathematics, St.Joseph’s College, Tiruchirappalli — 602 002, Tamil Nadu, India.

ARTICLE DETAILS ABSTRACT

Article History
Published Online: 10December 2018

Keywords

Fixed point, common fixed point, set-
valued mapping, G — metric space,
partial metric space, G,,- metric spaces.

‘Corresponding Author
Email:sebawinselva@gmail.com

In the setting of symmetric and complete G,-metric spaces, we prove fixed point and
common fixed point results for two pairs of set valued mappings in G, metric spaces. An
example is given to strengthen our results.

1. Introduction and Preliminaries

Fixed point theory is one of the most powerful tools of modern
mathematics for solving Tx = x for mapping T defined on
subsets of metric spaces and also it is an attractive and
interesting subject with a large of number of applications in
various fields of mathematics and other branches of sciences
like game theory, approximation theory, optimization and
variational inequalities. The most famous result in this field was
known as the Banach contraction principle (1992) [2] proved a
theorem which ensures, under appropriate conditions, the
existence and uniqueness of a fixed point. This principle has
many generalizations in different ways which established and
introduced by several authors.

One such generalizations is a partial metric space which
introduced by Matthews[10]. In partial metric spaces,
self-distance of an arbitrary point need not to be equal zero.

Definition 1.1.A partial metric on a non empty set X is a
function : X x X -» R*,R*: = [0, o), such that for all x,y,z € X
P x=y e plx)=pxy) =p0.y),

P(2) p(x,x) < p(x,y) ,

P3) p(x,y) =py,x)

P(4) p(x,y) <p(x,2) +p(z,y) —p(22) .

A partial metric space is a pair (X,p) such that X is a non
empty set and p is a partial metric on X.

As one of the fruitful generalizations of metric spaces,
Gabhler[4,5] (called G-metric spaces) and Dhage [5,6] (called
D-metric spaces). In 2003, Mustafa and Sims [8] found that
most of the claims concerning the fundamental topological
properties of D-metric spaces were incorrect. Therefore, they
[9] introduced a new structure of generalized metric spaces,
which are called G-metric spaces, as a generalization of metric
spaces, to develop and introduce a new fixed point theory for
various mappings in this new structure.

Definition 1.2.Let X be a non empty set, and let G: X X X X
X - R* be a function satisfy the following axioms:
G(DHG(x,y,2z) =0,iffx=y =7z
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G(2)0 < G(x,y,z)forall x,y,z € X with x # y,

G(3)G(x,x,y) <G(x,y,2) ,forall x,y,z € X with z # y,
GA)G(x,y,2) =G(x,2,y)=G(y,z,x)= . . . (Symmetry in all
three variables),

G(5)G(x,y,z) <G(x,a,a)+G(a,y,z) , for all
(rectangle inequality)

Then the function G is called a generalized metric or more
specifically, a G — metric on X, and the pair (X,G) is called a
G-metric space.

x,y,z,a €X

Recently, Zand and Nezhad[12] introduced a generalization
and unification of both partial metric space and G-metric space
(generalized metric spaces), by giving the notation of G,-metric
space (generalization of partial metric spaces) in the following
way.

Definition 1.3. Let X be a non empty set. Suppose that
Gp:X X X x X - R* satisfies;
G,(1) x =y = zifG, (x, x,x) = G,(¥,y,¥) = G,(2,2,2)

forallx,y,z € X
G,(2) 0= Gy (x,x,x) < Gy (x,x,¥) < Gy(x,y,2)forall x,y,z€ X
G,(3)G, (x,y,2) = G, (x,2,¥) = G,(y,2,x) = . .. (Symmetry in all
three variables),
G,(4)G,(x,y,2) < G,(x,a,a) + Gy(a,y,2) — Gy(a,a,a)

forall x,y,z,a € X
Then G, is called a G, metric on X and (X,G,) is called a G,
metric space.

Example 1.4.Let X =[0,0) and define G,(x,y,2z) = max{x,
y,z} for all x,y,z € X. Then (X,G,) is a G, metric space but
(X, G,) is not a G-metric space.

Example 1.5. If (X, d) is an ordinary metric space, then (X, d)
can define G, metrics on X byG,(x,y,z) =d(x,y) +d(y,2) +
d(y,x)and G, (x,y,z) = max {d(x,y),d(y,z),d(z x)}

Proposition 1.6. Let (X, G,) is a G, metric space, then for any
x,y,z € Xand a € X, it follows that
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)G, (x,y,2) < Gy (x,x,y) + Gy (x,x,2) — Gp (X, X, %)
(iNG, (x, y,¥) < 2G, (x,x,y) — Gy (x, X, x)

(iiGy (x,y,2) <

Gy,(x,a,a) + G, (y,a,a) + G,(z,a,a) -
2G,(a,a,a)

V)G, (x,y,2) < Gy(x,a,2) + Gy (a,y,2) — Gy(a,a,a)

Proposition 1.7. Every G,-metric space (X,G,) defines a
metric space (X, Dg,) where

Dg,(x,y) = Gp(x,,¥) + Gy (¥, %, x) = Gp (X, X, X = G, (¥, ¥, ¥)
forallx,y € X

Definition 1.8. Let (X,G,) be a G, metric space a sequence
{x,} is called a G, convergentto x € X if

limy, o0 G (X, X, X)) = Gp (X, X, X)

A point x € X is said to be limit point of the sequence {x, } and
written x,, - x.

Thus if x, - x in a G, metric space (X, G,) , then for any ¢ > 0
there exists [ € N such that |G, (x, x,, x,) — G, (x, x, )| < &, for
alln,m > L

Definition 1.9. A G,, metric space (X, G,) is called a symmetric
G, metric space ifG, (x,y,y) = G,(x,x,y) forall x,y € X

Proposition 1.10.Let(X, G, )isaG, metricspace.
foranysequence{x, }inXandapointx €

X thefollowingareequivalentthat

(i) {x, }isG,convergenttox

(ii) G, (xp, X5, x) = G, (x, X, x)ASN > 00

(iii) G, (xn, X, x) = Gy (x, x,x)asn > ©

Then,

Definition 1.11. Let (X, G,,) be a G, metric space.

(i) A sequence {x,} is called a G, Cauchy sequence if and only
if 1imy, ;oo Gp (X0, X, X, ) EXiSts (and is finite)

(i) A G, metric space (X, G,) is said to be G, complete if and
only if every G, Cauchy sequence in X is G, convergent to
x € X such that G, (x, x, x) = limy, p a0 Gy (Xn) Xim» X )

Lemma 1.12L et(X, G,)beG, metricspace. Then
(l) Ipr(x,y,Z) =0>x= y=z
(i) Ifx # y, thenG, (x,y,y) > 0.

Definition 1.13. Let (X, G,) be a G, metric space and X — X
be a given mapping. We say that T is continuous in x, € X if for
every sequence x,in X, we have

(i) x, converges to x, in (X, G,) implies Tx, converges to Tx, in
X, Gp) .

(i) x, converges properly to x, in (X,G,) implies Tx,
converges properly to Txg in (X, G,) .

The study of common fixed points of mappings satisfying
certain contractive conditions has been at the center of
rigorous research activity. Abbas and Rhoades [3] initiated the
study of a common fixed point theory in generalized metric
spaces and [11] extend that result to G-metric space.

2. Main Results

In this section we state and prove our main results.
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Theorem 2.1. Let (X,G,q) and (Y,G,;) be symmetric and
complete G-metric spaces. Let Ty, T, and T3 be mappings of X
into B(Y) and Sy, S,andS3; be mappings of Y into B(X) satisfying
the inequalities
Gp1(SiTix, SyTox', S3Tax’ ) =
Gp1 (x, x,x"), Gp1(x, 51T x, x"), Gp1 (x', S, Tox, x),}(l)
Gp (x",83T3x" , x), Gy (Tyx, Tox', T3x")
Gp2(T2$1y, T3Sy, 1Sy )= , ,
Cmax{GPZ(y'y Y ), sz(%’. Tgsly'y ), sz(}f .T35”2y '}’).}(2)
Gp2(y TS5y ¥ ), Gp1 (517, 52y, S5y )
forall x,x,x" €Xandy,y,y" €Y and0 <C <1. If one of
the mapping Ty, T, T3, S1, SpandS; is continuous, then STy, ST,
and S;T; have a uniqgue common fixed point z € X and
T,S1, T3S, and T,S3; have a common fixed point w € Y. Further
Tiz = Tyz = T3z = {w} and S;w = S,w = Szw = {z}.

Cmax{

Proof:
Let x be an arbitrary point in X, and define the points
y1 €Tix, x €S1y1, ¥2 €ToXxy, X3 €8,¥2,  ¥3 €Tzx3, X4 € S3Y3.
Define a sequence {x,} and {y,} in B(X) and B(Y)
respectively, by choosing a point,

Yan-2 € Tixzn—2 = Y3p2

X3n-1 € S1¥3n-—2 = Xzn-1

Yan-1 € ToX3zn—1 = Y31

X3n € S2¥3n-1 = Xan

Yan € T3xz, = Y3y

X3p41 € S3y3n = Xz,qiforeach ne N

Using (1) and (2), we have

Gp1 (X3n+1) X305 X3n—-1) = Gp1(S3T3X30, S2To X301, S1T1X30—2)
= Gpl(slTlen—ZJ52T2x3n—1JS3T3x3n)
Gp1(X3n—2, X30-1, X3n),
Gp1(X3n—2, X30-1, X3n),
Gp1(x, %, %), Gy (x, X, X),
GpZ(Tlem—ZJT2x3n—1T3x3n))
Gp1(X3n—2, X30-1, X3n),
Gpl(xSn—erSn—lrxSn)J
< Cmax< Gp1(X3n—2, X301, X30),

< C max

Gpl(x3n+1' X3m> X3n-1)s
Gp2(V3n—-2,Y3n-1,Y3n)
Gpl(xSn—ZJ X3n—1,X3n),
GpZ()’3n—2:)’3n—1: V3n)

Gp1(X3n41, X3n, X3n—1) < C max {

and
Gp2(V3n+1 Y3n Yan—2) = Gp2(T1S3Y30, T3S2Y3n -1, T251Y3n—2)
= Gp2(T251Y3n-2, T3S2Y3n-1, T1S3Y3n)
Gp2(V3n—2,Y3n-1,Y3n)s )
GpZ(YSn—Z'an—leSn)' |
GpZ(YSn—l'an'an—Z)'
GpZ(YSnvy3n+1'y3n—1):
Gp1(S1Y3n-2,52Y3n-153Y3n)
Gp2 V3n—2, Y3n—-1,¥3n )
GpZ(y?)n—Z' Y3n-1,Y3n)» |
< Cmax Gp2(V3n—2, Y3n-1,Y3n),
GpZ(Y3nvy3n+1'y3n—1):
Gp1(x,x,%)
GpZ(y3n—2'y3n—1vy3n)'}
Gpl(x3n—2'x3n—1'x3n)

< C max

Gp2(V3n+1) Y3n, Y3n—2) < C max
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From the above inequalities, we obtain

Gp1 (Xnt1, Xn, Xp—1) < CP max{Gpy (x, x1,%2), Gp2 (1, ¥2,¥3)}
Gp2(Un+1, Yo Yn-1) < C" max {Gp1(x, x1, %2), G2 (V1, Y2, ¥3)}
P = max {Gp1 (X, X1, %2), Gp2(V1, Y2, ¥3)}
Gpl(xn+1'xntxn—1) =C"P
sz(yn+1,yn,yn_1) < C"Pforn = 1,2,3, ...
Now, we shall show that {x,} is a G, Cauchy sequence in X.
For each [,m,n, withl >m >nand [,m,n € N, we get
Gy (X X, %) < Gy (o, X1, Xng1) + Gp1 (1, X 42) Xn 42)
+Gp1 (X142, Xn43) Xng3) + o+ Gp1 (1, Xy Xom)
+Gp1 (i1, %1, %) — {Gp1 Ot 1, X1, Xng1)
+Gp1 (Kn42) Xn42) Xna2) + oo
+Gp1 (-1, %11, %1-1)}
< Gp1 (Xn) Xn 41, Xng1) + Gp1 (X1, Xn 42, Xnt2)
+Gp1 (X142, Xn43) Xng3) + o+ Gp1 (1, Xy Xom)
+Gp1 (-1, X1, %7)
< C"P+C"IP 4+ 4 CITLP
<C'P(1+C+ -+ CH1 M)
< c"P
“1-C
By taking the limit as [,m,n — o to both side of the above
inequality and from the hypothesis C < 1, we have

ln}igm Gp1 (X, X, %) = 0

It follows that {x,} is a G, Cauchy sequence in X and by G,
completeness of X, there exists z € X such that {x,} converges
tozasn - . i.e.,

7}1_{1;10 Gp1 (2, %, %,) =0
Similarly, {y,} is a G, Cauchy sequence in Y and by G,
completeness of Y, thereexists w € Y such that {y,} converges
towasn - . i.e.,
7}1_1;{}0 Gpl W, Y, ¥,) =0
Now,
Gp1(S2Tax3n-1,2,2) < Gp1(S2T2xy, 1 xan_1v3n1) + Gp1(X3n-1,2,2)
_Gpl(x3n—1'x3n—1'x3n—l)
< Gpy(xxx + Gp1(x3n—1,2,2)
< Gp1(52Tox3n 151 T1X3n—2, S1T1X30—2)
+Gp1(x3n-1,2,2)
Gp1 (%, %, %), Gy (%, X, %),
Gp1(X3n—2, X301, X3n-2),
Gp1(X3n—1, X3, X30-2),
GpZ(T2x3n—1'T1x3n—2'T1x3n—2)J
+Gp1(x3n-1,2,2)
Gp1(x3n—2, X3n-2, X30-1),)
Gpl(x3n—2'x3n—1:x3n—1) |
< Cmax < Gp1 (X302, X3n-1, X3n—2),
Gpl(x3n—1'x3n'x3n—2):
G2 (V3n-1,Y3n—2, Y3n—2)
+Gp1(x30-1,2,2)
- 0asn — oo,

< C max

1}1_1;1;10 Sz T2X3n_1 = {Z} = 1}1_)1’1010 52 Yan-1

rll_l)g S1Tixzn—2 ={2} = 7}1110‘0 S1Y3n-2
lim S3 T3x3, = {z} = lim S3y3,
n—-oo n—o

lim T, S1y3n—2 = {w} = lim Ty x3, 4
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1}1_{1010 T35Y3n-1 = W} = r}ggo T3 x3p,
1}1_{1010 Ty S3y3n = {w} = r}ggo Ty x3n 41
If T, is continuous, lim, o, Ty X3,41 = T12 = {w}
Gp1(51T12, S22 %3, 1S3 T3X3,)
Gp1(2, X301, X37),
Gy1(2,51Thz ,x35),
Gpl(x3n—1'x3niz):
Gpl(x3n'x3n+1'x3n—1):
Gp2(T12, Tox3n—1,T3x3,)

< C max

As n - oo, we obtain
Gp1(51T12,2,2) < CGp1(2,51T12, X37)
Gp1(51T12,2,2) =0
STz ={z} = S1w
Similarly,
S, Trz = {z} = S,w
S3T3z = {z} = S3w
T,5w = {w} =T,z
T3S,w = {w} = T3z
T:Sz3w = {w} =Tz

From the above inequalities, we obtain
$51Tvz = 5T,z = §3T3z = {z} = S;w = S,w = S3w
T251W = T352W = T153W = {W} = TzZ = T3Z = le.

Hence, z € X is the common fixed point of T;S;,T,S,and TS.
Similarly, w € Y is the common fixed point of T,S;, T3S, and TS.

To prove uniqueness suppose that $;Ty,S,T, and S3T; have a
common fixedpoint z', such that $,T;z =z ,5,T,z =z and
S3T3z =z,

Using the inequalities (1) and (2), we have

Gpl(z',z',z')
Gpl(z',Slle',z'),
Gpl(z',Sszz',z'),

kaz(lel, TZZ,,T3Z,))

< CGyy(Tyz, Tyz , T32')

< CGyy(TyS51Th2 , T38,T22 , Ty S3T32')

G2 (T1z , Tyz , T32),

( Gypo(Tyz , T,8, T2, T32), ]
G2 (Tsz , T3S, Tyz , Ty 2),
Gpo(T3z , T1S3T32 , Tyz),
Gp1(SiTyZ , $,Toz , S3T32)

< €261 (51112, Sy Tz, S3T32 )

Gp1(S1Thz',S,T22, S3T3z ) < C max

Gp1 (51112, 5,Toz , S3T3z') < C? max

which yields,
Gp1(S1Tiz ,S;T22 , S3T3z ) = 0.
= 8Tz =5T72 =83T;zasC <1
= 85Tz =585,Tz = 83Tz ={z}
Thus, Tyz =T,z = T3z = {w'} (say). Then,
STz =8,Tz =583T5z = {2} =Sw' =S,w = S;w’
TSwW =T3Sow =TiS3w =W} =Toz =Tz =T,z
Now,
Gy1(2,2,2) = G,1(51T12,5,T,2,S3T32 )
Gp1(z,2, z), Gpl(z,Slle,z')
< Cmax{ Gy1(z,8,122,2), Gy (2, S3T32 , 2),
Gp2(Ty2,Ty2,T3z')
Gpl(z, 7,7), Gpl(z, z,2),
< Cmax{ Gp1(z,2,2), Gpl(z',z',z),
Gp2(Th2, T, 2, T3z)
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Gp1(z, 2, z'),Gpl(z,z,z'),
< Cmaxy G»1(2,2,2),G,1(z, 2,7),
Gy2(T12,Ty2,T3z')
< CGpp(Ty2,Tyz, T3z)
Gp1(2,2,2) = CGpp(Ty$1W', T3S,w, TSw)
( sz(wy,w,w), \
| sz(w’,Tlew',w), |
< C?maxy{ Gp(w, T3S,w,w'),
Gpo (W, Ty S3w, W),
Gp1 (S1W', Sy, S3w)
sz(w',w, w),sz(w',W',w),
< C?max{ Gp(w,w, w), G (W, w,w),
Gpl(zy,z, z)
< (? max{sz(W',w, w), Gpl(zy,z, Z)}
Gp1(2,2,2) = C*Gy1(2,2,2)
which yields, G,1(z,z,z)=0. Thus, z=2z". Hence z is the
uniqgue common fixed point of T;S;, T,S,and T3S3. Similarly w is
the unique common fixed point of T,S;,T;S,and TyS;. This
completes the proof.

Example 2.2. Let X=[0,1]Y=[12] and G, (x,y,2) =
Gpo(x,y,2) = max{x,y,z}. Then (X,G,;) and G,,(x,y,z) are
symmetric G, metric spaces. Define Ty, T, T3 : X = B(Y) by

T,() = a2 —2x+ 2
1(x) =x 3X+3
Ty() = x? - ox + o
2(x) =x ZX+3
I I ¢
300 =x" = 5%+ 1o
Define 51,52,53 Y - B(X) by
i , 29 14
1(x) =x 0513
: , 14 13
2(x) =x TxtT
3(x) =x T0°t3
Then,
STy (1) =S5;(1 1+4 =502)=4 29+14—1
1T1(1) = 51 ( 3 3)— 1(2) = Tt =
S,To(1) = S,(1 1+8 =5,(2)=4 28+13—1
2T (1) = Sy( = 7)— 2(2) = ctg =
S3T3(1) = S3(1 9+19 =5:(2)=4 23+8—1
3T3(1) = S3( 10 10)— 3(2) = T te=

Therefore, we have
S$1T1(1) = 5;T2(1) = $3T3(1) = 1 = 51(2) = 5,(2) =S(2)
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