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In this paper we derive the asymptotic approximations of the Mexican Hat wavelet
transform by using the previous results extension of asymptotic approximations of
continuous wavelet transform.

1. Introduction

In many applications to physical and engineering
problems, it is more important at least from a computational
viewpoint to work with the asymptotic approximations of the
Mexican Hat wavelet transform. From a physical point of view
and these coherent states are of great interest and have
several important applications in different disciplines such as
mathematics, physics and engineering fields. Although time-
frequency analysis of signals had its origin almost so many
years ago, there has been major development of the time-
frequency distributions approach in the last two decades. The
basic idea of the method is to develop a joint function of time
and frequency known as a time- frequency distribution that can
be described the energy density of a signal simultaneously in
both time and frequency domain. In principle, the time-

frequency distributions characterize phenomenon in a two
dimensional time-frequency plane. Basically, there are two
kinds of time- frequency representations. One is the quadratic
method covering the time- frequency distributions and the other
is the linear approach including the Gabor transform, the Zak
transform and the wavelet transform analysis [11]. As Tingbo
Hou*, Hong Qin [12] has systematically studies the well-known
Mexican Hat Wavelet on Manifold geometry, including its
derivation, properties, transforms and applications and
J.Gonzalez-Nuevo, F. Argueso, M.Lopez-Caniego, L.Toffolatti,
J.L.Sanz, P.Vielva, D.Herranz [13] has proposed a new
detection technique in the plane based on an isotropic wavelet
family. This family is naturally constructed as an extension of
the Gaussian-Mexican Hat wavelet pair and for that reason we
call it the Mexican Hat wavelet Family (MHWF).

The continuous wavelet transform of a function f € L2(R) with respect to the wavelet @ € L%(R) is defined by [1]

Wy ) (L, s) :% IO (=Y du, s>0,t€R,

@

provided the integral exists. The asymptotic expansion for Mellin convolution [1]

I(v) :fowf(u)g(uu)du ,as v- 0T,

Let us rewrite (1) in the form [1]:
Wy £) (t,5) =9 [~ f(u +t) B@W) du

)

=02 (J; fu+ 0000 du+ [7fCut 0 BCoW aw) @)

=Wy (L, s) + Wy N, s),

(4)

where, 9 = % and t is assumed to be a fixed real number. Setting f(u+t) = y(u) and assume that y(u) and @(u) are

locally integrable on (0, «). Further assume that asymptotic expansions of the form [1]:

P(u) =Yy s;u P +0,(w),asu- 0",
x) = Yt u 4 (), as u - 4.
Also assume that
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Bu) =0 (u™™), as u— +, T €R, (")
and y(u) = O ™), asu—- 0", peR. (8)
With parameters p,q,t and p satisfying the following condition

p+tr<l<qg+p,t<qand p<p. (9)

Let us remind earlier results [(8), (9), (10), of Theorem 1 [1]]. The asymptotic approximation of continuous wavelet transform
Wy f) (¢, s) given by (4) is given below by the following three cases of results [6] as:

Case l: Whenn =1,2,3,..and m=n+ |p + q] with p+q € Z, we have

Wof)(6s) = St [M[ 0@ ;1—i—q]+ (-1 M] Bw;1-i-q]]s " + 0 s [MIxa1+i-p) +
—1-ip M y-ul+i-p x s-i+p-1/2
+0 (sTmat1/2), (10)

Casell: When n=1,2,3,...and m=n+p+q—-1 with p+q € N, we have
Wof) ts)= SPI72s; M x(w);1+i—p]+(—DP M[x(-w);1+i—p]]
x §7HPT1/2 4oyl gmimqHl/2 ¢ lim [¢; M[0(w);z+1—i—q]
+ (DT M[O(—w);z+1—i—q|+ Sipiga [MIx(W;z+i+q]
+ (DI M x(~w);z+i+q]]]}+ O (sT™P12 log(1\s)). (11)

Caselll: Whenm=1,2,3,..and n=m+1—-p—gq with 1-p—q €N, we have
Wo ) (ts) = S5 6[M[B@); 1-i—q] + (DI M[OCw; 1-i-q]] x s702 4 gpglsie=l/2 { lim
[ lit1-p—q [M[ o(u);z+p-— "]
+ (D) M 0(-w);z+p—i]] +s[ Mlx(w);z+1+i-p]
+ (D Mx(—w;z+1+i-plll}+ O (s V2 log(1\s)). 12)

2. Application

In this section, we obtain asymptotic approximation of the Mexican Hat wavelet transform by using aforesaid technique (10),
(11) and (12) when s— 4.

2.1. Asymptotic Approximation of the Mexican Hat Wavelet Transform

—u2
We choose @ to be Mexican Hat wavelet [11] ¢(u) = (1 —u?)ez . Since @ is locally integrable on (0, ) and has the
asymptotic approximation [1]:

—— _ 3u? | su*  7ub | 3uf 9 +
Ow) =1- -+ ==+ 5+ 0(’), as u- 0%
with

Bu) = 0(1), u - +.

As y(u) is locally integrable on (0, =) and satisfies (6) and (8) with parameters 1 < q+ p; g >0 and 0 < p. Now by using
(10), (11) and (12) respectively and by means of formula ([8], p.313, (13)), then the asymptotic approximation of the Mexican Hat
wavelet transform for large value of dilation parameter when s— + is given as:

Case I: Whenm =9+ |q] and q € Z, we get

. 1 4 i Ciigel
Wo ) (t5) =38, t; (1+ (D) (22D i+ T [;(A-i- Qs %
; i1
+ I [MIx@;1+il+ (—1)' Mlx(-w); 1+i]]s™ 2
17
+0(s 2z~ 9. (13)
Case ll: When m =8+ q and q € N, we have

Wo f) (t5) = L s [ M x(w) ;1 +i] + (1)) M[ x(—w) ;1 +] ]
x s71/2 4+ 38 ) sTimarl/2 lim [t:(1+ (—-1)=9)

X {2%(_1_"_"“) (i+q-2) T [% (1—i—q—z)]}]
+ Sipgo1 [MlxWz+i+q] + (DM x(-w;z+i+ql]]}
+0 (s7™1/2 1og(1\s)). (14)

Case lll: When m=8+qand 1—q € N, we have
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Ws ) (&, 5)

Ml x(—u);z+i+1]]11}
+ 0 (s7™1/2 log(1\s)).

.1 . 1 .
+ IrtsT 2 {lim (a1 q (14 (D7) {22077 (14 q - 2) T (1-i-q +2)]

3. Advantages of the Mexican Hat Wavelet Transform

The Mexican Hat Wavelet [12] is derived from the heat
kernel by taking the negative first order derivative with
respect to time. As a solution to the heat equation it has a
clear initial condition: the Laplace- Beltrami operator.
Following a popular methodology in mathematics, we
analyze the Mexican Hat wavelet and its transforms from a
Fourier perspective. The Mexican Hat wavelet is localized in
both space and frequency which enables spaces- frequency
analysis of input functions. We defined its continuous and
discrete transforms as convolution and discrete transforms
as convolutions of bivariate kernels and propose a fast
method to compute convolutions by Fourier transform [12].
To broader its application scope, we apply the Mexican Hat

T (14 (-1 0 (2254 ) T [;A-i-ql siT0

+s5; [ M y(w;z+i+1] + (1)

(15)

wavelet to graphics problems of features detection and
geometry processing. It plays a vital role for detection of
extragalactic point sources in very important issues within
the most general problem of the component separation of
micro wave sky [13].

4., Conclusion

By using aforesaid techniques we can easily compute
the approximation terms of Mexican Hat wavelet transform
with their exact error terms. By applying aforesaid results
(10), (11) and (12) we obtained asymptotic approximation of
the Mexican Hat wavelet transform (W f) (t,s) when
S— + o,
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