RESEARCH Volume-03 ISSN: 2455-3085 (Online)
OREVIE"; Issue-07 RESEARCH REVIEW International Journal of Multidisciplinary
JOURNAL July-2018 www.rrjournals.com [UGC Listed Journal]

Construction of Balanced Bipartite Block Designs with Unequal Block Sizes

"Prof. Bhavika L. Patel

Assistant Professor, Dept. of Statistics, Aroma College of Commerce, Ahmedabad, Gujarat India

ARTICLE DETAILS ABSTRACT

Article History In this paper some methods of construction of balanced bipartite block (BBPB) designs are

Published Online: 05 July 2018 introduced for comparison of two disjoint sets of treatments (test treatments and control
treatments). The methods are based on incidence matrices of balanced incomplete block

Keywords (BIB) designs. The derived results are given with examples.

BBPB designs, Balanced bipartite block
designs with unequal block sizes
(BBPBUB), BIB designs

"Corresponding Author
Email: blpatel08[atjgmail.com

1. Introduction

Many researchers have contributed in the construction of incomplete block designs for comparison of test-control
treatments by understanding their significance. Bechhofer and Tamhane (1981) introduced balanced treatment incomplete
block (BTIB) designs. Kageyama and Sinha (1988) (see also Sinha and Kageyama (1990)) defined balanced bipartite block
(BBPB) designs as an extension of these BTIB designs and gave some systematic methods of construction of BBPB
designs. Majumdar (1986) obtained sufficient conditions for a block design to be A-optimal for comparison of a set of test
treatments to a set of control treatments. Angelis and Moyssiadis (1991) (see also Angelis, Moyssiadis and Kageyama
(1993)) gave balanced treatment incomplete block designs with unequal block sizes (BTIUB) for comparison of a set of test
treatments to a single control treatment with unequal blocks. The more results have been studied by several researchers
(see e.g. Jacroux (1992, 2000, 2002), Parsad and Gupta (1994), Parsad, Gupta and Singh (1996), Gupta and Parsad
(2001)) for the comparison of test treatments and control treatments.

Here the problem of deriving an incomplete block design is considered for comparing v; test treatments with v, (=
2) control treatments. The v, test treatments are denoted by 1,2, ...,v; and v, control treatments are denoted by v; +
1,..,vy +1v(=v) . Consider an incomplete block design
D{v=(v; +v),b=3]_, b7 = (r1,,121,,),k = (ky1,,, ., k,1, )} whose incidence matrix N = (n;) is of order v(= v; +
v2xp. Then a connected block design is called a balanced bipartite block design with unequal block sizes (BBPBUB) of
Jaggi, Parsad and Gupta (1999), if the information matrix for treatment effects i.e. the € matrix of the design is given by

C = (al + 51)11/2 -5 ]1;2 _SOJV2><V3
—Sp ]1}3)(172 (az + SZ)IU3 - 52 ]172

(1.1)

where s;, s, and s, are off-diagonal elements and a; and a, are some scalar constants such that a; — (v; — 1)s; — 35, =0
and a, — (v, — 1)s, — v;5, = 0. For a binary design, the constants a, and a, represent the functions of replications of the two
sets of treatments and block sizes in the design.

In following section, we obtain some methods of construction of BBPBUB designs for comparison of a set of test
treatments to a set of control treatments by using BIB designs. The definition of BIB design is given in Dey (2010).

In what follows, we denote by ® the kronecker product of matrices, 0., the null matrix of order x X y, I, the identity
matrix of order x, J,, the matrix of ones of order x X y, 1, the 1 x x row vector of ones 1, ® N the x replications of N and
by p1, p2, v3, D4, D5 the positive integers.

2. Methods of construction of BBPBUB Designs

Using the incidence matrices of BIB designs, etc. we describe below some methods of construction of BBPBUB
designs.
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Let N, (L = 1,2,3,4,5) be the v, X b, incidence matrix of a BIB design with parameters v, b;, 1, k;, 1, such that v, = v,,
v3 = vs and v; = v, + v3. Now we form the matrix N as

1;02 ® N, ]szp3b3 1;;4 ® N, Ovzxpsbs 1,,2 01;2><1;3

N=|1 QN,: , :
P ' Jogxpaby  Lps @ N3 Ovgspyny, Lpg @ N Ougxw, g

(2.2)
Theorem 1: Block design with the incidence matrix N of the form (2.1) is the BBPB design D with unequal block sizes with
parameters v; = v,, v; = V3, b =p;b; + ;b + P3bs + paby + psbs + v, +v3, 17 = {(P1T1 + D1y + p3bs + pary + 1)1;;2' (i +

P2by + psrs + psrs + D1, LK = {kll;)lblr (kz + U3)1;;2b2: (ks + v) 1., ke, ks, 115,115, .

p3b3’ paby’ psbs’

Proof: For the block design with incidence matrix N given in (2.1) we have C matrix as in (1.1).

_ (al + 51)11;2 -5 ]172 _50]172XV3
—So ]v3><112 (aZ + SZ)IU3 —S2 ]vz

The diagonal and off-diagonal elements of C(= ¢;) matrix are respectively given by

_ piri(ky = 1) poma(k, +v3—1)  p3bs(ks+ v, — 1)  pama(ky — 1)

Ci' -

/ ! kq (ky +v3) (k3 +v,) k4
o = aq = piri(ky = 1) poby(ky +v3—1) psrg(ks +v, — 1)  psrs(hs — 1)

v 2 kq (ky +v3) (k3 +v) ks
and
=g = 1y D242 p3bs Dals

v ! ky  (kptwvs) (k3+vy) kK
=g = P D21 D373

v 0 ki (kytvy) (k3+vy)

P p2b; p3s Psds

Cj =8, =

ky  (kp+wvs) (ks+vy) ks
Then by Jaggi, Parsad and Gupta (1999),

piri(ly — 1) ppry(ky +v3— 1) p3bs(ks +v, — 1) para(ky — 1)

ky (ky +v3) (ks + ) ky
(v, —1) {Plll D242 p3b3 Pats } _ {Plfll + b2 D313 }
2 ky  (kptwvs) (k3+vy)  ky Slky (kg t+vs) (ks +1vy)

=0
and

piri(ky — 1)  peby(k, tvs—1) parg(ks +v, — 1)  psrs(ks — 1)

ke (ky +v3) (ks +v7) ks
1y p2b; p3ds Psis P D212 p373
- (1.73 - 1) e — Uy y—5 +
ki (ke tvy) (ks+vy) ks ky (e +v3) (k3 +vy)

=0.
Hence the proof.

Example 2.1: Consider five BIB designs with parameters (9,12,4,3,1), (5,10,6,3,3), (4,6,3,2,1), (5,10,4,2,1) and (4,4,3,3,2)
respectively. Then taking p; = p, = p3 = p, = 1 and ps; = 2, the design D with incidence matrix N as in (2.1) is a non-proper
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non-equireplicate BBPB design with parameters v; = 5, v; = 4, b = 55, 7' = {211,241, }, k' = {3115, 7114, 714,213, 314, 115,
11,).

Corollary 2.1: In Theorem 2.1, if we remove last v, and v blocks, then we get a BBPB design D with unequal block sizes
with parameters v = v,, v; = v3, b =pib; + pyby + p3bs + pyby + Psbs, T = {(P1T1 + py1y + p3bs + p4r4)11',2, (p1r1 + p2by +
p3r3 + p5r5)1,',3},k' = {k11;71b1' (k2 + U3)1;;2b2: (ks + 172)1;731;3: k41;74b4: k51;;5b5}-

Example 2.2: In Example 2.1, if we remove last v, and v; blocks, then we get a non-proper non-equireplicate BBPB design
D with p, =p, =p; =p, =1 and ps = 2. The parameters of the design are v; =5, v; =4, b = 46, r = {201,,231,},
k'={31;,,71;,, 71,21, 315}

Corollary 2.2: In Theorem 2.1, if we remove last p,b,, psbs, v, and v; blocks, then again we get a BBPB design D with
unequal block sizes with parameters v = v,, v; = v3, b =p;b; + pyby + p3bs, 7' = {(p111 + Par2 + P3b3)1,,, (p17y + p2by +
psrs)l,, )Lk = {k11;01b1' (ks + U3)1;12b2! (ks + V2)1;73b3}'

Example 2.3: Consider three BIB designs with parameters (9,12,4,3,1), (5,10,4,2,1) and (4,4,3,3,2) respectively. Then using
Corollary 2.2 and taking p; = 1, p, = 3 and p; = 2, we get a non-proper non-equireplicate BBPB design D with parameters
v; =5,v;=4,b=50,1 ={241,,401,}, k' = {31},,61,;,81;5}.

Remark 2.1: In Corollary 2.2 if p, = k, = k3 = k and p; = k;, then we get a BBPB design D with unequal block sizes with
parameters vl* - vz y v; - v3 , b - plbl + kb2 + k1b3 y 1" - {(plrl + krz + k1b3)1;,2, (plrl + kbz + k1r3)1;;3} y k' - {k11’ (k +
U3)1}cb2' (k+ U2)1k1b3}-

p1b1’

Example 2.4. Consider three BIB designs with parameters (9,12,4,3,1), (5,10,4,2,1) and (4,6,3,2,1) respectively. Then
taking p;, = 1, p, = 2 and p; = 3, we get a non-proper non-equireplicate BBPB design D with parameters v; =5, v; = 4,
b =50, ={3015,331,}, k' = {31},, 615, 715}

Remark 2.2: A special case of Corollary 2.2 arise when p; = p, = p; = 1. Then the resulting design is again a BBPB design
D with unequal block sizes with parameters v; = v,, v; =vs3, b=b; + b, + b3, ¥ = {(r; + . + b3)1,,,(n + b, + 13)1,,.},
kl = {k11;71' (k2 + 173)12,2, (k3 + U2)11;3}.

Example 2.5: Consider three BIB designs with parameters (8,14,7,4,3), (5,10,4,2,1) and (3,3,2,2,1) respectively. Then we
get a non-proper non-equireplicate BBPB design D with parameters v; =5, v; =3, b =27, r = {141,,191;}, k' =
{41,,,515,, 715}

Remark 2.3: Following theorems can be proved on the similar lines of Theorem 2.1. So we avoided proofs of the Theorems.

Let N, (L = 1,2,3,4,5) be the v, x b, incidence matrix of a BIB design with parameters v;, b;, 1, k;, 4, such that v, = v,,
v = vy and v; = v, + v3. Now we form the matrix N as

1;02 ® N, ]szpsbs 12;4 @ N, ]szpsbs IVz OVzXVs

N=|1, QN : : ,
Pl ! ]1;3><p2b2 1p3 ® N3 ]v3><p4b4 1p5 ® NS 0173><172 1173

(2.2)

Theorem 2.2: Block design with the incidence matrix N of the form (2.2) is the BBPB design D with unequal block sizes with
parameters v =v, , v; =v; , b=p.by +pby +p3bs +psby +pshs+v, +v3, T = {(plrl + po1y + P3bs + pyry + psbs +
D1, (0171 + p2by + P37 + pabs + psrs + 1)1;73} ) k' =
ki1, (ko + v, (ks + )1, (kg +v3)1,,,,, (ks + 1)1, 11,,,11,.}. The diagonal and off-diagonal elements of
its C(= c;;) matrix are respectively given by

4by’

(ks — 1) para(ky +v3— 1) p3bs(kz+ v, — 1) pary(ky +v3 —1)  psbs(ks + v, — 1)

Ci' )
! ky (ky + v3) (k3 + v,) (ky + v3) (ks +v2)

o —bhin (k1 —1)  paby(ky +v3—1)  pars(ks+v,—1) paby(ky+v3—1)  psrs(ks + v, — 1)
v ky (ks +v3) (ks +v2) (ky + v3) (ks +v2)

and
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e = 1y " D22 p3bs Paty Psbs
v ky  (kp+v3) (k3+vy) (ky+v3) (ks+vy)

e = 1y i D272 p373 DaTy DsTs
v ky ~ (ky+wv3) (ks+vy) (ky+v3) (ks+1vp)

e = p1ly i p2b; P33 Paby Dsis
v ky ~ (ky+wv3) (ks+vy) (ky+v3) (ks+1vp)

Example 2.6: Consider five BIB designs with parameters (11,11,5,5,2), (7,7,4,4,2), (4,6,3,2,1), (7,7,3,3,1) and (4,4,3,3,2)
respectively. Then taking p; = p, = p; = p, = ps = 1, the design D with incidence matrix N as in (2.2) is a non-proper non-
equireplicate BBPB design with parameters v; =7, v; =4, b=46, r ={231,,261,}, k' = {51},,81,,91;,71,,101,,
115,11,

Corollary 2.3: In Theorem 2.2, if we remove last v, and v blocks, then we get a BBPB design D with unequal block sizes
with parameters v; =v,, v; = v3, b = p;by + psby + P3bs + pyby + psbs, ¥ = {(pi1y + pary + Psbs + pamy + Psbs)l;z, (o1 +
D2bs 4+ D373 + Paby + ps15) 1,4 k= {1, (ke +v3)1,,,,,, (ks + v5) 1., (ks +v3)1,,,,, (ks + 1)1, 3

Example 2.7: In Example 2.6, if we remove last v, and v; blocks, then we get a non-proper non-equireplicate BBPB design
D with p, =p, =p; =p, =ps = 1. The parameters of the design are v;i =7, v =4, b =35, r ={221,,251,}, k =
{51,,815,91¢,71,,101,}.

Let N, (L = 1,2,3,4,5) be the v, x b, incidence matrix of a BIB design with parameters v,, b;, 1, k;, 4, such that v, = v,,
v3 = v and v; = v, + v3. Now we form the matrix N as

1;72 ® N, ]172><P3b3 11;4 ® N, Ivz ® 1lbs IVz 0V2><V3

N=|1, QN : / ,
Pl ! ]v3xpzbz 1p3 ® N3 ]v3><p4b4 1172 ® NS 01;3)(1;2 1173

(2.3)

Theorem 2.3: Block design with the incidence matrix N of the form (2.3) is the BBPB design D with unequal block sizes with
pal’ametel’s Ui‘ = VZ ) V; = V3 , b = plbl + prZ + p3b3 + p4b4 + vzbs + vz + ’U3 , TI = {(plrl + pzrz + p3b3 + p4r4 + b5 +
1)1;;2' (P11 + p2b2 + D373 + Paby + Vo715 + 1)1;;3} , k= {kllglbl' (k2 + U3)1;32b2' (ks + '72)1;;3173' (ky + 773)1;;41;4' (ks + 1)1;2115»
11;,2, 11;,3}. The diagonal and off-diagonal elements of its C(= ¢;) matrix are respectively given by

_pin(k—1)  ponlka+v3—1)  psbs(ks+v, —1) | pary(ky +v3—1) bsks

“ kq (kz +v3) (k3 +v2) (ky +v3) (ks + 1)
o =P (ki —1)  paby(ky +v3—1)  pams(kz + v, — 1)  paby(ky +v3—1)  vyTsks
Y kq (kz +v3) (k3 +v2) (kq +v3) (ks +1)
and
_ i 2% p3bs Paly

Cij + )
/ ky  (kp+wv3) (ks+vy) (kg +v3)

e = P D272 p373 D47y s
Y ky  (ky+v3) (k3+vy) (ky+v3) (ks+1)

o = P p2by p3ds 120 vy s
Y ky  (ky+v3) (k3+vy) (ky+v3) (ks+1)

Example 2.8: Consider five BIB designs with parameters (11,11,5,5,2), (6,15,5,2,1), (5,10,6,3,3), (6,6,5,5,4) and (5,5,4,4,3)
respectively. Then taking p; = p, = p; = p, = 1, the design D with incidence matrix N as in (2.3) is a non-proper non-
equireplicate BBPB  design  with  parameters vj=6 , wv;=5 , b=83 , r ={311,571;}
k' ={51},,71}5,91},,101;,515,,11,,11;}.

Corollary 2.4: In Theorem 2.3, if we remove last v, and v; blocks, then we get a BBPB design D with unequal block sizes
Wlth pal’ameters 171* =7, v; =V3, b= plbl + prZ + p3b3 + p4,b4 + vaS f T' = {(p17’1 + P71y + p3b3 + PaTs + bs)l;;z, (plrl +
p2by + D373 + paby + Uz’"s)l;;g}, k = {kll;)lbl' (k2 + U3)1;32b2! (k3 + V2)1;73b3' (ks + U3)1;94b4' (ks + 1)1;;2b5}'
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Example 2.9: In Example 2.8, if we remove last v, and v; blocks, then we get a non-proper non-equireplicate BBPB design
D with p, =p,=p;=p, =1 . The parameters of the design are vi=6, v;=5, b=72, r ={301,5615} ,
k' = {51};,71}5,91},101;,515,}.

Let N, (L = 1,2,3,4,5) be the v, X b, incidence matrix of a BIB design with parameters v, b;, 1, k;, 4, such that v, = v,,
v3 = v and v; = v, + v3. Now we form the matrix N as

1;02 ® NZ ]1;2><p3b3 1;)4 ® N4 ]vzxpsbs Ivz OUzXUg

. . 2.4
]V3><P2b2 1103 QN3 0V3><P4b4 1115 ® N5 0V3><Uz IU3 ( )

N=|1, QN :
Theorem 2.4: Block design with the incidence matrix N of the form (2.4) is the BBPB design D with unequal block sizes with
parameters v =v, , v; =vs , b =piby +pyb; + p3bs + psbs + pshs + v, + v, T = {(p171 + a1y + P3bs + pats + Psbs +
D1, (i1 + p2by + 0373 +ps1s + D1}, k ={k1,,,,, (ky +v3)1,,,,, (ks +v3)1,,,, 11,,, 11,,}.
The diagonal and off-diagonal elements of its C(= ¢;) matrix are respectively given by

’ ’ ’ ’

k4,1 (ks +U2)1

paby’ P5bs’

_ piri(ky = 1) pora(ky +v3—1)  p3bs(ks +v, — 1) pama(ks—1)  psbs(ks + v, — 1)

“ ) (2 +v3) (s +v2) ks (s +v)
o b (ky = 1)  paby(ky +v3—1)  pams(ks+v,—1)  psrs(ks + v, — 1)
Y key (ky + v3) (k3 + vy) (ks +v,)
and
_pih 2% p3bs Paly Psbs

Cy ==+ + += 4 ,
/ ky  (eptwvy) (ks+v)  ky (ks +vy)

P D212 D313 DsTs
Cij = + + + )
! ky o (ky+vs) (ks+vy) (ks +vy)

e = Py " p2b; " p3d3 n Psis
v ky (kg +v3) (ks+vy) (ks +vy)

Example 2.10: Consider five BIB designs with parameters (9,12,4,3,1), (5,5,4,4,3), (4,4,3,3,2), (5,10,6,3,3) and (4,6,3,2,1)
respectively. Then taking p; = p, = 1 and p, = p; = ps = 2, the design D with incidence matrix N as in (2.4) is a non-proper
non-equireplicate ~ BBPB  design  with  parameters v;=5 , wv;=4 , b=61 , r ={391,271,} ,
k' = {31),,81),,815,31;y,71;,, 115, 11,}.

Corollary 2.5: In Theorem 2.4, if we remove last v, and v blocks, then we get a BBPB design D with unequal block sizes
Wlth parameters 'Ul* =1,, 17; = v3, b= plbl + prZ + p3b3 + p4b4 + psbs, T' = {(plrl + D212 + p3b3 + DaTs + p5b5)1;72' (plrl +
P2bs + D313 + ps75)1,, 3 k= {ki 1, (ky + v3) 1,5, (ks + v2)1,,0,, ka1, (ks +2) 1,05 )

Example 2.11: In Example 2.10, if we remove last v, and v; blocks, then we get a non-proper non-equireplicate BBPB
design D with p; = p, = 1 and p, = p; = ps = 2. The parameters of the design are v; =5, v; = 4, b = 61, r = {381;,261,},
k' = {31},,81},,81531;,71},}.

Let N, (L = 1,2,3,4,5) be the v, x b, incidence matrix of a BIB design with parameters v;, b;, 1, k;, 4, such that v, = v,,
vy = vy and v; = v, + v3. Now we form the matrix N as

1;02 ® N, ]szpsbs 12;4 @ Ny IVz ® 1;75 IVz 0172><173

N=[1, QN;: , ,
Pl ! ]1;3><p2b2 1p3 ® N3 0v3><p4b4 11;2 ® N5 0173><172 1173

(2.5)

Theorem 2.5: Block design with the incidence matrix N of the form (2.5) is the BBPB design D with unequal block sizes with
pal’ametel’s UI =V , U; =V, b= plbl + prZ + p3b3 + p4b4 + Uzbs + U, + v, rl = {(plrl + | 240) + p3b3 + DaTs + b5 +
1)1;;2‘ (p111 + p2bs + p313 + vp1s + 1)1;3} K= {klléalbl' (ky + 173)1;;21;2' (ks + V2)1;;3b3' k41;;4b4' (ks + 1)1;;21;5’ 11;:2: 11;73}- The
diagonal and off-diagonal elements of its C(= c;;) matrix are respectively given by

o = piri(ky — 1) pery(ky +v3—1)  p3bs(ks +v, — 1) pary(hy, — 1) bsks
v ky (ky +v3) (k3 +v,) ky (ks + 1)
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I (k1 = 1) peby(ly +v3—1) psrs(kz +v, — 1)  vprsks
v ky (ky +v3) (ks +v,) (ks +1)

and

A A b A
Cij=p1 1+ D242 i pP303 +P4 4‘
ky  (kptwvy) (k3+vy) Kk

1y D272 p373 s
Cij = + + + )
/ ky  (kp+wvs) (kz3+vy) (ks +1)

A b A VA
Cij=p11+ D202 i P33 " 25.
ky  (kp+wvs) (k3+vy) (ks +1)

Example 2.12: Consider five BIB designs with parameters (11,11,5,5,2), (7,7,4,4,2), (4,4,3,3,2), (7,7,3,3,1) and (4,6,3,2,1)
respectively. Then taking p; = p, = p, = 1 and p; = 4, the design D with incidence matrix N as in (2.5) is a non-proper non-
equireplicate BBPB design with parameters v} =7, v; =4, b =94, r ={351,,451,}, k' = {51},,81,,101;,31;,31,,,
11,,11,}.

Corollary 2.6: In Theorem 2.5, if we remove last v, and v blocks, then we get a BBPB design D with unequal block sizes
Wlth parameters vl* =7, v; = V3, b= plbl + prZ + p3b3 + p4b4 + vzbs y T’ = {(plrl + D212 + p3b3 + DaTs + bS)l;iz' (p17‘1 +
Dby + p3r3 + U2T5)1;3}’k, = {k11;;1b1' (ko + V3)1;12b2' (ks + 92)1;;31;3'1641;;41;4' (ks + 1)1;;2b5}-

Example 2.13: In Example 2.12, if we remove last v, and v; blocks, then we get a non-proper non-equireplicate BBPB
design D with p; = p, =p, =1 and p; = 4. The parameters of the design are v; =7, v; = 4, b = 83, r = {341,,441,},
k' = {51},,81,,101;,,31;,31,,)}.

3. Conclusion

Here for comparison of a set of test treatments to a set of control treatments balanced bipartite block designs with
unequal block sizes are derived by the new methods of construction. Such designs can be applied in pharmaceutical,
industrial and agricultural experiments. The methods are flexible enough to incorporate number of incidence matrices of BIB
designs.
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