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1. Introduction

After the pioneer work of Rayleigh (1885), many investigators have been studied the problem extensively under different conditions.
They have contributed in a wide range towards its application in various fields i.e. Seismology, geophysics, acoustics,

telecommunications and environmental sciences etc.

In last many investigations the reinforcement effect was neglected. Belfield et al. (1983) has introduced this concept. The
components of reinforced composite behave like a single anisotropic component till they ate in elastic condition. Both the parts

have no relative displacement between them.

Chatopadhyay and Venkateswarlu (1998) studied the stress generated because of moving load in fiber reinforced half space.
Sengupta&Nath (2001) used the method of potential to decouple the P & SV motions for the study of surface waves, but it was not
justified. Therefore Singh (2004) pointed out that the results of Sengupta and Nath (2001) are in error regarding Rayleigh and

Stoneley waves.

The results are compared with corresponding classical results for isotropic elastic medium in the absence of reinforced elastic

parameters.

1.1 Basic Equation

In a Fiber-reinforced linearly elastic anisotropic media Belfield et al. (1983) formulated the below expression for constitutive

equations versus reinforcement direction d

0;j = Ae. 8y + 2uTey + a(aranewn 6; + e aja) + 2(uy, — pr)(aarer; + ajager) + Pay ameim a:a;,

Here the constant and the variable components mentioned in this above equations are as:

1. ojstands for stress and
2. ejstands for strain and
3. A, pr refers to the elastic constants and
4. a, B, (u-pT) refers to the reinforcement parameters
d = (ay,ay,as),
ai+ai+adi=1

The direction of the Fiber is assumed as A4 @ = (1, 0, and 0).
The below expression shows the strains in the form of displacements ui;

_1(0u; , Ou;
€y =3 (6xj + ax;)

Equation (1.1) then yields

ou duy dusy
=A App—+ A3—
o11 115, + Ag 9, + A3 224
ou ou Ju
O2 = A« Ap—2 4 Apg—
dx 0x; Ox3
ou ou Ju
O33 = Ao« Apg—=2 + App—2
(7] 0x; 0x3
=g, = ul (22 W_z)
01 =012 = UL (6x2 + oy
ou Ju
= gia = UL (_1 _3)
031 =013 = U s T oox, )
= - Juz ‘7“_3)
033 = 03 = “T(ax3 s
Here

All =l+2a+4,u7~—2u7~+ﬁ,
Ay = A+ 2pur,A =14,
Neglecting the body forces, the motion’s equation can be mentioned as

(70‘-'_ 9%u; L
a_xljj_pTZL( )= 1,2,3) s e, (15)
Here p stands for density of the elastic medium,
With (1.3) in (1.5)
9%uq 9%u, 9%ug 0%u 4 0%u, 0%u,
+ +uL) + +uL) + + =
Anrg 2 (As2 ML) ox, (As2 ML) axs T Mgy z Hipe =P
9%u, 9%uq 92%u; %u, 0%u, %u,
+ + + + + + = .
Aoz 2 (A2 1) 9x 107 (Azs “T)axlaxz Mo 2 g 7= P
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9%u; 9%u, 9%u, ST 02%us 02%us
+ + + + + + =
A226x32 (A2t pir) 0x70%3 (As2 pL)Ox16X3 Hioe 2 Moy 2= Pz
eiieenenne. (1.6)
. a . ) . . .
When putting Py =0, u3=0 in first two equations of (1.6) we get deformation in the x1x>-plane as shown below
3

%u %v %u %u

—t + — = p—
Aty Bzaxay 1992 =Pz

9%v 9%u 9%v 3%v

—t +Bi—=p—
Azzayz Bzaxﬁy 16x2 GEZ ¢ e (1.6 a)

The third equation of (1.6) is identically satisfied & we used thesymbolizationas
X1=xX=y,uy =uu =v,By = p,By = Ap + .

1.2 Plane Wave in Infinite Media
We want to investigate the behavior of plane waves in xy-plane with displacements u in the direction of x-axis while displacement v
in the direction of y-axis.
Here in the below figure the component of the plane wave are as:
1. wis the circular frequency
2. 6 is angle with the direction of plane wave transmission with y-axis

v
=
-y

0 (?l'-: LT, UL,{L B)

Xz

Fig 1.1

u=U exp (ip1), V=V eXP (iP1)reeemeeremennenenannnnn (1.7)

Substituting equation (1.7) in equation (1.1a),we have as in Singh and Singh(2004)

-(D1-pC?)U +B,sind cosd V=0,

B,sin@ cosO U-(D,-pCHV=0. e, (1.8)
DiandD,are given by

D;(6)=4,15in%6 + B,cos?6,

D;(8)=A2;c05%0 + B1SIN?0 ..o (1.9
The set of homogeneous equations (1.8) in U and V has a non —trivial solution only if
|=(Dy — pC?)BysinfcosOB,sinfcos@—(D, — pC?)|, e, (1.10)

Outcomes of equation (1.10)

1
2pC%( )=(Dy + Dy)£[(D; — D,)? + 4B%sin®6cos?0) .. (1.11)
In equation (1.11) let’s suppose C1(6) and C,(9) represents C in connection withwith above symbols.
Here c;is the velocity of the quasi-P waves and c,is the velocity of the quasi-S waves.

1.3 Propagation of Rayleigh Waves
In a Fiber reinforced anisotropic half-space the surface waves are transmitting in the direction of X-axis. Below are the components
of Rayleigh waves:
1. w refers to the circular frequency,
2. Krefers to the wave number and
3. Cgrefers to the phase velocity
We may assume result of (1.6a) as
u :Ue—queik(CRt—x),
v=Ve kay gk Cpt=x) =, (1.12)
g is assumed to be real and positive.Putting the values of the displacements in (1.6a),we get
(pCr* -A11+B1q*)U + iqB,V=0,
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iqBU + ( pCr% -Bi+A11G*)V =0, (1.13)
The values of g may be obtained from

|(PCR2 — Ay1 + B1q?)iqB,iqB,pCr° — By + Azq?| =0,
Which on simplification we get

1
5 1
~{(A2+B)pCE~A11 Az —B%+B%}i[{(A22 +B1)pCh—A11 A2 ~BE+B3) —4B14z (pCR-A11)(p 55—31)]2

q?, 43 = T ) (1.14)

Therefore the solution (1.12) can be written as

u:(Ulle_QIky+U126_QZky)e_ik(CRf_x)’

v=(Vpr e~ kY 45, = 02ky )=tk (Crt—x) (1.15)
(U11, Uqp)and (V,4, V,,) are not independent but are connected by (1.13) for g=g;and gq.

Taking second number of (1.13),we get

U _ Un _
Vo1 = 1) V22 =my, s (116)
where mp = iMl,mz = le ........................... (117)

2_ 2
M, = % ....................... (1.18)

102

and

2_ 2
M, = % ............... (1.19)

wheregq;and g,are real and positive quantities defined in (1.14)

Therefore (1.15) becomes

u:(mlvnefqlky + mzvzzefqzky)eik(CRH),

V(Vpre Tk 4V, e 02ky )ik (Crt—2) e, (1.20)

Boundary Conditions
The displacement in (1.20) must be true at the borderlinesituations,
01 = 093 = 0, aty = 0, ..................................... (121)

Wheread,,and ag,,are defined in (1.3).For plane deformation in the x;x,-plane % = 0, uz=0. Equation (1.3) then yields
3
Ju v
o =G+ 30
0 a
()] =A12£+A225 s iessissreincisciissessisensssssanense (122)

He we denote them asx; = x,x, = y,u; =uand u, = V.
From equations (1.21) and (1.22) ,we get
(myq1 + Vo1 + (maqy + Vo =0,
(Alzmli + Azqu)V21 + mzAlzi + Azqz)V22=O. .......................................... (123)
Eliminating V;; andV,,from (5.3) ,we get
|m1q1 + imzqz + iAlzmli + AzqumzAlzi + A2q2|=0. .......................................... (124)
On simplification, equation (1.24) becomes
[(myq1 + D) (ma Azl + A2zq2) — (Maqa + 1) (Argmyi + Azqi)] =
0. (1.25)
Here in a Fiber-reinforced elastic material thisabove equation is referred as equation of velocityof Rayleigh waves.

Particular Case
If we pute, § and |uL — lir| equal to zero,the elastic coefficients become
Ay =4+ 2ur, Ay =2,B; =yr,

Azz =1+ 2#7‘, A23 = A, Bz =1+ |2 T TP TP PN (121)
From equations (1.18) and (1.19) we get

Ml =1 ,Mz =i then

42 2(1_%2)"’22 =( —%2) ................................ (1.27)

Where

a? = 'HpﬂAnd L —— (1.28)

A, urare Lame constants .Using equations (1.21)-(1.28), the velocity equation (1.25) reduces to
G-z =sa-Gpa-S. (1.29)
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1.4 Transmission of Love Waves
Consider an isotropic layer of Fiber-reinforced elastic medium of thickness H over a homogeneous anisotropic Fiber-reinforced
elastic half space.

Xz = —H H (’1’: “’}': “'E.: ar’ ﬁr)
Xo = 0 o X
A, pr, e, B)
X2
¥
Fig. 1.2

Generally it is presumedthat the wave is transmitting towards the direction of planex;.For antiplane strain in the upper layer
motion’s expression for Love waves can be derived from third equation of (1.1) by putting uj—u, = 0,u3 =w,x; = x,x, =y,x3 =2
and 3'373:0, as

D 92w B 20" 92w
w2+ “TaaTV; =p 28 (1.30)
wherep’ is density and (p'L ,uy) are reinforced anisotropic elastic parameters respectively for the layer.The equation of motion for

the half space is

”LZZTZ*—#L?T‘/‘Z/: p%, .................................... (1.31)

Here in a half space the corresponding quantities are y,, ur and p

1.5 Solution of the Equation of the Motion

When a pllane harmonic wave is transmitting in the upper layer in the direction of x3 plane we can presume the resolution of
equation (1.30) expressed as

wawe Y i, (1.32)
whereW is the amplitude factor ,wandC are circular frequency and phase velocity respectively in the layer.Substituting equation
(1.32) in equation (1.30) we get

2

Y
?—LzuL —urp =P WE e, (1.33)

From equation (1.33), we can mention p‘asp =+ip;, where

B 2" 2,
p, = CﬂL\/P L "\/P Gt (1.34)
Therefore equation (1.32) can be written as
w'Cx,y,t) = Wl'e"”(t’i)’i”” + Wz'e"”’(t‘ﬁ)””” e (1.35)
Similarly the solution of equation (1.32) for half-space is
w(x,y,t) = Wleiw(t_a)_iply + eriw(t_a)ﬂply, ................. (1.36)
where
2 _ g2 (PCE-m
p?=K?( = ) [ (1.37)

w(x,y,t) - 0asy - =,
Therefore p;should be purely imaginary.
Let

py = ipy = i(K /”L;—”CLZ) S (1.38)
T

Equation (1.36) then show that
Wi=0. (1.39)

Boundary Conditions
The below mentioned values of the components must be satisfied.
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753 = Oaty = —H,
Wi =W3aty = 0, oo (1.40)
T’23 = T23aty =0.

To3is defined in (1.3) and can be written as (putting u, = u; =0, uz = w,x; = x,x, = y,x3 = z and %:o
3

ow |
T23 = Mrg )
Similarly 73 = M’T‘;—”y”. ................... (1.41)

From equations (1.31) — (1.41), we get
WyelPih — Wye=ipih =,
W)+ W, —W, =0,
”‘Tpl(Wl - Wz) + ‘LlTp1W2 =0. (142)
Eliminating W, ,W,and W, from equation (1.42) we obtain
itan (pyH) =52 (1.43)
PiHr
Substituting for p; andp,from (1.35) and (1.39) in (1.43),we get
1
pCt-uy _ (u—pCP? ur
tan [( o )KH = (p'C%’—u'L)% ST (1.44)
KT
In an anisotropic Fiber-reinforced elastic medium the above equation (1.44) refer to the Love wave’s frequency equation.

Particular Case
If we put y; = ur,in (1.44), we get

1 ¢z 1
2 3 (1—5z
ton (% _ 1)2 KH[ =B 2 (1.45)
g i chye
B

whereg” = % and g2 = ’:TT,
In a homogeneous elastic layer this above equation refers to the classical frequency of Love waves over a isotropic half space.
1.6 Propagation of Stoneley Waves

When Rayleigh waves are transmitting over the common boundary of two fiber-reinforced homogeneous elastic half spaces say
M'and M" we can generate Stoneley waves as shown in (Fig. 1.3)

M'(A, pp,pp, ', B)

O

Y

Xy

M”(AH’] F"}{J!lr,adl!, ﬁ”’)

v %,

Fig. 1.3
The Stoneley wave’s travels towards the mutual borderline of M'and M'in a fiber-reinforced elastic material.
The equation of motion for half space M becomes

9%’ v 0%y C 0% 9%u’
Ay=—+B,—+8B =
11 gx2 + 5B, dxdy +

9%y’ C 0%
Ayy—+B,—+B
22 gx2 + 5B, xdy +

19,2 P o
0%y %y
15,2~ P Gz
Where p'is density and (A1;,45,, B;, B;) are Fiber-reinforced parameters for the upper half space. Similarly, the equations for lower
half space M “are

w 9%u" w d2y” "62u"_ wolu”
P A il Tey
P, gt o
axdy 15,2 P Gz
Wherep'is density and (411, 45,, By, B,") refers to the quantities in lower half space.
We assume resolution for the equation (1.46) as

u = (m1V21e—q1kY + szzze‘qZky) ek (Cst=x)

o 92y" ’,
Ap ozt B
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v = (Vz'le_Qiky + Vz'ze_qéky) eh(Cst=0) =, (1.48)
Wheremy = iM; ;my = iMy , s (1.49)
M, = LGB (1.50)
q1B;
and

. L2

" _ pCs*=Bi+Anaq;

Mz —_—— T
2B,

Whereq;andg, are real and positive quantities defined in equatio?

: N o 2 2 . N Co 2 2)2 e . . S
—{(A22+31)P Cs®—A1142—B1 +B; }i[{(Azz+31)P Cs®—A11A2y—By +B; } —4B142,(p Cs*~A11)(p Cs*—B1)12
2B,Az, '

2 .2
a1 .92 =

In M" medium the phase velocity of Stoneley wave’s id denoted byC;.
For lower medium m;and m,are defined as
my = iM;,m; = iM,,
m =" Cs* — By + Apqy
1= O )
4, B;

And

M = p"cSZ—‘Z;gA;zqf
Where q{zand quare real and positive quantity defined in equation (1.53) by changing dash to double dash.Csls the phase velocity of
stoneley waves in M ‘medium?

Similarly, the solution of (1.48) can be written as

u' = (mi'Vz"le—q;ky + m;[/z"ze—qgky) eik(CSt—x),

v = (Va1e ™0 4 13560k ) e Gt (1.54)

Boundary Conditions
The displacements in (1.48) and (1.54) must satisfy the boundary conditions,
021 = 02"1 )
Oy = 03y aty=0 (1.55)
u=u",
U’ = U” ,
Co_ o fou | av
Where 0,1= 0y, (a + 5) )

' ooou v
0yp= AlZ g +A22 a s i (156)

v owfou" | ov"
021= Uy, (g"‘g) )

" moou o d
022= Az % +Ay; % )
Using equations (1.48) and (1.54) in equation (1.51), we get
W, (maar + Vo + py(madz + D)Vay — Vo (miar + £) — p (mq; + 1)V52=0,

........................................ (2.57)

(Alamii + Aypq1)Vy + (maAii + A2q2)Vas - (Alamii + Apqi)Vay — (MaATzi + Agyq)Vay = 0 '
............................. (1.58)

mVy + myVay —miVy —myVy, =0 (1.59)

VZl + VZZ - V21 - VZZ = 0, ..................................... (160)

To conclude we acquired the expression for the velocity of the wave in the mutual borderline of medium M'and M" by
excluding Va1, Vg, VayandVsy, from equations (1.57)-(1.60) as

[11 -1 — 1mymy —my — my(myqy + Dy (aqy + Dpy (—myqq + Duy (—maqy + D (Arymyi + Ay qr)(MyAri + Ay qy) — (Apmyi
+ A2q1) — (MyAgpi + Ay, QZ)l

PARTICULAR CASE
If we put @', fand |p, — ur| equal to zero, the elastic co-fficients for mediumM become
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Ay = +2up Ay =2, By =y

Ay = A+ 2up, Ayz =, By = 2+ g e, (1.62)

From equations (1.50) and (1.51), we get
' ' ' 1

Mi=q My=—. (1.63)
2 ct 2 c?

qQ = (1 - ﬂ_s,z‘),qz = (1 - TS,[), ........................ (164)

where

a’ = “%Andp'2 oS~ 2 S — (1.65)

A, urAre Lame constants for upper half-space M’ ? Similarly the quantities defined in
Equations (1.62)-(1.65) by changing dash to double dash show for lower half space. Putting
These values in equation (1.61), we acquire the Stoneley wave velocity equation in homogenous isotropic elastic half-spaces.

1.7 Conclusion

It has been observer that in a Fiber-reinforced material the propagation of surface waves is influenced by the reinforced
parameters. It is clear from equations (1.34) and (1.38) for the presence of Love waves that p; should be imaginary and p;is real
satisfied if

(t_'L,)<CL2< (’:)_L) ............ (1.66)

Equation (1.66) depends upon the reinforced parameters ULandlti-

At the end we reached to a conclusion that the velocity of the Rayleigh waves is comparatively higher in a Fiber-reinforced
elastic medium as compared to that of isotropic media. It is clear from equation (1.66) that a Stoneley wave is affected by the
reinforced parameters.
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