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Eigen decomposition or spectral decomposition is the factorization of a matrix into a
canonical form, where the matrix is the form of eigen values and eigen vectors. Here we are
talking about diagnolizable matrices. Spectral Theorem provides spectral decomposition,
Eigen value decomposition of the underlying vector space on which the operator acts. Here,
we have tried to work on the formulation of an operator explicitly, operator being self adjoint

and compact defined on Hilbert space.

1. Introduction

Decomposition of a self adjoint operator is quite
complicated. But it can be done in an better , easier way if
we are working with a compact operator. If H be a Hilbert
space and T is defined from H to H. The complete spectral
decomposition of T can be stated in a quite elementary
fashion. Spectral Theorem is a generalization of the familiar
theorem from Linear algebra asserting that a self adjoint n x
n matrix A can be diagnolized

In particular a compact self adjoint operator can be
unitarily diagonalized. Actually, spectral theory is an inclusive
term for theories extending the Eigen vector and Eigen
value theory of single matrix to a much broader theory of
operators in a variety of mathematical spaces.

This paper is concerned with studying the “spectral
representation of compact self adjoint operators. Here, we
have tried to concentrate on infinite dimensional spaces.
Although, the proofs for both the finite and infinite
dimensional cases have been discussed in standard books,
but we have tried to prove it with slightly different approach.
The concept is relatively straight forward for operators on
finite dimensional spaces but will require some modifications
for operators on infinite dimensional spaces.

For infinite dimensional spaces, we started with family
of projections. We represented T in terms of Riemann
Steiltzes Integral. Considering the fact that Eigen values of T
can both be positive as well as negative. We discussed both
the cases and concluded the result. But before going further,
we shall require a few facts concerning the terms and
definitions used in the Theorem , which are as follows

2. Important Definitions

1. Eigen Values :
If A: X — Y be a linear operator then scalar A
e K
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(R or C) is called Eigen value of A if 3 x € X (X
# 0) s.t Ax = Ax i.e x is called Eigen vector of A
corresponding to Eigen value A

2. Self Adjoint Operator :

A bounded operator A on a Hilbert space H is
said to be self adjoint if A" = A, where A" is adjoint
of A.

3. Kernel of an Operator :
If A: X — Y b a Linear operator then
N (A) ={x € X: Ax =0} is called kernel of A or
null space of A.
4. Spectral Family :

A real spectral family (or real decomposition of
unity) is a one parameter family ¢ = (E,) ,r Of
projections E, defined on a Hilbert space H which
depends on real parameter & and is s.t.

a) A <pandE, <E,implies EE,=
E.EL=E
b) Lt E;x =0 as A—-x
c) Lt Exx = Xxas A—
5. Cauchy’s Sequence

A sequence < xn > in X is said to be a cauchy’s
sequence if for every € >0 3 p € N such that
[ X =Xm||<eVnNn m=p

3. Statement of Theorem

Let T : H>H be a compact and self adjoint operator on
a Hilbert space H. Then there is a finite or infinite sequence
{Adn =1 (NE Z* Or N = =) of real eigen values A0 and a
corresponding orthonormal sequence {en}nN=1 inH
such that
(@ Ten=AenVnwithl<n<N
(b) N(T) = span({en}n=1"
(c) if N =« then A, =0 as n—
Before going further, we will prove some very important
results for the theorem which are given in the form of lemma:

Lemmal :Let T: H — H be a compact and self adjoint
operator on a Hilbert space H. Let. S; = S (0,1) be unit
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sphere in H. Then there is a vector xo €S; such that || Txo|| =
Il

Proof : We know that T =sup || Tx|| for all x€ S;
. 3 Sequence X1, Xz ...... St st Ltns | T || = ||T

Let Lt Tx, = Yo (because T is compact)

Let Y = cl(span { X1, X2 .ccoovrennn. B, which is closed
subspace of H, and a closed subspace of a Hilbert space is
Hilbert space in itself.

= Y is reflexive (We know that every Hilbert space is
reflexive)

By construction, Y is separable

there is a subsequence of sequence < Xx,> which
converges weakly in Y. Let us name the subsequence as

<Xjp> i.e. (Xig, Xz, Xjz...) With 1 < j1 < o<z, and this
subsequence converges to Xoe Y
Now, ifze Y

<TX0,2>=<XTZ>=<Xo,Tz>= Lt sum < Xix, TZ >

=Lt <TXk,z>=<Yyo,Z>

Here third inequality holds because <xj> cgs weakly to
Xo and last inequality holds because Lt Txy=Yoand <.,.> is
continuous ‘Concluding <Txg,z> = <yp,z>

TXo = Yo

Hence [[Txol|= [lyoll = LtTew)= Lt [Txal = |IT]|
(from *)

i.e||Txo| = || T [which we had to prove.

But the aim of the above Lemma is also to prove that x,
€Sy,

Where S1=S(0,1)

Now, |<xi, xo>| < [[xi || |xo[|=1 vk

By Cauchy Schwarz inequality

Here, we can't take ||xo| <1 because then

[Txofl = I T Ix || = [T || which will be contrary to
above proved .Hence ||xo || =1iex € S:

Lemma 2: Let X be a finite dimensional inner product
space and T is a self adjoint operator on X, Then T can be

represented as T = ff AdE;

Proof : We know that if T is a self adjoint operator, then
it can be presentedas T=Y", 4 P,

When A1 A...... Ak are distinct Eigen values of T and for
each

e {l, i k}, Pi is the orthogonal projection onto
N (A-Li 1)

without loss of generality, Let us assume

A <A< i < M

andEq=0,E1 =P, E2=P1+ P2, .. EE=P1+ P2+ ... +
Pi,

i=1, 2... k , We can write T =% 4 (E_Ei_1)

and0=E,<Ei1<Ex<........ <Ex=1

The representation of T given above can be viewed as a
Riemann — Stieltzes integral with respect to a projection
value function as follows. For A € R, define

E\) = {0 ifA<h

Pi+Po+ ... + Piif A <A < Aisg, i=1, .. k-1
| if A=A}
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Taking, ™, ™.tV Set A< n <t < . < ™ = n
=B

stmax{t"-t;1=1,..n}>0asn >«

We can write T=Yk, 4 [EQ) — E(Qi_)]

=Lt ns B [E (1) — E (t42")]

Where B, ... o™ satisfy ;1™ < B <™, j=1, ... n

Then T can be written as Integral in
the form T = ff Ad E(A)

The proof can be modeled on one of the standard

methods of proofs in the finite dimensional case, although
the details are of course more difficult in infinite dimension.

Proof of the Theorem:
Let T : H —» H be compact self adjoint operator defined

on Hilbert space H. By using Lemma2, We can represent T
in terms of Riemann Integral as

T = [ 2dEAWhere m = Inf <Tx x> for || x || =1

M=Sup<Tx x>for| x || =1

For taking value A = m into consideration, we take

T=["  AdEZ

If we consider two real members A<0<Bs.tA<mand

B>MthenT = [/ 1dE,

1)

Let Y; = E, (H) which is closed subspace of H

and E, is projection of H onto Y;,

Now, we will try to prove that dim Y, is finite for any o
>0

Let us suppose the contrary i.e Let dim Yml =

Now, we can have two options : Either A< 2o 0or A= 2%

Firstly if A< Aothen E, E;o = E;,

and if A 2\o then E, E,o = E,o (Definition of spectral
family) Multiplying both sides of (1) by E;o

ie. T Eo = T = ([MdE, )Exn = [ 2dE,

.......... 2

(.. Herer<ho = E;Ej0=E))

Substract (2) from (1)

T-TEj0 = [, AdE;

T (- Epo)= [1y AdE; > [y AgdE; =ho[Es - Eyl= = o
I-Ej0)

(.. Hererangeis Aigto B) .. T (I-E;0) 2 Ao (I-Ej0) -......

3

Here E,p is projection of H onto Y0

= I-E,o is projection of H onto le

=Ifye Yo = (-Eo)y=y

By using (3) and partial order relation

<Ty,y>2 <oy, y>=%o |y || 2

Rewriting, %o [ y || * = <Ty, y> < || Ty| |Iy|

By Cauchy’s Schwarz Inequality ,= Ao || y || < || Ty ||

ie. [Tyllzr|yll Vye Yo A

But we have supposed that dim Y,q =«

.. There is an infinite orthonormal sequence ey, e; ... in
Yoo

st V=i, || Tej—Tei||=ho || & —eil] = V2 ko

This shows that there can’t exist any subsequence j1 < j.

s.t < Tej > is cauchy’s sequence .
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But <e> is bounded sequence in H and T is given to be
compact. .. Every bounded sequence should have a
convergent subsequence. But corresponding to <ej>, <Tej>
is not convergent subsequence. This is contradiction to the
fact that T is compact. Hence, our supposition is wrong .

o dim Yml is finite for each Ao > 0 and Let dim Yml =
d(2)
By def. of spectral family, d (1) is decreasing sequence.

. for each n e Z*, the set {L > 0 : d(A) = n} is either
empty or an interval of the form R* n (p.,py)

It means that there is an infinite sequence B = p, > py >
......... of positive members s.t d (L) is constant on each
interval [uj,p-1) and Lt p;=0as j—«

By using definition of Riemann steiltzes integral, we
claim that [, AdE; = 31 u; (Eny- Epj)

Proof for claim : Let Py = {0, pn pn1, ... p1 = B} be
partition of [0, B]Here 0 < pn< pp-1 ... <pp <p1 =B

Again splitting subinterval (u, pj-1) . 2<j < n into n equal
parts

By construction, ||Pn|| > 0asn— «

By definion Lt S (Pn) = [ AdE;, as n—«

*

Now S (Pn) = X1 ; (Eny - Epjsa)

= pn (Epn - Epner) + X721 145 (Epy - Epgen)

= i (Epn — Eo) + X721 5 (Ewj - Epjea)

Hence, || S (Pn) - X7=1 4 (En - Epa) | = [[pn (Bpn — Eo)|

< un — 0 as n —=(..Eun — Eg is projection and its norm

<1)

~. By def. of Limit Lty .~ S (Pn) = X721 4 (Epy - Epjsa)......
*%

i.€. Ltnoe S(Pn) = X721 1 (Epy - Epjea)

combining * and **

[y 2dE; = 57wy (Epy - Enjer)
....... )

i.e our claim is established

Now, in the next section, we will try to represent the
above integral in terms of members of some orthonormal
sequence. Consider the projection Ep; - Epj1, which is
projection onto ijﬂL N Yy

Let us name as Z; = Yujﬂl N YYj

Now, we will prove that for j21, all z1, z, ... are mutually
orthogonal . Now for v 1 £ j<i

= Wi+ 2 wand p > p2 Sus > is a decreasing
sequence
= Ypi < Yy

*

and Z; = ij+1l NYH =Zj LYy
Forj=i, Zi=Yuisa N Ypi = Zi < Yy

*%*

Again *and ** Zi c Yui < Yy and Zj L Yy

o Zic Y and Zj L Yy
=7ZilZiVv i,
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.. 21, Z>, .... are mutually orthogonal. We can choose an
ON basis e1, ez ... eq1 in Z; , then similarly choose an ON
basis in Z, and so on, we obtain an orthonormal sequence
e1, €2 ... in H, which may be finite or infinite.

- we can write (Ep - Epjra)X = X = Xopey <X, €k > e for
each j
B )
From (4) ,f; AdE; = X7_; 1 (En; - Epjsa)

(S5 2dE; ) = %57 1y (Eny - Epp)x

= Y <x,ex>VxeH (herei =)

i.e (fOB ﬂdEl) =Y A <X ex> ex

Here, by construction A1 A 2..... ie it is a decreasing
sequence of positive members and if this sequence is infinite
Lt Ax = 0 as k—«~ Because Ep; - Epj+1 is projection onto Z;
and e, ez ... ..is ONin H.

Here Z; = Ylpj+1 N Yy

=7Zjc Y],Lj+1l and Yo < Yy ic Yot Yuj+1l

combing Zj < Y'pj1 < Yo©

ZicYo V]

ie All eq, e, ..... eZcVYo

Now, we will take the case when %o < O.Firstly, we will
prove dim Yjo< «

Let us start with T = ff AdE;

TEw0= [, AdE;E; o
= [{° JdE, [Because % < o E; Ejo=E,

< [1° JdE; =0 [Ejo— Eal = Mo Ejo

That is TE;\O <o EAO

Lety € Yo

Now < Ty, y> << gy, y> =1%o || y[|? <0 (- 20<0) ..(5)

Again | <Ty,y>|< [Ty [ y|

®and(6) o |ly *<[ Ty [y |

ie 2o [yl =Ty

ie| Ty [[=2% ||yl ¥y e Yo, but we suppose

dim Y;,0 = « .. There is an infinite orthonormal
sequence f1, f ... in Y;0 such that

ITo=To ll 220 [l =6 | = V220

This shows that there can'’t exist any subsequence

such that < Ty > is cauchy’s sequence. But < f> in bounded
sequence in H and T is given to be compact.

..Every bounded sequence should have a convergent
subsequence. But corresponding to < fj >, < Tg> is not
convergent subsequence. This is contradiction to the fact
that T is compact. Hence our supposition is wrong.

~.dim Y, is finite for Ao < 0. and the set of all these A’s
is either empty or an interval of the form [v, V,). It follows that
there is an infinite sequence A = vi < v, < .... of negative
numbers such that Lt vj=0 as j—o

Now, by using definition of Riemann Steiltzes Integral,
we claim that f; AdE; = %75 v [Evj- Evid]

Let p'n ={A=vy, v2.... v = 0 } be partition of [A, 0]

By the construction as before, |Ph|| > 0asn — «
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By definition Lt n.«S(Pw) = [ AdE; ~ coovveeieis

@

Now S (Pn) = X7, v [Evj - Evid]

S (Pn) =vn [Evn - Evaa] + 273 v [Ev; - Evi]

S (P'y) =vn [Eo - Evna] + Z}:zl v [Evj - Evj1]

|| S (P’n) - 217-;_21 v [Evj - Evja] || = ||vn [Eo - Evn] || Svhi—> 0
asn— » (since Eo, - Evn is
projection)

<. By def. of limit, Lt n o= S (P) = 7= v [Ev; - Evjal

ie. LtnoeS(Pn) =27y vy [EVi- Evial oo

(8)

Combining (7) and (8)

[y AdE; = 552 vy [Evi - Evja]

Now, in the next section, we will try to represent the
above integral in terms of members of some orthonormal
sequence.

Now, Ev;- Evj1is projection of H onto Y*vii N Yy,

let us name Q; = Yvjt N Yy;

Now, we will prove that j 2 2, All Q1, Q2 ... are mutually
orthogonal.

For2<j<i,

= Yvic Yvja

Now Q; = Yvii™ A Yv It neans Qi € Yvic Yvia

ic Qi < Yvj1 and because Q; L Yvj1

combing Qi L Qj Vi, j

- Q1, Q2 ... are mutually orthogonal.

.. We can choose an orthonormal basis fi, f> ... in H (by
combining all ON basis in Q1, Q2...) which may be finite or
infinite.

we can write [Evj - Evja] X= X = Yeey < X, fi > fi for
each k.

Now, considering f: AdE; = X5 v [Evj - Evia]x

0 o
(£ 2dE; )x = 25, ; [Evi- Evjalx
(f; AE; )x =Y e <X fc >fi, here vj =
Ak

Now, concluding the above discussion, we have derived
the following results i.e.

(f) 2dE; Jx = T & < xfic>

and (fOB/idEl)x: Yk A <X, ek > e

. B 0

Combining , Tx = (fA ME; )x =(fA AdEi)x+

(1 2dE; ) x

References

=Y A <X, x> e+ Y A <X, o> fie
Here e L fi vV k. and ex € Yoo and fx € Yo

.. Any merging of the sequence <ey> and <fi> is a new
orthonormal sequence. Hence, it follows Tex = Ak ex V ek

and Tex = Ak fk V fk which is last part of theorem.

For the second part, we have to prove N (T) = span
({en} n=a)”

IfxeN(T)=Tx=0

=<X,e>=0and<x,fk>=0

= x L ecand x L fx

= x e span ({ex} U {fi})*

Hence N (T) < span ({ex} U {fi))*

and similarly span ({ex} U {fi)* = N (T)

combining , N (T) = span ({ex} w {f})* which is required
result.

Hence, all claims of theorem are fulfilled

4, Conclusion

In this paper, we basically discussed the spectral
representation of compact self adjoint operators. The
significance and usefulness of this result lies in the fact that
we can represent T (v),v € H in a simple and unique form.
So, we are writing Has, H=Y + Yl , where we assume Y =
span ({en}Nn:l )

We then proved kernel of T as orthogonal of the set
which we proved as combination of the orthonormal
elements.

This process is done when N is infinite. This made
study of infinite dimensional spaces both richer as well as
crucial. In the proof, we expressed T in terms of projections
and then using some very important results ,we presented T
in terms of Riemann Steiltzes Integral. That Integral was
written in terms of some orthonormal sequence for required
result. Motivated for the application of this theorem, we here
tried to write vE€ H inthe formv = (X anen) + Z,

Where an € k, Z € N(T) and for each such vector vwe
have
T (v) = 2 AnOn€n
which is required representation and this presentation is
unique.
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