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We studied that the topology induced by any fuzzy metric space is metrizable we also show
that every separable fuzzy metric space admits a precompact fuzzy metric and that a fuzzy
metric space Ps compact if and only if it is precompact and complete.

1. Introduction

The theory of fuzzy sets was introduced by L.
Zadeh in 1965. Many authors have introduced the
concept of fuzzy metric spaces in different ways. In
this paper; we modify the concept of fuzzy metric
space introduced by Kramosil and Michalek and
define a Hausdroff topology on this fuzzy metric
space.

We show that every metric induces a fuzzy
metric. Further we modify the definition of Cauchy
sequence in, because of the fact that even R is not
complete with the definition given in.

We define F-bounded ness on a fuzzy metric
space and prove that compactness implies F-
bounded ness. We prove that every closed ball is a
closed set in a fuzzy metric space.

Finally: we prove Baire’s theorem for fuzzy metric

spaces.

2. Topology Induced by a Fuzzy Metric

Topology induced by a Fuzzy metric is defined
by the following way-

Definition-Let (x : m : *) be a fuzzy metric space we
define open ball B (x : r : t) with centre

X e X

and radius r; o<r<l:t>o0 as

B x:r:t)y={yex:m(x:y:t)>1-r}

Definition-Let (X : M : *) be a fuzzy
metric space. A subset A of X is said to be
F-

bounded if and only if there exist
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t>oando<r<l
such that
m(x:y:t)>1-rforall x.y € A.

Remark-Let (X : m :
space induced by a metric

* ) be a fuzzy metric
d on x.

then A < x is F-bounded if and only if it is
bounded.

Definition-A sequence {x,} in a fuzzy
metric space (X : m * ) is a Cauchy
sequence if and only if im m (Xp+p @ Xn :t) =
1: P>o0:t:>0on— o

A fuzzy metric space in which every
Cauchy sequence is convergent is called a
complete fuzzy metric space.

Note-We note that with the above
definition: even R fails to be complete. For
example.

Consider
Sn=1+1+1+. ... + 1
2 3 n
in ( R:M): where
m (xy: t) = t .t+d
(xy)

a is a metric on R.
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Now

M (Snsp:Sn:t)

= t
t + ISn+p_Sn|
Now.
= t .
t+(L+D)+(1+2)+....... (1+P)
n n n
Therefore

Limm (Spp: Spit) =1

n — oo

thus {S,} is a Cauchy sequence in the fuzzy
metric space R. if R is fuzzy complete then there
exits

XeR

such that

m(S,:x:t) — |

as n — oo

From this if follows that

t —1 asn—owot+ |S,—x|
Further,
|Sh—x1—0 asn-—-w

And so — x in R which is not true.

Hence to make R complete fuzzy metric
space weredefine Cauchy sequence as
follows.

Definition- A sequence {x,} in a fuzzy
metric space (x : M = ) is a Cauchy
sequence if and only if for each € >0; t > 0
there exits

No € N
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such that
m (Xp: Xpm:t)>1-gforalln: m= n,.

Definition- Let (x : m : = ) be a fuzzy
metric space. Then we define a closed ball

with centre

X e X

andradiusr:o<r<1 :t>o0as
B[x:r:t]={yeX; M(x:y:t)=z1-r}

3. Fuzzy Compactness

In this
compactness.

Section we define fuzzy

Definition- A fuzzy metric space (X : m : *
) is called precompact if for

eachr;witho<r<1landeacht> o

There is a finite subset of A of X: such that
X =
UacA B(a:r:t).

in this case we say that M is a precompact
fuzzy metric on X.

A fuzzy metric space (X : m : = ) is called
compact if (x: T,) is a compact topological
space.

Lemma - A fuzzy metric space is
precompact if and only if every sequence
has a Cauchy sequence.

Proof- Suppose that (x : m : = ) is a
precompact fuzzy metric space. Let (x,) neN
be a sequence in X. for each meN there is a
finite subset A, of X such that

X= Uazeam (@ :

1:1).
mn
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hence : for m=1; there exists an a; € A;
and a subsequence (Xim)nen OF (Xn) NeN
such that

X; (n) € B (a;:1:1) for every neN.

similarly there exits a, a, € A, and a
subsequence (X, (n)) neN of (Xym) N € N
such that

X, (n) € B(axl:

1:1)
2 2

For every neN.

Following this process:

Form € N ; m > 1 thereis a, a,, €« Am and
a Subsequence (Xmm)) neN of

(X(m-1m) NeN such that

Xm(n) e B.(am:1:1) foreveryneN.
m n
now consider the subsequence (Xnm)
neN of (x,) neN. given r with o<r<l and t >
o there is an n, €N such that

(1-(1/no)) * (1-(1/N,))>1-r

And 2 <t.

No

Then for every K: m = n, we have

m ( xXk(k): Xxm(m); t)

= m (Xk(k); Xm(m); 2/n,

=2 m (Xk(k) > Apo- 1/n0)

* M (8no: Xmm): 1/No)
= (1-1/ny = (1- 1/ny) > 1-r

Hence (X,n)) neN is a Cauchy sequence in (X
:m : *x) Conversely : suppose that (x : m: =) isa
non- precompact fuzzy metric space. Then there
existr ;

With o<r<1 and t >o.

RRIJM 2015, All Rights Reserved

Such that for each finite subset A of X;
X=waecAB@@:r:t)Fix X; € X there is

Xo X\ B (Xy.r:t).

Moreover : there is
Xz e X\ U2k=1 (x:r:t) .

Following this process we construct a
sequence (X,) heN of distinct points in x: such
that

Xn+1l ¢ U=y B (X @ 11 t) For every

neN.

Therefore (X)) neN has no Cauchy
subsequence.

Theorem- A Fuzzy metric space is

compact if and only if it is precompact and
complete.

Proof suppose that (x:m:*) is a complete fuzzy
metric space for each r ; with o< r <1 and each
t >0 the open cover

{ B(xir:it): xeX} of X: has a finite sub cover.
Hence (x:m:*) is precompact.

On the other hand: every Cauchy sequence (X,)
neN in (x:m:*) has a cluster point yex.

And all (x : m: =) be a fuzzy metric space. If a
Cauchy sequence clusters to a point X € X :
there the sequence converges to X.

Then (X,) neN converges to y. thus (x:m:x*) is
complete.

Conversely let (x,) neN be a sequence in X
and from the lemma as discuses before and the
completeness of (x:m:*) if follows that (x.)
neN has a cluster point.

Since by (X:T,) is metrizable and every

sequentially compact metrizable space is
compact we conclude that (x:m:=*) is compact.
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4. Conclusion

In this work we have discussed fuzzy metric space.
We shown that the topology induced by any fuzzy
metric space is metrizable. Firstly we define a fuzzy
metric space with the help of a lot definitions and
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