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𝒢 -connectedness for 𝒢 -topological group was already introduced in 𝒢 -topological 

space. In this paper we investigate 𝒢-connectedness for 𝒢-topological simple group. 

Also some basic results and theorems are studied. 
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1. Introduction 

The concept of generalized topological space introduced by 

A.csaszar in 2002[6]. In[4] we defined the 𝒢 -topological 

simple group structure and we proved some basic 

results.In[3] Murad hussain et.al. introduced the concept 𝒢-

connectedness for 𝒢 -topological group. Also they  were 

studied 𝒢-connectedness in quotients of  𝒢-topological group. 

In this paper we have to investigate the concept of 𝒢 -

connectedness for 𝒢-topological simple group. Also we were 

studied the some basic results and theorem.  

2. Preliminaries 

Definition: 2.1[3] Let 𝑋  be a 𝒢 -topological space and let 

𝑈, 𝑉 ⊂ 𝑋.  Then we say that the pair 𝑈, 𝑉  is 𝒢 -separated if 

𝐶𝑙𝒢 𝑈 ∩ 𝑉 =  𝐶𝑙𝒢 𝑉  ∩ 𝑈 = 𝜙. 

Definition: 2.2[3] Let 𝑋  be a 𝒢 -topological space. A set 

𝑆 ⊂ 𝑋 is 𝒢-connected if there are two non-empty 𝒢-separated 

sets 𝑈 and 𝑉 such that 𝑈 ∪ 𝑉 = 𝑆. 

Definition: 2.3[3] Let 𝑋 be a 𝒢-topological space. Then the 

space 𝑋 itself is 𝒢-connected if it is a 𝒢-connected subset of  

itself. 

Lemma: 2.4[3] Let 𝑓: 𝑋 → 𝑌  be a 𝒢 -continuous mapping 

between 𝒢 -topological spaces. If 𝑋  is 𝒢 -connected, so is 

𝑓 𝑋 . 

Definition: 2.5[3] Let 𝑓: 𝑋 → 𝑌  be a 𝒢 -open and injective 

mapping between 𝒢-topological spaces and let 𝑆 ⊂ 𝑋 if 𝑓(𝑆) 

is 𝒢-connected, so is 𝑆. 

Definition: 2.6[3] Let 𝑋 be a 𝒢-topological space, 𝐴 ⊂ 𝑋. For 

𝑥 ∈ 𝐴, the set 

𝐴𝑥 =   𝑆,

𝑥∈𝑆⊂𝐴

 

Where 𝑆 is 𝒢-connected in 𝐴, is called the 𝒢-component of 𝐴 

belonging to 𝑥. 

Definition: 2.7[2] Let 𝐺 be a 𝒢-topological group. Then a 

subgroup 𝐾 is called discrete group if 𝐾 ∩ 𝑉 is atmost one 

singleton set, for any 𝒢-open set 𝑉 in 𝐺.  

Definition: 2.8[14] A group 𝐺 is called a Simple group if it 

has no non trivial normal subgroup. 

Definition: 2.9[4]  A 𝒢-topological simple group 𝐺 is a simple 

group which is also a 𝒢-topological space if  the following 

conditions are satisfied. 

(i). The multiplication mapping 𝑚 ∶  𝐺 × 𝐺 ⟶  𝐺  defined 

by 𝑚 𝑥, 𝑦 =  𝑥 ∗ 𝑦, 𝑥, 𝑦 ∈ 𝐺 is 𝒢- continuous. 

(ii). The inverse mapping  𝑖: 𝐺 ⟶ 𝐺  defined by 𝑖(𝑥) = 

𝑥−1 , 𝑥 ∈ 𝐺 is 𝒢-continuous. 

Note: 2.10 [4] Let 𝐺 be a 𝒢-topological simple group and 𝐻 

be a normal subgroup of 𝐺. Here 𝐻 is either proper trivial 

normal subgroup of 𝐺 or improper trivial normal subgroup of 

𝐺. Let 𝜙 be a mapping from 𝐺 →  
𝐺

𝐻
  by 𝜙 𝑥 = 𝑥𝐻, ∀ 𝑥 ∈ 𝐺. 

Now we can define a 𝒢-topology on  
𝐺

𝐻
 , 𝑈 is 𝒢-open in 

𝐺

𝐻
 

⟺ 𝜙−1(𝑈) is 𝒢-open in 𝐺. 

 

3. 𝓖-CONNECTEDNESS IN 𝓖-TOPOLOGICAL SIMPLE 

GROUPS 

Theorem: 3.1 For any two 𝒢-connected subsets 𝐸 and 𝐹 of a 

𝒢-topological simple group 𝐺, their product 𝐸𝐹 in 𝐺 is a 𝒢-

connected subspace of 𝐺. 

Proof: Since the multiplication is 𝒢-continuous, the subspace 

𝐸𝐹 of 𝐺 is a 𝒢-continuous image of the Cartesian product 

𝐸 × 𝐹 of the spaces 𝐸 and 𝐹. Since 𝐸 × 𝐹 is 𝒢-connected, 

the space 𝐸𝐹 is 𝒢-connected. 
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Lemma: 3.2[4] Let 𝐺 be 𝒢-topological simple group and 𝑈 be 

𝒢-open subset of  𝐺 , 𝐹 is closed in 𝐺 and 𝐴 be any subset of 

𝐺. Then 

 𝑖 .  𝑎𝑈,𝑈𝑎 and 𝐴𝑈, 𝑈𝐴 are 𝒢-open in 𝐺. 

        𝑖𝑖 .  𝑎𝐹 and 𝐹𝑎 are 𝒢-closed in 𝐺. 

Lemma: 3.3[4] Every 𝒢-open subgroup 𝐻 of 𝒢-topological 

simple group 𝐺 is 𝒢-closed in 𝐺. 

Theorem: 3.4 Let 𝑈 be an arbitrary 𝒢-open neighbourhood 

of the neutral element 𝑒 of a 𝒢-connected simple topological 

group 𝐺. Then 𝐺 =   𝑈𝑛∞
𝑛=1 . 

Proof: Choose a 𝒢-open symmetric neighbourhood 𝑉 of  𝑒 in 

𝐺 such that 𝑉 ⊂ 𝑈.  By induction on 𝑛 and by lemma 3.2, for 

every positive integer 𝑛, 𝑉𝑛  is 𝒢-open. Let 𝐻 =   𝑉𝑛∞
𝑛=1 . 

Hence 𝐻 =  𝑉𝑛∞
𝑛=1  is 𝒢-open. Let. Now let 𝑥 ∈ 𝑉𝑝 , 𝑦 ∈ 𝑉𝑞  

are the elements from 𝐻. Then , 

 𝑥 ∗ 𝑦 ∈ 𝑉𝑝+𝑞 ⊂ 𝐻  

⟹ 𝑥 ∗ 𝑦 ∈ 𝐻. 

Take an element 𝑥 ∈ 𝐻 and 𝑥 ∈ 𝑉𝑘 . Then 𝑥−1 ∈ (𝑉−1)𝑘 =

 𝑉𝑘 ∈ 𝐻. Therefore 𝐻 is a subgroup of 𝐺. By lemma 3.3, 𝐻 is 

also a 𝒢-closed in 𝐺. Since 𝐺 is 𝒢-connected, and 𝐻 is non 

empty and both 𝒢-closed and 𝒢-open, 𝐺 = 𝐻 . As 𝑉 ⊂ 𝑈, it 

follows that 𝐺 =   𝑈𝑛∞
𝑛=1 . 

Theorem: 3.5 Let 𝐺 be a 𝒢-connected 𝒢-topological simple 

group and 𝑒 its identity element. If 𝑈 is an 𝒢-open 

neighbourhood of 𝑒, then 𝐺 is generated by 𝑈. 

Proof: Let 𝑈 be a 𝒢-open neighbourhood of 𝑒. For each 

𝑛 ∈ ℕ, we denote by  𝑈𝑛  the set of elements of the form 

𝑢1𝑢2 …𝑢𝑛 , where 𝑢𝑖 ∈ 𝑈. Let =   𝑈𝑛
𝑛∈ℕ  . Since each  𝑈𝑛   is 

𝒢-open, we have that 𝑊 is a 𝒢-open, 𝑊 is also a 𝒢-closed by 

lemma 3.3. Let 𝑔 be an element of generalized closure of 𝑊. 

That is 𝑔 ∈ 𝐶𝑙𝒢 𝑊 . Since 𝑔𝑈−1 is a 𝒢-open neighbourhood 

of 𝑔, it must intersects 𝑊. Thus, let 𝑕 ∈ 𝑊 ∩ 𝑔𝑈−1. Since 

𝑕 ∈ 𝑔𝑈−1, then 𝑕 = 𝑔𝑢−1 for some  elements 𝑢 ∈ 𝑈. Since 

𝑕 ∈ 𝑊, then 𝑕 ∈ 𝑈𝑛  for some 𝑛 ∈ ℕ. So 𝑕 = 𝑢1𝑢2 …𝑢𝑛  with 

each 𝑢𝑖 ∈ 𝑈. 

We have  𝑔 = 𝑕𝑢 for some 𝑢 ∈ 𝑈. 

                    = 𝑢1𝑢2 …𝑢𝑛𝑢 for some 𝑢 ∈ 𝑈. 

This implies that 𝑔 ∈ 𝑈𝑛+1 ⊆ 𝑊. Hence 𝑊 is 𝒢-closed. Since 

𝐺 is 𝒢-connected and 𝑊 is 𝒢-open and 𝒢-closed, we must 

have 𝑊 = 𝐺. This means that 𝐺 is generated by 𝑈.  

Theorem: 3.6 Let 𝐾 be a discrete invariant subgroup of a 𝒢-

connected 𝒢-topological simple abelian group 𝐺. If for any 𝒢-

open neighbourhood 𝑈 of 𝑥 in 𝐺 there exists a 𝒢-open 

symmetric neighbourhood 𝑉 of 𝑒 in 𝐺 such that 𝑉𝑥𝑉 ⊂ 𝑈, 

then every element of 𝐾 commutes with every element of 𝐺. 

i.e. 𝐾 is contained in the center of the simple abelian group 

𝐺. 

Proof: Since 𝐺 is a 𝒢-topological simple abelian group, 𝐺 

and {𝑒} are the only invariant subgroup of 𝐺.  Therefore the 

proof is trivial. 

Lemma: 3.7[3] The 𝒢-component of a 𝒢-closed set 𝐴 in 𝒢-

topological space 𝑋 is again 𝒢-closed.   

Lemma: 3.8[4] Let  
𝐺

𝐻
 be a 𝒢-topological simple group with 

quotient 𝒢-topology and 𝜙 ∶  𝐺 →  
𝐺

𝐻
 by 𝜙 𝑥 = 𝑥𝐻, ∀𝑥 ∈ 𝐺. 

Then the following statement is hold. 

 𝑖 .  𝜙 is onto. 

 𝑖𝑖 .  𝜙 is 𝒢-continuous. 

        𝑖𝑖𝑖 .  𝜙 is 𝒢-open. 

         𝑖𝑣 .  𝜙 is homomorphism. 

 

Theorem: 3.9 Let 𝐺 be a 𝒢-topological simple group and 𝐻 is 

a 𝒢-connected subgroup of 𝐺. Then 

(i). If 
𝐺

𝐻
 is 𝒢-connected, then 𝐺 is 𝒢-connected. 

(ii). If 𝐻 is a 𝒢-closed invariant subgroup of 𝐺 and  
𝐺

𝐻
 is 𝒢-

connected, then 𝐺 is 𝒢-connected. 

(iii). The 𝒢-connected component containing 𝑒 is a 𝒢-closed 

invariant subgroup of 𝐺, where 𝑒 is the identity element of 𝐺.  

(iv). If 𝐻 is a 𝒢-dense subgroup of a 𝒢-connected 𝒢-

topological simple group, then every 𝒢-neighbourhood 𝑈 of 

the identity element in 𝐻 algebraically generates the group 𝐻. 

Proof: (i).  Suppose 𝐺 is not 𝒢-connected. Then there exists 

two disjoint non empty 𝒢-open set 𝑈, 𝑉 such that 𝑈 ∪ 𝑉 =

𝐺. Denoting by 𝜋 the map 𝑥 → 𝑥𝐻, we see that 
𝐺

𝐻
=  𝜋 𝑈 ∪

𝜋 𝑉 . By above lemma 𝜋 is a 𝒢-open mapping and 
𝐺

𝐻
 is the 

union of two nonempty 𝒢-open sets 𝜋 𝑈  and 𝜋 𝑉 . Now the 

assumption of 𝒢-connectedness of 
𝐺

𝐻
 implies that 𝜋 𝑈  and 

𝜋 𝑉  have some common point, 𝑧𝐻. But disjointness 

assumption on 𝑈 and 𝑉 means that, for this to happen there 

must exists 𝑥 ∈ U and 𝑦 ∈ 𝑉 such that 𝑥−1𝑦 ∈ 𝐻. So the coset 

𝑥𝐻 intersects both 𝑈 and 𝑉 in 𝐺. As 𝑈 ∪ 𝑉 = 𝐺 provides a 

disconnection 𝑥𝐻 has to be disconnected. But 𝑥𝐻 is 

homeomorphic to 𝐻. So this contradicts the hypothesis that 

𝐻 is 𝒢-connected. So 𝐺 is 𝒢-connected. 

(ii) . Suppose that 𝐻 and 
𝐺

𝐻
 are 𝒢-connected and 𝑓: 𝐺 → {0,1} 

be an arbitrary 𝒢-continuous map. The restriction of 𝑓 to 𝐻 

must be constant and since each coset 𝑔𝐻 is 𝒢-connected, 𝑓 

must be constant on 𝑔𝐻 as well taking value 𝑓 𝑔 . Thus we 

have a well defined map 𝑓 :
𝐺

𝐻
 →  0,1  such that 𝑓  𝑜 𝜋 = 𝑓. By 

the fundamental property of quotient spaces, it follows that 𝑓  

is 𝒢-continuous and so must be constant. Since 
𝐺

𝐻
 is 𝒢-

connected. Hence, 𝑓 is also constant and we conclude that 𝐺 

is 𝒢-connected. 
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(iii). Let 𝐹 be the 𝒢-component of the identity 𝑒. By above 

lemma, 𝐹 is 𝒢-closed. Let 𝑎 ∈ 𝐹. Since the multiplication and 

inversion mappings in 𝐺 are 𝒢-continuous, by lemma 2.4. 

The set 𝑎𝐹−1 is also 𝒢-connected, and since 𝑒 ∈ 𝑎𝐹−1 we 

have 𝑎𝐹−1 ⊂ 𝐹. Hence, for every 𝑏 ∈ 𝐹 we have 𝑎𝑏−1 ∈ 𝐹. 

i.e. 𝐹 is a subgroup of 𝐺. If 𝑔 is any element of 𝐺, then 

𝐿𝑔−1  𝑜 𝑅𝑔 =  𝑔−1𝐹𝑔 is a 𝒢-connected subset containing 𝑒. 

Since 𝐹 is a 𝒢-component, 𝑔−1𝐹𝑔 ⊂ 𝐹 for every 𝑔 ∈ 𝐺. i.e, 𝐹 

is an invariant subgroup of 𝐺.  

(iv). Proof follows from theorem 3.5
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