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This paper is based on the analysis of various performance measures of queuing model
having limited system capacity and multiple servers by using Binomial and Uniform
probability distributions. By using these distributions operating characteristics of the said
model is discuss in detail. The result of waiting time of customer in the queue is derived to
study the remaining performance measures of queuing model.

1. Introduction

As the capacity of the system is finite, use of Binomial
distribution follows arrival rate of the customers and service
rate of server. The inter-arrival time of customers and service
time of servers follows Uniform distribution. By using Binomial
distribution the probability relation of number of customers in
the system is derived. For the analysis of effective measures of

the queuing system a relation of expected waiting time of a
customer in the queue is derived by using Binomial distribution.
Using this relation and Little’'s formula the other related
performance measures are calculate and studied. Basic
structure of finite queue multiple-server queuing model is given
below Fig.1.
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Fig.1 Basic Structure of Finite Queue Multiple Server Queuing Model

2. Methodology

Let the capacity of the system be ‘M’ and number of multiple servers be ‘n’ for service.

Let ‘ & 'be the average arrival rate of customers.

.". Average inter-arrival time of customer = —
o

Let‘ /3 ’ be the average service rate of each server.

.". Average service time of a customer by each server = —

Let the number of customers in the system be "X’

rate of server is classified in to two possible cases.

. Since there are ‘n’ multiple servers in the queuing model, the mean service

Case-1: If the arriving customers are less than the number of servers (X < N) then, average service rate is = X3 .
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Case-2: If the arriving customers exceeds or equal than the number of servers in the system (X > n) then, mean service rate

is=ng.
The utilization factor of servers can be calculated when all the servers are busy.
I (24
.. Utilization factor p = —— Q)
ng
The queuing model is working on queue discipline FCFS.
By using binomial distribution, probability of ‘X’ customers arrived in time't’ is

X M —x

ot ot M
PM="C|=|[1-=|  t<— @

M M a
This relation gives an assurance that the time required for the arrival of ‘M’ number of customers is 0 <t < —.

(24
For the probability of served customers
Case-1: For (X < n)
M-
(XBEY( xpt) M
Probability of ‘X’ customers served by the servers less than ‘n’ in time't' is PX (t)= CX V —W , < 7
X

(©)

This relation gives an assurance that the service time required to serve the customers which are less than the available servers

isO£t<£.
Xp

Case-2: For (X >n)

X M —x
" ngt ngt M
Probability of ‘x’ customers served by the ‘n’ number of servers in time't is P, ({)="C,| — | |1-—— , T<—
M ng
4)
This relation gives an assurance that the service time required for ‘M’ customers is0 <t < — .
ng
3. Time Distribution of Finite Queue Multiple Server Queuing Model by Using Uniform Distribution
3.1 For arrival of customers:
1
By uniform distribution probability density function for continuous random variable't is f (t) = b 3 a<t<b
—a
=0 , otherwise (5) The cumulative distribution
t
function of uniform distributionis F (t) = J. f (t)dt
t
1 1 R
S F@)= J— dt =——Jt—a] For arrival time
5 b-a b-a (6)

S . _— . _ . a+h

distribution, average inter-arrival time of customer is — and mean of uniform distribution is
(04
1 a+b 2 2
—=—— Da=——=>b=—-a
o 2 a+b a

2
Here time starts from t = Owhich gives a=0 =>b=—
a
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.". Probability density function is f (t) = L _Z , 0<t< E )
2 _0 2 a
(24
Hence probability distribution function is
1 1 ot 2
Fit)=—[t—-a]=—[t-0]=— ,0<t<Z ®)
b-a 2 2 a
o

Which gives the probability of another customer arriving in the next coming time't’ if a customer already arrived.

The time limit gives an assurance of 100% arrival of another customer in the next coming time — .

a
3.2 For service time distribution of customers:
1
Average service time a customer served by each server is —
1 B 2
. Probability density functionis f(t)=————=—, 0<t<— (9)
2 0 2 ﬂ
'e
And cumulative distribution function is
Bt 2
Ft)="—,0<t<— (10)
2 B

Which gives the probability of another customer served in the next coming time‘t’ by each server if a customer already served.

The time limit gives an assurance of 100% served another customer in the next coming time — by each server.

4. Relation of Probability for Number of Customers in the System

System will have probability of containing ‘x’ number of customers at time (t + a)t) is
P (t+at) =P, (t){Pr ob(zero arrivalin ot & zero departure in a)t)}
+P,_,(t){Prob(zero arrival in @t &one departure in ot)}
+P,_,(t){Prob(one arrival in ot & zero departure in wt)}

(Where ot is very small)

Case-1: For (X < n)

o (o)~ P.() [1_%JM [1_ X[ a)tJ ) (LﬂjM M[(x+1)ﬂ th (1_ (x+1)p a)tj ]

M M M M
+P (M (%j@— @] 7 [1— Dp et “’tJ
M M M
(From equations (2) & (3))
PX (t) = an—l (t) + ﬂ(x +1) |:)x+1 (t) - (a + XIB )Px (t) (11)

Case-2: For (Nn< X< M)

B awt\" ng ct\"
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P (D) [1—“—““) M(”ﬂ‘”tj@_ ”ﬂ“’tjM
M M M

P @M M(aa)tj(l_ aa)tjM_l(l_ ng a)tj
M M M

On simplifying as mention in case-1, we get

“PMt)=aP_,{t)+ 0 P_,(t)—(ax+np)P.U(t) (12)
At steady state condition system is independent of time. Hence under the steady state condition the recurrence relation of
probability as
Probability of 'X' customer in the system is

P, = E(ZJ P, (x<n) (13)

(From equations (2) & (4))

xI\ g
1 (a)
— x_n(—j P, (n<x<M) (14)
nin p

Where (No customer for service) service stand idle

“ifa) & 1 ()]
v Zals) L5

(15)

5. Waiting Time Distribution of a Customer in the Queue:

As the queuing model is having ‘n’ number of multiple server, arriving customer has to wait in the queue only if the number
of customers is greater than the number of servers. When the arriving customer are less than the number of server , at least one of
the server stand idle and is available for the next arriving customer . Therefore to find the waiting time of customer in the queue
only case-2 is applicable.

In steady state condition the waiting time distribution of each customer is same and a continuous random variable. Let 'T' be the
time required by the servers to serve all the customers in the system.

Let F; (t) be the probability distribution function of 'T"
Where,
FT (O) = Probability of no customer + probability of customers (X < n)

=1- P"ann ( J (16)

If a customer is arriving for service and there are already X = N customers present in the system then the arriving

customer will get service after the completion of service of all the customers in the system. As the capacity of queue is M , arriving

customer is allow to join the queue only if (M —1) customers are there in the system and getting service after they all are served

Let T, (t) be the probability density function of N < X < (M —1) customers.

M-
@) = Z P, [Prob{(x — n) customers got service at time 't'}

X=n
x Prob{n customer is under service during time wt}]dt
(Where at is very small)
Probability of ‘n’ customers under service by ‘n’ servers during time @t = I‘I,Ba)t

-1 " ngt ngt
DRI e K3 A EE R AN [ PR
Xnn'n Jij M -1 M -1

X—n (M-1)—(x-n)

nBat (17)

(From equations (4) & (14))
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t M4 X X-n (M-1)—(x-n)
11 (a ) npt ngt
SFE(@)=P( <t)=F (0) + — ~|P|M'C 1- nAdt
L (©)=P(T <t)=F (0) gmmn”[ J [ | o p

(From equation (17)

By diff w. r. to ‘" we get probability density function of waiting time distribution

X X—n (M -1)—(x-n)
M-l ngt ngt
Fy=0+> 1 1 [&]p|vic M ng
—~ nln*" yii M -1 M -1

(Since from equation (16), F; (0)is independent oft))

1 M-1 1 a XM71 nﬂt x=n nﬂt (M-1)—(x-n)
~(n-1! Oﬂ[z (Ej CX{M—J (1_|v|—1j

(18)
. : _ M -1
Now, time required to serve M —1 number of customersis 0 <t <
ng
Hence expected waiting time of a customer waiting in the queue is given by
M - "8
!
J't x F/ (t)dt
0
M —
Fop

B 1 M-1q a XM_J_ nﬂt x=n nﬁt (M-1)—(x-n)
- [Pt B e (W) ) p

(From equation (18))

X (M -1)—(x-n)
_J MAaC J.tx( nﬂtj (1— nﬂt} dt
M -1

M

M -1 X X—n ng (M -1)—(x-n)
-t S () e frr(i-0B) e
(n—1)! e g)\M-1 : M -1

By using substitution npt =y=>t= (M -1y ,dt = M -1 dy,0<y<1
M-1 ng ng

To = PP

S a ' ng X_anl i (M -1y o Y M-D)-(xn) (M-1)
[;nxn[ﬂ (M_J anf(—nﬂ ] t-y) Ve dy}

1 1 ﬂx ng M 1xn+2 [ oxenit \M=(-m)-1)
_(n—l)!POﬂ X:nnx—n (ﬂj (M _]J ( nﬂ \] Cx—nJ.y (1 y) dy]

1 JE
“onif

x
= -
5
x|
p=l
T/
™R

R

1

0

B 1 M-1 1 g X n,b’ X-n M —1 x—n+2M71 - . i
‘(nl)!P"ﬂLnX"(ﬂMMJ [nﬁJ Con Alx=n+2M ~(x n))]
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__1 oy le L (gj( ng j*"[M-l}x‘"”M_lcx_n T(x=n+2)T(M - (x—n))
(n-1)! on "\ p)M-1 ng (M +2)

_ 1 (M _1)2 M1q a XM—1 ) ) i
_(n—1)!P°ﬂﬁ2r(M +2) Xz_r;n"”*z(ﬁj Crn(X=n+DHM —x+n-1)!

__1 M-D° |51 EXM—l _ _ —
(D1 M D! zn(ﬁJ Con (X=n+DHM =xn=1)!

By using substitution X=N-+Tr

ro 1 pM ~1)° MO 1 (
(-t AM D & nt

J MAC (r+1)YM —r —1)!

T = A - —————(r+)I(M —r-1)!
=D T BM )| & nP B r"(M—-r-1!

T,- g (Mo 1{% (r+1) (L9)
(=D "pMM +1) | == n""\ B

1 o (M-D® |1 (a] (M —1)!

By using this relation and Little’s formula several others parameters of queuing model can be calculated.

6. Little’s Formula:

N;=aT,N, =a'T (20)

q

Where &' = @y = at(1—P,, ) which is effective average arrival rate
Where Nsis expected number of customers in the system, Nqis expected number of customers in the queue, &' is effective

average arrival rate of customer ,Ts is the waiting time of customer in the system and Tq is the waiting time of customer in the

queue.

7. Performance Measures of Multiple Server Finite Queue Length Queuing Model:
7.1Expected Waiting Time of a Customer in the System:
Expected waiting time of a customer in the system is given by

TS = Expected waiting time of customer in the queue+ service time of customer

=T, + i (21)

7.2 Expected Number of Customers in the Queue:
Number of customers in the queue is possible only when the arrival customers are greater than the number of server.
Therefore we use here probability of case-2.
By using Little’s formula (20) we have
Expected number of customers in the queue is given by

N, =a'T, where ¢'=a(l-PR,)

M
1 a
.. Nq = l—W(E] PO XTq (22)

7.3 Expected Number of Customer in the System:
The numbers of customers in the system are the customer under service and customers waiting in the queue. Again we
use here probability of case-2
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By using Little’s formula (20) we have
Expected number of customers in the system is given by

N, =a'T, where o' =a(1-P,)
M

1 a
vl 5 PO XTS

N,=a|1-
nin

(23)

7.4 Expected Waiting Time of a Customer in the Queue for Busy System:
Expected waiting time of a customer in the queue for busy system is given by

T T

q q

- Prob. of system being busy - 1-P,

T,

7.5 Expected Number of Customers Served Per Busy Period:

Expected number of a customer served per busy period is given by

NS NS

- Prob. of system being busy B 1-P,

Np

8. Conclusion

An application of Binomial distribution and Uniform
distribution gives the time assurance of particular number of
customers arrived or departs. Uniform distribution gives the
100% assurance of arrival another customer and 100% served
another customer by server in the next particular time limit. The
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